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IDENTITIES FOR CURVATURE TENSORS
IN GENERALIZED FINSLER SPACE

Milan Lj. Zlatanovié, Svetislav M. Mingéié

Abstract

In the some previous works we have obtained several curvature tensors in
the generalized Finsler space GFy (the space with non-symmetric basic tensor
and non-symmetric connection in Rund’s sence).

In this work we study identities for the mentioned tensors (the antisym-
metry with respect of two indices, the cyclic symmetry, the symmetry with
respect of pairs of indices).

1 Introduction

The generalized Finsler space (GFy) is a differentiable manifold with non-

symmetric basic tensor

gij(xl,...,xN,obl,...,z'N)

gij(xﬁjj) 7é gji(xvi')’ (g = det(gij) 7é 0, z= dl‘/dt) (1'1)

Based on (1.1), one defines the symmetric respectively anti-symmetric part of g;;

= g;j(z, ), where

1 1
9ij = i(gij + gji)s 9ij = i(gij - gji), (1.2)

where, following [8], is
99

ik

10%F2(x, )

2 0&'0x7 )

a) gij (v, %) = =0, (1.3)

where F(x,) is a metric function in GFy, having the properties known from the
theory of usual Finsler space (Fy) (see e.g. [7]).
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The lowering and the raising of indices one defines by the tensors g;; and h¥
respectively, where h% is defined as follows

gij " =07, (g = det(gi5) #0). (1.4)
We can define generalized Cristoffel symbols of the 15 and the 2"? kind:

1
Yijk = i(gji,k = ik + Gik,j) F Vikis

- 1 , (1.5)
Yik = hPyp gk = ihw(gjp,k = Gjk.p T Ipk.j) F Vijs
where, e.g., gjix = 0g;ji/0z".
Then we have

VikGip = Vs ikl Gip = Vs k05 = Viji- (1.6)

Introducing a tensor Cjji like as at Fiv, we have

.\ def 1 1 1 2

Cijk(xyﬂf) = 59@‘@’6 (Sb) 59@@’6 = ZFg;ig;jim (1.7)

2

where ” ( :b) signifies "equal based on (1.3b)”. We see that Cjjj is symmetric in
1.3
relation to each pair of indices. Also, we have
5 B iy 1 Gk = W . (1.8)
With help of coefficients
P;k = ’Y;'k - C;‘;ﬁfkgbs # Plij (1.9)
one obtains coefficients of non-symmetric affine connections in the Rund’s sence [7],
[9):
in = Vjk = h'(Cigp Pl + Crgp P}y — CiipPl.)i* (17&6) P, (1.10)

Pk = Pjgir = Yijk — (Cigp Py + Cikp Py — Ciip PR # Py (1.11)

In GFy we denote double anti-symmetric and double symmetric part for connection
P* respectively:
a) Thi(z, @) = Py = Pj — Prj, ) Py = Piy + P, (1.12)
where Tj*kZ is the torsion tensor.
We define four kinds of covariant derivative of a tensor in the space GF) . For
example, for a tensor aj(z,§) is

i 0 i ¢p ¥t P p*p 1
11 (2, 8) = @G + @5 5800 + Pomaf = Py (1.13)
1 mp mj
:2; pm mj
4 mp Jjm

where £(x) is an arbitrary tangent vector in the tangent space Ty (), and aé’p =
da’, /9P .
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Theorem 1.1. For the tensor g (x, &) based on four kinds of derivatives (1.13) is
valid [3, 4]

9ij |m (2, &) = 2C3p(E, + Pihd®), 6=1,2,3,4, (1.14)
0
gﬁlm(x,x) = QCiijj;Tm = QCijpi‘l‘Dm, 0 = 1, 2, 3,47 (1.15)
2 4

and also it is easy to prove:

Theorem 1.2. For the Chronecker symbol is in force

Loo=0, 0=1,234. (1.16)

jlm
0
Theorem 1.3. For hiJ is in force [3, 4]

o, = =hPW g |, 0=1,2,3,4. (1.17)
]

