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FIXED POINT THEOREMS OF FINITE FAMILY

WITH ERRORS FOR ASYMPTOTICALLY

QUASI-NONEXPANSIVE MAPPINGS

IN CONVEX METRIC SPACES

Gurucharan Singh Saluja

Abstract

In this paper, we prove that a multi-step iteration process with errors
for a finite family of asymptotically quasi-nonexpansive mappings converges
strongly to a common fixed point of the mappings in convex metric spaces.
Our results extend and improve the recent result of Kim et al. [9, 10] and
many known results.

1 Introduction and preliminaries

Throughout this paper, we assume that X is a metric space, F (T ) and D(T ) are
the set of fixed points and domain of T respectively and N is the set of all positive
integers.

Definition 1.1 ( [9, 10]): Let T : D(T ) ⊂ X → X be a mapping.

(1) The mapping T is said to be nonexpansive if

d(Tx, Ty) ≤ d(x, y), ∀x, y ∈ D(T ).

(2) The mapping T is said to be quasi-nonexpansive if F (T ) 6= ∅ and

d(Tx, p) ≤ d(x, p), ∀x ∈ D(T ), ∀p ∈ F (T ).

2000 Mathematics Subject Classifications. 47H05, 47H09, 47H10.
Key words and Phrases. Convex metric space, asymptotically quasi-nonexpansive mapping,

asymptotically nonexpansive mapping, multi-step iterative sequence with errors, common fixed
point.

Received: January 10, 2009
Communicated by Dragan S. Djordjević
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(3) The mapping T is said to be asymptotically nonexpansive if there exists a
sequence rn ∈ [0,∞) with limn→∞ rn = 0 such that

d(Tnx, Tny) ≤ (1 + rn)d(x, y), ∀x, y ∈ D(T ), ∀n ∈ N.

(4) The mapping T is said to be asymptotically quasi-nonexpansive if there ex-
ists a sequence rn ∈ [0,∞) with limn→∞ rn = 0 such that

d(Tnx, p) ≤ (1 + rn)d(x, p), ∀x ∈ D(T ), ∀p ∈ F (T ), ∀n ∈ N.

Remark 1.1: From the definition 1.1, it follows that if F (T ) is nonempty, then
a nonexpansive mapping is quasi-nonexpansive, and an asymptotically nonexpan-
sive mapping is asymptotically quasi-nonexpansive. But the converse does not hold.

In 2000, Noor [14] introduced a three step iterative scheme and studied the ap-
proximate solution of variational inclusion in Hilbert spaces by using the techniques
of updating the solution and auxiliary principle. Glowinski and Le Tallec [6] used
three step iterative schemes to find the approximate solution of the elastoviscoplas-
ticity problem, liquid crystal theory, and eigenvalue computation. It has been shown
[6] that three step iterative scheme gives better numerical results than the two step
and one step approximate iterations. Thus we conclude that three step scheme plays
an important and significant role in solving various problems, which arise in pure
and applied sciences. Recently, Xu and Noor [20] introduced and studies a three
step scheme to approximate fixed points of asymptotically nonexpansive mappings
in Banach space. In 2004, Cho et al. [4] extended the work of Xu and Noor [20]
to the three step iterative scheme with errors in Banach space and gave weak and
strong convergence theorems for asymptotically nonexpansive mappings in a Ba-
nach space. Moreover, Suantai [18] gave weak and strong convergence theorems for
a new three step iterative scheme of asymptotically nonexpansive mappings. More
recently, Plubtieng et al. [16] introduced three step iterative scheme with errors for
three asymptotically nonexpansive mapping and established strong convergence of
this scheme to common fixed point of three asymptotically nonexpansive mappings.

In 2004, Kim et al. [10] gave the necessary and sufficient conditions for three-
step iterative sequences with errors to converge to a fixed point for asymptotically
quasi-nonexpansive mappings in convex metric spaces which generalized and im-
proved his previous result [9].

