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SOME RELATIONS IN THE GENERALIZED
KAHLERIAN SPACES OF THE SECOND KIND

Miéa S. Stankovié *, Ljubica S. Velimirovié, Milan Lj. Zlatanovié

Abstract

Starting from the definition of generalized Riemannian space (GRy) [1],
in which a non-symmetric basic tensor g¢;; is introduced, in the present paper
a generalized Kéahlerian space Glz( ~ of the second kind is defined, as a GRx

with almost complex structure F}?, that is covariantly constant with respect
to the second kind of covariant derivative (equation (2.3)).

Several theorems are proved. These theorems are generalizations of the
corresponding theorems relating to K. The relations between F* and four
curvature tensors from G Ry are obtained.

1 Introduction

A generalized Riemannian space GRy in the sense of Eisenhart’s definition [1] is a
differentiable N-dimensional manifold, equipped with a non-symmetric basic tensor
;5. Connection coeflicients of this space are generalized Cristoffel’s symbols of the
second kind. Generally, T, # T .
In a generalized Riemannian space one can define four kinds of covariant deriva-
tives [3], [4]. For example, for a tensor a’ in GRy we have

7 . 7 ¥4 i 7 7 D i
Qjlm = +Fpm ] ij p Ljim = +Fmp ] Fm] P’
2
7 _ 7 ¥4 i 7 7 D i
@ = Qg + Ty =17 50y, ajjlm m+ Dnpa = 15,05
3
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In the case of the space GRy we have five independent curvature tensors [5]:

B in = g = Do + T T = T35 T
]??ijn = F}m,n - FiLj,m + F?mrz“bp - Ffzgr;i)m + Fflm(rl;)j - F;'p)7
B jmn = Timn = Pngom + DT = Toglom + Tin (U = Tjp),
}S%ijn = §(F;’m,n + F:nj,n - F;n,m - F;zj,m + F?mrjlon + Fﬁmjrzmp

TP 1¢ TP T ).

jn-mp nj- pm

Kahlerian spaces and their mappings were investigated by many authors, for
example K. Yano [14], [15], M. Prvanovié [12], T. Otsuki [11], N. S. Sinyukov [13],
J. Mikes [2] and many others.

In [6], [7], [8] we defined a generalized Kéhlerian space GKy as a generalized
N-dimensional Riemannian space with a (non-symmetric) metric tensor

9ij = Gij + Gij>
4

where g;; is symmetric part, and g;; anty-symmetric one of the metric tensor.
- A\
The lowering and the raising of indices one defines by the tensors g;; and g%
respectively, where ¢% is defined by the equation

gt =oF, i k=1,...,m.

and 6F is Kronecker symbol. Therefore, since the matrix (g%) is inverse for (g;;) it
is necessary to be

g = det(gi;) # 0.

There exist an almost complex structure F; such that

(1.1) Fy(@)F(z) = =0p,
(12) gﬁFZ‘pF]q :gﬂa gﬂ:gﬂF;Fg,
(1.3) i =0, (0=12),

]

where | denotes the covariant derivative of the kind 6 with respect to the metric
9
tensor g;;.

In [9] we defined a generalized Kéhlerian space of the first kind G[l( n if there

exists an almost complex structure F;(x), such that

h _ h

(1.4) Fp(@)Ff(x) = =0,
(15) ngiijfl :gﬁ’ gﬂ:gﬂF;Fg,
(1.6) Fly =0,

i|j
1
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where | denotes the covariant derivative of the first kind with respect to the metric
1
tensor g;;.

2 Generalized Kahlerian spaces of the second kind

A generalized N-dimensional Riemannian space with (non-symmetric) metric tensor
gij is a generalized Kéhlerian space of the second kind GIQ{ ~ if there exists an almost

complex structure Fj(z) such that

(2.1) Fy(x)Ff(z) = =0y,
(2:2) 9pa V] = gij, g = gPMF FY,
(2.3) Fh =0,

where | denotes the covariant derivative of the first kind with respect to the metric
2
tensor g;;. From (2.2), using (2.1), we get

(2.4) Fy = —Fj;, F9 = _FJi
where we denote
(2.5) Fji:Fjpgp_i, FjiZFggpl.

From here we prove the following theorems.
Theorem 2.1. For the almost complex structure FJ2 of a generalized Kdhlerian
space of the second kind the relations

h __ h h
Flly = 2Ty + FTY),

h  _ h

(2.6) Fij; = 2F/ Ty,
Flt; =2F)T?,
4 \

Pt

are valid, where F?j is the torsion tensor.
Proof. We get the relations (2.6) by using the condition (2.3) O

Let us denote F?j = Ffl"?p and l?f] = F;Tfj. Then we have
\2 4
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Theorem 2.2. For the curvature tensors }62 , (60 = 1,---,4) of a generalized

Kahlerian space of the second kind the relations

P h
F; Rmk F R”k,

F”Rh J— Fth

h h
Ppij kaéﬂ‘? (FqF + F'1i )

’IPZ

Fh Toh Toh
(Fm\g Fiie + Figyy — Fije)s
1 1 1

(2.7)
FpR - Fthka 2(15?@,6 + Z??jék),
Ff{fhpjk + Fl?é%pijlc = 2(;?@1' - ﬁ%k)
are valid.