6

In the work [3] we have obtained 10 Ricci type identities in a general case for
the tensor a;' " (x,£). Then based on (1.13) and using the first and the second
kind of covariant derivative we study the differences

T1...Tu L T1e Ty
a’tl...t,,\m,|n atl...t1,|n|m’ (118)
101 11
2 2 2 2
102 12
2 1 2 1
11 2 2
1 1 1 2
11 2 1
2 2 12
2 2 2 1
102 2 1
where, a;l_'_'_';')“lmln = (a;l_'_'_'tr:lm)m, a, B € {1,2}. In this manner we get three
a g @ 8
curvature tensors:
i _ px*i _ pxi *P pD¥t _ D*P pxi *p s _ p*P ¢s
[1( jmn — ij,n Pjn,m + ijPpn Pjanm + ij,s’ N Pjn,s’; ,m? (1'19)
i _ p*i _ p*i XD pxi D pxi *P S _ p*p ¢s
IQ( jmn — ij,n Pnj,m + ijPnp Pnj Pmp + ij,s' ,n Pnj,ég,m’ (1'20>
7 _ p¥i _ p¥i *p p*i __ D*P pxi *p *i _ i *p ¢S p*D ¢S
IS( jmn — ij,n Pnj,m—i_ijPnp Pnj Ppm+an(ij Pjp)+ij,s' ,n Pnj,s‘ ,m?

(1.21)

In the work [4] we use the third and the fourth kind of covariant derivative

(1.13), and in that manner we get ten new Ricci type identities. In these identities

appear the same quantities like in the (1.18), but in different distribution. Only in
the last case appears a new curvature tensor 5’ :

=K' a’+ KPP  d
4 3

pmn=j jnm=p
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where
7 _ pxi *7 *P pDxi *P D*i * *q *1 *p ¢S *P S
14( jmn — ij,n 7Pnj,m+ijPnp7Pnj Ppm+PmZ:L(ij 7Pjp)+ij,$£,n7Pnj,s‘§,m'
(1.22)
In the work [5] we obtained combined Ricci type identities using (1.18). For
example:

7 7 7 7
@jimin = Gjjnim T imin = Lijn|m
1 2 1 2 2 1 2 1

= (‘/il + ‘él );)"mnag - (‘él + il )gmna;) + T;Lpn(a;lp - a;lp )

where we note

Y FRY _ 7i Ai
N _ pxi _ p#*i *P pki D pDxi *P ¢S p*P ¢S
‘? jmn ij,n Pjn,m + ijPnp Pjn Pmp + ij,é ;1 Pjn,é ,mo
N _ pxi _ pxi *D p*i ¥ pki *P ¢S _ D*P ¢S
"g jmn — ij,n Pnj,m + ijPpn Pnj Ppm + ij,é ,n Pnj,ég,m’

and similarly in other cases. In this manner we get 8 new curvature tensors that we

call "derived curvature tensors”. Further, in the work [6] we consider independent

between curvature tensors (1.19-1.22) and these 8 new derived curvature tensors.
We proved the following theorem [6]:

Theorem 1.4. From 12 curvature tensors in the space GFyn with non-symmetric
connection P;‘kf there are 5 independent ones, while the rest we can express as lin-

ear combinations of these § tensors (e.g. [:(, [;(, [;(, g(, I;( = I;(*), and the

curvature tensor K of the associated symmetric connection P(’;.lk), where

1

i _ ki _ *4 *4 D ki *D i *P ki
B jmn = K jmn =5 (Pimn = Pjnm + PimPon + i Pop — P Pry (1.24)
_P':fP;'an_FPE,s ,Sn_PE,s‘g,sm)
Rook - NE4R). R -9k
1 21 2 3

}:(* = 2K — 1;( (1.25)

- K,

5
K*=4K - K -2K, K'=-K+2K, K'=-K+2K
5 1 5 6 1 5 7 2 5

>

*— 4K — 1'1? —2K.
(1.26)