The purpose of this paper is to study the convergence of multi-step iterative
sequences with errors for a finite family of asymptotically quasi-nonexpansive map-
pings in convex metric spaces. The main result of this paper is also, an extension
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and improvement of the well known corresponding results in [1] - [5], [7, 8], [11]
- [13], [15] - [18] and [20].

For the sake of convenience, we first recall some definitions and notations.

In 1970, Takahashi [19] introduced the concept of convexity in a metric space
and the properties of the space.

Definition 1.2:( [19]) Let (X, D) be a metric space and I = [0, 1]. A map-
ping W : X × X × I → X is said to be a convex structure on X if for each
(x, y, λ) ∈ X ×X × I and u ∈ X,

d(u,W (x, y, λ)) ≤ λd(u, x) + (1− λ)d(u, y).

X together with a convex structure W is called a convex metric space, denoted it
by (X, d,W ). A nonempty subset K of X is said to be convex if W (x, y, λ) ∈ K
for all (x, y, λ) ∈ K ×K × I.

Remark 1.2: Every linear normed space is a convex metric space, where a con-
vex structure W (x, y, z; α, β, γ) = αx + βy + γz, for all x, y, z ∈ E and α, β, γ ∈ I
with α + β + γ = 1. In fact,

d(u,W (x, y, z;α, β, γ)) = ‖u− (αx + βy + γz)‖
≤ α ‖u− x‖+ β ‖u− y‖+ γ ‖u− z‖
= αd(u, x) + βd(u, y) + γd(u, z), ∀u ∈ X.

But there exists some convex metric spaces which can not be embedded into any
linear normed spaces (see, Takahashi [19]).

Definition 1.3: (1) Let (X, d,W ) be a convex metric space, T1, T2, . . . , TN : X →
X be N mappings and let x1 ∈ X be a given point. Then the sequence {xn} defined
by:

xn+1 = x(N)
n

= W (xn, Tn
Nx(N−1)

n , u(N)
n ; α(N)

n , β(N)
n , γ(N)

n ),
x(N−1)

n = W (xn, Tn
N−1x

(N−2)
n , u(N−1)

n ; α(N−1)
n , β(N−1)

n , γ(N−1)
n ),

. . . = . . .

. . . = . . .

x(3)
n = W (xn, Tn

3 x(2)
n , u(3)

n ;α(3)
n , β(3)

n , γ(3)
n ), (1.1)

x(2)
n = W (xn, Tn

2 x(1)
n , u(2)

n ;α(2)
n , β(2)

n , γ(2)
n ),

x(1)
n = W (xn, Tn

1 xn, u(1)
n ; α(1)

n , β(1)
n , γ(1)

n ),
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is called the multi-step iterative sequence with errors for N mappings T1, T2, . . . , TN ,
where {α(i)

n }, {β(i)
n }, {γ(i)

n } for all i = 1, 2, . . . , N are sequences in [0, 1] satisfying
the following conditions:

α
(i)
n + β

(i)
n + γ

(i)
n = 1, ∀i = 1, 2, . . . , N and ∀n ∈ N,

and {u(i)
n } for all i = 1, 2, . . . , N are bounded sequences in X.

In (1.1), if N = 3, T1 = T2 = T3 = T , x
(2)
n = yn, x

(1)
n = zn, u

(3)
n = un, u

(2)
n = vn,

u
(1)
n = wn, α

(3)
n = an, α

(2)
n = ān, α

(1)
n = ân, β

(3)
n = bn, β

(2)
n = b̄n, β

(1)
n = b̂n,

γ
(3)
n = cn, γ

(2)
n = c̄n and γ

(1)
n = ĉn, then scheme (1.1) reduces to the three-step

iterative scheme with errors for one mapping defined by Kim et al. [10].

2 Main results

In order to prove our main result, we will first prove the following lemma.