Proof. From (2.6) by using the covariant derivative of the first kind we have

2F

(28) F?\ljk - 2Fz]\k z]|k’
and also
(2.9) Fh sz;?M] 2F1k|]

ilkj =
1
Now, from (2.8) and (2.9) we obtain

(2.10) Flo—Fl
1

_ o(mh h h h
ik = 2(F — Fijpe + Fiky — Fije)-
1 1 1 1 1

Using the Ricci identity [5], we get from (2.10)

h
YR = By 1 = 20 P,

(2.11) =
h

2(F1k|] Fzy|k+FZk|J Fij““)’
1

and from here the second equality (2.7) is valid.

The first equality we get directly from the Ricci identity obtained by virtue of
the second kind of covariant derivative and using (2.3).

By the same procedure like in the previous two cases, it is easy to prove the
third and the fourth equation. ([

If we denote with (;) covariant derivative wrt the symmetric connection, then
the next theorem follows.
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Theorem 2.3. For the Ricci tensor R;;, given by g;; the relation

(2.12) Rpy, = F,fF,ngq - gﬂF}f(Ds_qu + Dk~pq5)

1s valid, where

D'y = FL T, — FET, + FP(D), =T

jpik
(2.13) P b . pv
+ Eply = FpTh + F (T

ij;k
and th = Rﬁkp, Dh.ijk = gﬂ'ngk.
Proof. From (2.3) and (2.6) we get

(2.14) Fl = f(Fg’F%, + F,ilrfvj).

The integrability conditions of the equation (2.14) are given by

(2.15) Flp = Flyy = =Dy

Using the Ricci identity, from (2.15) we obtain

(2.16) F;ilRpijk - Fipthjk = _D};jk'

— TP

Here Rhijk is the curvature tensor with respect to the symmetric affine connection

I Composition with F) in (2.16) gives

(2.17) F)FIR' ., + R, = —F'D"

q pjk*
Now, from (2.17) by composition with g, we get
(218) FPhFiquqjk + Rhijk = —Fip'thjk.

From here we obtain

(2.19) —F'F{Rpgjk + Ruijk = —FF Dh -

From (2.19) by composition with F’ we have
(220) F]prijk — FipRphjk = Dh.ijk~
Using composition with g in (2.20) we obtain

(2.21) FYRpx — FYR % = g%Dp pgr.-

The symmetrization in (2.21) with respect to h, k gives the relation (2.12).

O
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Theorem 2.4. The Ricci tensors Ie%jm (0 =1,---,5) of the space GI2(N satisfy

the relations

217 LS FTF,

Jjm) — g ps

Ripg F7 F, = R

(2.22a,b,c)

+ 207, D + 207 F5 (Dot + Dipas)s @ = 1,2,3,

@(pq)F]ngL = R(jm) =+ 6F£qF%SFTFS

— GFP T4 + 29 Fh (Ds.qu + Dk.pqs)v

Jq pm

(2.22d)

Ripo Fj By = Bijmy + 207, . F) Fyy

Tq pS

(2.22¢) »
— 2T T2+ 2¢P9F7 (Ds pgk + Dr.pgs),

Jq pm

where (jm) denotes the symmetrization without division with respect to the indices
J,m

Proof. (a) We can express the tensor ]?ijmn in the form [5]:

R, =R +re T 4+TP T¢ TP T¢

1 Jjmn Jjmn gmn jnm ]m pn ]’n, pm

By contraction with respect to the indices ¢, n, and by symmetrization with respect
to j, m, we get

jq pm
From (2.12) and (2.23) we have (2.22a).

(b) The tensor ];ijmn can be expressed in the form [5]:

B = B = D+ Vs = U T 4 T,
By contraction with respect to i, n, and then by symmetrization with respect
to j, m, we get
B(jm) = R(jm) — 25,1

q pm7

from where, using (2.12), we get the relation (2.22b).

(¢) For the tensor ?ijmn we have [5]:
};ijmn = R jmn + F;m B F;\Zz,m F?mF;m + r?nr;ﬁ)m - 2r£@nrzla]
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Contracting with respect to i, n, and then symmetrizing in relation to j, m, we get

q Pm’

R(jm) = R(jm) — 2051}
from where, using (2.12), we can see that the relation (2.22c¢) is valid.

(d) The tensor injmn can be expressed in the form [5]:

7 o 7 7
@jmn ijn+F]mn

+ 1 —T2 1% 4 TP 1% 4 9oTP T

]n m jm pn ]n pm mn p]
Contracting with respect to i, n, and symmetrizing with respect to j, m, we get

B(jm) = B(jm) + 615,15

ja-pm
Using (2.12) we get the relation (2.22d).

(e) The tensor ?ijmn satisfies the relation [5]:

szmn = R a— Fé’ml“;m + F?nl“;m
Contracting with respect the indices 7, n, and than symmetrizing with respect to 7,
m, we get
R(jm) = R(jm) + 215,75

]’1 Pm’

from where, using (2.12), we get (2.22¢). O
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