2 The mixed curvature tensors of the space GFy

In the space Fy with symmetric affine connection for d-differentiation we have
one curvature tensor

K', Pyl =P 4 PPy prPpri o prPogs PP oes o (2.1)

jmn — jmmn jn,m jm= pn jn~ pm jm,s jn,sS,mo
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As it is known, the curvature tensor of the space Fy with symmetric affine connec-
tion possesses the next property [7]:

K =K', (2.2)
Introduce the denotation
8 K = K+ K + K (2.3)
and similarly in other cases. It is easy to prove
G K’j =0. (2.4)

jmn

As the tensors I;( ,IE ,IE ,I:( , I?*, e ]g*, are generalizations of the tensor K and

reduce to this one in the case of symmetric connection we have to investigate the
properties (2.2, 2.4) for these tensors.
From the expressions in the §1 one gets

B = ~Eh s & K= © (T 4 THER + Tih i), (25)
gzm—-gzmwﬁigzn:36Jtzn+zﬁeg Ti ) (26)
K # K’]nm, & Ky = & TTH, (2.7)

K # K s jgﬂf;@jmn = (2.8)

We see that only I;( ijmn possesses the cyclic symmetry of the form (2.4). Crossing

to the derived curvature tensors, we remark that one can use the relations between
curvature tensors (1.19-1.22) and derived curvature tensors given by (1.24-1.26).
By virtue of (1.24-1.26, 2.2) we get

* * * *P ik
Il(jzmn - _Il(jznm Jgnll(gzmn - anijTpTILL (29>
From 1
Tk _ 1 *p *7 *P *7
we have

Using the previous symmetry properties and (1.25, 2.10) we get

B # K 8 K5 =0, (2.12)
From (1.25, 2.1) is
'[f]mn - If]nm jgn};fjmn =0. (213)
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Using the relations (1.24-1.26) and the properties of the tensors K, [;( e 5’ ,I;E'* it
is easy to prove that the tensors IE R Ig * do not posses the symmetry properties

of the type (2.2,2.4). Based on exposed, we obtain the following.

Theorem 2.1. Among obtained 12 mized curvature tensors in the space GFy the
property (2 2) POSsess
K K K* K* and the property (2.4) the tensors K K* K* K*, while in the re-

main cases one obtains complicated relations, genemlzzmg (2.2, 24)

3 The covariant curvature tensors of the space GFy
and their properties

In GFy one defines covariant curvature tensors

Kijmn = gzaKs I?*“ = gis[?*‘s (p = 1747 q= 178) (31)
p

mn? gmn 28 mn
J q J q J

As it is known, in a Finsler space (for which is ¢;; = g;;) for covariant curvature
tensor the following relations hold [7, 11]

Kijmn + Kijn’m = 07 Kijmn + Kjimn = Gij;[nm]» (32)

where (;) denotes covariant differentiation based on the symmetric part of the con-
nection P*. Also, we have

S K ijmn = 0. (3.3)

jmn

Since the space GFy is a generalization of the usual Finsler space we have to
examine relations of the type (3.2, 3.3) for covariant curvature tensors of the GFy.

For curvature tensor of the first kind, we have:

Il(ijmn = g’i’[gsjmn :gzsP*s gzsP*s + Pt pr— P*pP*

jm,n jn,m jm*T i.pn i.pm (3 4)
+ gzepj*yi q{q - gmpj*i,qé.q
As
P;jm,n = (gzsP*S) = Gis, nP* + ngPJ*rfz no (3.5)
we have
Il(ijmn :]D;jnb,n - P;jn,'m + Grs Pt:nP]*'rf Jrs Pt:LP]*:L ( )
3.6

+ P’L*]m q€ - Pz*]mqg,qm - ijg@ln + PP ngzp\m
By direct calculation we have

gﬂ\lmn - gﬂ\lnm = _ngpr gzPKpgmn - Ttﬁngglp (37)
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i.e.