Lemma 2.1: Let (X, d, W ) be a convex metric space, T1, T2, . . . , TN : X → X
be N asymptotically quasi-nonexpansive mappings satisfying

∑∞
n=1 rn < ∞ where

{rn} is the sequence appeared in Definition 1.1, and F =
⋂N

i=1 F (Ti) be a nonempty
set. For a given x1 ∈ X, let {xn} be the multi-step iterative sequences with errors
defined by (1.1). Then

(a) d(xn+1, p) ≤ (1 + rn)Nd(xn, p) + t
(N)
n , ∀p ∈ F , n ∈ N,

where t
(N)
n = β

(N)
n (1 + rn)t(N−1)

n + γ
(N)
n d(u(N)

n , p) such that
∑∞

n=1 t
(N)
n < ∞.

(b) there exists a constant M > 0 such that

d(xm, p) ≤ M.d(xn, p) + M.
∑m−1

j=n t
(N)
j , ∀p ∈ F , m > n.

Proof: (a) Since Ti (i = 1, 2, . . . , N) is asymptotically quasi-nonexpansive. Let
p ∈ F =

⋂N
i=1 F (Ti), we have

d(x(1)
n , p) = d(W (xn, Tn

1 xn, u(1)
n ; α(1)

n , βn(1), γ(1)
n ))

≤ α(1)
n d(xn, p) + β(1)

n d(Tn
1 xn, p) + γ(1)

n d(u(1)
n , p)

≤ α(1)
n d(xn, p) + β(1)

n (1 + rn)d(xn, p) + γ(1)
n d(u(1)

n , p)
≤ α(1)

n (1 + rn)d(xn, p) + β(1)
n (1 + rn)d(xn, p) + γ(1)

n d(u(1)
n , p)

≤ (α(1)
n + β(1)

n )(1 + rn)d(xn, p) + γ(1)
n d(u(1)

n , p)
= (1− γ(1)

n )(1 + rn)d(xn, p) + γ(1)
n d(u(1)

n , p)
≤ (1 + rn)d(xn, p) + t(1)n (2.1)
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where t
(1)
n = γ

(1)
n d(u(1)

n , p). Since {u(1)
n } is bounded and

∑∞
n=1 γ

(1)
n < ∞, we can see

that
∑∞

n=1 t
(1)
n < ∞. It follows from (2.1) that

d(x(2)
n , p) = d(W (xn, Tn

2 x(1)
n , u(2)

n ; α(2)
n , β(2)

n , γ(2)
n ))

≤ α(2)
n d(xn, p) + β(2)

n d(Tn
2 x(1)

n , p) + γ(2)
n d(u(2)

n , p)
≤ α(2)

n d(xn, p) + β(2)
n (1 + rn)d(x(1)

n , p) + γ(2)
n d(u(2)

n , p)
≤ α(2)

n d(xn, p) + β(2)
n (1 + rn)[(1 + rn)d(xn, p) + t(1)n ] + γ(2)

n d(u(2)
n , p)

≤ α(2)
n d(xn, p) + β(2)

n (1 + rn)2d(xn, p) + β(2)
n (1 + rn)t(1)n

+γ(2)
n d(u(2)

n , p)
≤ α(2)

n (1 + rn)2d(xn, p) + β(2)
n (1 + rn)2d(xn, p) + β(2)

n (1 + rn)t(1)n

+γ(2)
n d(u(2)

n , p)
≤ (α(2)

n + β(2)
n )(1 + rn)2d(xn, p) + β(2)

n (1 + rn)t(1)n + γ(2)
n d(u(2)

n , p)
= (1− γ(2)

n )(1 + rn)2d(xn, p) + β(2)
n (1 + rn)t(1)n + γ(2)

n d(u(2)
n , p)

≤ (1 + rn)2d(xn, p) + t(2)n (2.2)

where t
(2)
n = β

(2)
n (1+rn)t(1)n +γ

(2)
n d(u(2)

n , p). Since {u(2)
n } is bounded and

∑∞
n=1 γ

(2)
n <

∞, we can see that
∑∞

n=1 t
(2)
n < ∞. Similarly, we see that

d(x(3)
n , p) = d(W (xn, Tn

3 x(2)
n , u(3)

n ; α(3)
n , β(3)

n , γ(3)
n ))

≤ α(3)
n d(xn, p) + β(3)

n d(Tn
3 x(2)

n , p) + γ(3)
n d(u(3)

n , p)
≤ α(3)

n d(xn, p) + β(3)
n (1 + rn)d(x(2)

n , p) + γ(3)
n d(u(3)

n , p)
≤ α(3)

n d(xn, p) + β(3)
n (1 + rn)[(1 + rn)2d(xn, p) + t(2)n ] + γ(3)

n d(u(3)
n , p)

≤ α(3)
n d(xn, p) + β(3)

n (1 + rn)3d(xn, p) + β(3)
n (1 + rn)t(2)n

+γ(3)
n d(u(3)

n , p)
≤ α(3)

n (1 + rn)3d(xn, p) + β(3)
n (1 + rn)3d(xn, p) + β(3)

n (1 + rn)t(2)n

+γ(3)
n d(u(3)

n , p)
≤ (α(3)

n + β(3)
n )(1 + rn)3d(xn, p) + β(3)

n (1 + rn)t(2)n + γ(3)
n d(u(3)

n , p)
= (1− γ(3)

n )(1 + rn)3d(xn, p) + β(3)
n (1 + rn)t(2)n + γ(3)

n d(u(3)
n , p)

≤ (1 + rn)3d(xn, p) + t(3)n (2.3)

where t
(3)
n = β

(3)
n (1+rn)t(2)n +γ

(3)
n d(u(3)

n , p). Since {u(3)
n } is bounded and

∑∞
n=1 γ

(3)
n <

∞, we can see that
∑∞

n=1 t
(3)
n < ∞. Continuing the above process, we get

d(xn+1, p) ≤ (1 + rn)Nd(xn, p) + t(N)
n ,

where {t(N)
n } is nonnegative real sequence such that

∑∞
n=1 t

(N)
n < ∞. This com-

pletes the proof of (a).
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(b) If x ≥ 0, then 1 + x ≤ ex and (1 + x)N ≤ eNx. Therefore from (a) we can
obtain that

d(xm, p) ≤ (1 + rm−1)Nd(xm−1, p) + t
(N)
m−1

≤ eNrm−1d(xm−1, p) + t
(N)
m−1

≤ eNrm−1 [eNrm−2d(xm−2, p) + t
(N)
m−2] + t

(N)
m−1

≤ eN(rm−1+rm−2)d(xm−2, p) + eNrm−1t
(N)
m−2 + t

(N)
m−1

≤ eN(rm−1+rm−2)d(xm−2, p) + eNrm−1 [t(N)
m−1 + t

(N)
m−2]

≤ . . . . . .

≤ . . . . . .

≤ eN(rm−1+rm−2+···+rn)d(xn, p)

+eN(rm−1+rm−2+···+rn)[t(N)
m−1 + t

(N)
m−2 + · · ·+ t(N)

n ]

≤ eN
Pm−1

j=n rj d(xn, p) + eN
Pm−1

j=n rj .

m−1∑

j=n

t
(N)
j

≤ M.d(xn, p) + M.

m−1∑

j=n

t
(N)
j ,

where M = eN
Pm−1

j=n rj . This completes the proof of (b).

Lemma 2.1 [12]: Let the number of sequences {an}, {bn} and {λn} satisfy
that an ≥ 0, bn ≥ 0, λn ≥ 0, an+1 ≤ (1 + λn)an + bn, ∀n ∈ N,

∑∞
n=1 bn < ∞,∑∞

n=1 λn < ∞. Then

(a) limn→∞ an exists.

(b) If lim infn→∞ an = 0, then limn→∞ an = 0.