From (2.5) and (3.4) we conclude

[fijmn = _Il(ijnma Il(ijmn + [?jimn = Gij|[nm] — T*rgngijIp' (39)
-1 1

From (2.5), we obtain the relation

S I? iymn :6 (gzs T +gis T*pp*S +g% TS fq )

jmmn 1 jm,n jm* pn jm,q (3 10)
_Jgn( iimln ~ Plimi9is [n = Grs Pim Pin + Pifjm.aln).
As in the case of the tensor I? ijmn one concludes that
+ Pz*mj qé- - Pz*nj,qgf]m - ijggln + Pnj g@Lm
];{ijmn = 7I2{ijnma I;ijmn + Ig{jimn = g] [nm] T*rgngﬂ\p (312)
2
]gné( igmn — 6 (glb T':LZ] n + Gis T:@I;P;;) + Gis T:;IZ] égs ) (3 13)
= Gn( ifmgln — P 9is [n — Grs Pl Pin + Pimgaln).
i.e. for IZ( and IE a relation of the form (3.3) does not hold.
In accordance with (3.1, 1.21) is
I;?ijmn :Pz*jm n P:nj,m + 9rs Ptfrzp:? 9rs P*T P?m ( )
3.14
+ P’L ]m,q€ - Pznj,qg,qm - P]mgQ:Ln + P gzp|m
wherefrom one concludes
Ig{ijmn # *Ig(z‘jnm, fgfijmn + Ig(jimn = Yij|n|m = Gig|m|ns (3.15)
I _ TP xS *P sk
jgn{’:{ ijmn G g'LS m]Tnp - GnTm],Tz np (316)
For the tensor Igijmn is
é(ijmn 7& _}zfijnma %fijmn + K]lmn — hlljm‘n - hzljnlm (317)

4 3
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From (3.1) we have

6 Kz_/mn - 6 (st 4 ]mn) _glb G Ks

jmn 4 —jmn 4 Jjmn

and based on (2.8), it follows that

6 K”mn =0. (3.18)
jmn 4
Further, let us examine the symmetry properties of the tensors K iimn (@ =1,8)
From (1.25) is
* *8 > 1 7 7
Ki]mn = ng K jmn = 2K igmn — 5(‘[1{ igmn + Iz(ljmn) (319)
and using (3.2, 3.9, 3.12) we conclude
Ktjmn = K?zmnﬂ (320)
The tensor K *;Jmn does not possess any cyclic symmetry. Using (2.10) we obtain
Ktjmn = Kt]mn hps (Ts*jm/rz*pn + T:jnT‘z*pm) (321)

wherefrom we see that the tensor IQ( ijmn 1 antisymmetric with respect neither on

m,n Nor on %, j.

From (2.11) we have
S K% =0. (3.22)

jmn 2

Using (1.25) and properties of the tensors K , IE’* = IE we conclude that

jgn];{ 1jmn = 0’ (3'23)
while the tensor K ijmn d0O€s not possess other symmetry properties.
From (1.25) is
Ktjmn ngKzsmn =2K iymn Il{ijmna (324)
and taking into consideration (3.2, 3.9) and properties of the tensors K ,I? one
concludes
Ktjmn - Ktjnmv Jgnfftjmn =0. (325)

From (1.24-1.26) and corresponding properties of the tensors K ,Il? Jg JE*, it

follows that the tensors I;( S ,I;( * do not possess any symmetric properties. Con-

sequently, we have proved
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Theorem 3.1. For Covariant curvature tensors in GFy among the properties of
the the type (3.2, 3.83) are valid: For Il( the property (3.9, 3.10), for 12( the prop-

erties (3.12, 3.13), for I;( the property (3.16), for I:( the property (3.18), for l;(*
the property (3.20), for I;(* the property (3.22),for I;(* the property (3.23), for g(*

the properties (3.25). In the remain cases are obtained complicated relations gener-
alizing (3.2, 3.3).

Remark. For g;;(x,%) = gj;(z,4) we obtain usual Finsler space Fn. If g;;(z) #
gji(x) one obtains a generalized Riemannian space GRy [2]. For g;;(z) = gji(x)
GFy reduces to the Riemannian space Ry .
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