Theorem 2.1: Let (X, d, W ) be a complete convex metric space, T1, T2, . . . , TN :
X → X be N asymptotically quasi-nonexpansive mappings and F =

⋂N
i=1 F (Ti) be

a nonempty set. For a given x1 ∈ X, let {xn} be the multi-step iterative sequence
with errors defined by (1.1) and {rn}, {γ(i)

n } for all i = 1, 2, . . . , N be sequences
satisfying the following conditions:

(i)
∑∞

n=1 rn < ∞,

(ii)
∑∞

n=1 γ
(i)
n < ∞, for all i = 1, 2, . . . , N ,

where {rn} is a sequence appeared in Definition 1.1 and {γ(i)
n } for all i =

1, 2, . . . , N is a sequence appeared in (1.1). Then the iterative sequence {xn} con-
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verges to a common fixed point of {Ti : i = 1, 2, . . . , N} if and only if

lim inf
n→∞

Dd(xn, F ) = 0.

Proof: The necessity is obvious. Now, we prove the sufficiency. Suppose that
the condition lim infn→∞Dd(xn, F ) = 0 is satisfied. Then from Lemma 2.1(a), we
have

d(xn+1, p) ≤ (1 + rn)Nd(xn, p) + t(N)
n , ∀p ∈ F, ∀n ∈ N, (2.4)

where t
(N)
n = β

(N)
n (1 + rn)t(N−1)

n + γ
(N)
n d(u(N)

n , p) such that
∑∞

n=1 t
(N)
n < ∞. From

(2.4), we can obtain that

Dd(xn+1, F ) ≤ (1 + rn)NDd(xn, F ) + t(N)
n .

Since lim infn→∞Dd(xn, F ) = 0, by Lemma 2.2, we have

lim
n→∞

Dd(xn, F ) = 0.

Now, we will prove that {xn} is a Cauchy sequence. Let ε > 0. By Lemma 2.1(b),
there exists a constant M > 0 such that

d(xm, p) ≤ M.d(xn, p) + M.

m−1∑

j=n

t
(N)
j , ∀p ∈ F, m > n. (2.5)

Since limn→∞Dd(xn, F ) = 0 and
∑∞

n=1 t
(N)
n < ∞, there exists a constant N1 such

that for all n ≥ N1,

Dd(xn, F ) <
ε

4M
and

∞∑

j=N1

t
(N)
j <

ε

6M
.

We note that there exists p1 ∈ F such that d(xN1 , p1) < ε
3M . It follows that

from (2.5) that for all m > n > N1,

d(xm, xn) ≤ d(xm, p1) + d(xn, p1)

≤ M.d(xN1 , p1) + M.

m−1∑

j=N1

t
(N)
j + M.d(xN1 , p1) + M.

n−1∑

j=N1

t
(N)
j (2.6)

< M.
ε

3M
+ M.

ε

6M
+ M.

ε

3M
+ M.

ε

6M
= ε.
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Since ε is an arbitrary positive number, (2.6) implies that {xn} is a Cauchy sequence.
From the completeness of this space, limn→∞ xn exists. Let limn→∞ xn = p. It will
be proven that p is a common fixed point. Let ε̄ > 0. Since limn→∞ xn = p, there
exists a natural number N2 such that for all n ≥ N2,

d(xn, p) <
ε̄

2(2 + r1)
. (2.7)

limn→∞Dd(xn, F ) = 0 implies that there exists a natural number N3 ≥ N2 such
that for all n ≥ N3,

Dd(xn, F ) <
ε̄

3(4 + 3r1)
. (2.8)

Therefore, there exists a p∗ ∈ F such that

d(xN3 , p
∗) <

ε̄

2(4 + 3r1)
. (2.9)

From (2.7) and (2.9), we have for any i ∈ I

d(Tip, p) ≤ d(Tip, p∗) + d(p∗, TixN3) + d(TixN3 , p
∗) + d(p∗, xN3) + d(xN3 , p)

= d(Tip, p∗) + 2d(TixN3 , p
∗) + d(p∗, xN3) + d(xN3 , p)

≤ (1 + r1)d(p, p∗) + 2(1 + r1)d(xN3 , p
∗) + d(p∗, xN3) + d(xN3 , p)

≤ (1 + r1)[d(p, xN3) + d(xN3 , p
∗)] + 2(1 + r1)d(xN3 , p

∗)
+d(p∗, xN3) + d(xN3 , p)

= (2 + r1)d(xN3 , p) + (4 + 3r1)d(xN3 , p
∗)

< (2 + r1).
ε̄

2(2 + r1)
+ (4 + 3r1).

ε̄

2(4 + 3r1)
= ε̄.

Since ε̄ is an arbitrary positive number, this implies that Tip = p. Hence p ∈ F (Ti)
for all i ∈ I and so p ∈ F =

⋂N
i=1 F (Ti). Thus the iterative sequence {xn} converges

to a common fixed point of {Ti : i = 1, 2, . . . , N}. This completes the proof.

By using the same method in Theorem 2.1, we can easily obtain the following
theorem.

Theorem 2.2: Let (X, d, W ) be a complete convex metric space, T1, T2, . . . , TN :
X → X be N quasi-nonexpansive mappings and F =

⋂N
i=1 F (Ti) be a nonempty

set. For a given x1 ∈ X, let {xn} be the multi-step iterative sequence with errors
defined by:
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xn+1 = x(N)
n

= W (xn, TNx(N−1)
n , u(N)

n ; α(N)
n , β(N)

n , γ(N)
n ),

x(N−1)
n = W (xn, TN−1x

(N−2)
n , u(N−1)

n ; α(N−1)
n , β(N−1)

n , γ(N−1)
n ),

. . . = . . .

. . . = . . .

x(3)
n = W (xn, T3x

(2)
n , u(3)

n ; α(3)
n , β(3)

n , γ(3)
n ), (∗)

x(2)
n = W (xn, T2x

(1)
n , u(2)

n ; α(2)
n , β(2)

n , γ(2)
n ),

x(1)
n = W (xn, T1xn, u(1)

n ; α(1)
n , β(1)

n , γ(1)
n ),

where {α(i)
n }, {β(i)

n }, {γ(i)
n } for all i = 1, 2, . . . , N are sequences in [0, 1] satisfying

the following condition:

α
(i)
n + β

(i)
n + γ

(i)
n = 1, ∀i = 1, 2, . . . , N and ∀n ∈ N,

and {u(i)
n } for all i = 1, 2, . . . , N are bounded sequences in X.

If {γ(i)
n } for all i = 1, 2, . . . , N be sequences satisfying the following condition:

(i)
∑∞

n=1 γ
(i)
n < ∞, for all i = 1, 2, . . . , N .

Then the iterative sequence{xn} converges to a common fixed point of {Ti : i =
1, 2, . . . , N} if and only if

lim inf
n→∞

Dd(xn, F ) = 0.

From Theorem 2.1, we can also obtain the following result for the Banach space.

Theorem 2.3: Let X be a real Banach space, T1, T2, . . . , TN : X → X be N
asymptotically quasi-nonexpansive mappings satisfying the condition (i) in The-
orem 2.1 and F =

⋂N
i=1 F (Ti) be a nonempty set. Let {xn} be the multi-step

iterative sequence with errors defined by:

x1 ∈ X,
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xn+1 = x(N)
n = α(N)

n xn + β(N)
n Tn

Nx(N−1)
n + γ(N)

n u(N)
n

x(N−1)
n = α(N−1)

n xn + β(N−1)
n Tn

N−1x
(N−2)
n + γ(N−1)

n u(N−1)
n

. . . = . . .

. . . = . . .

x(3)
n = α(3)

n xn + β(3)
n Tn

3 x(2)
n + γ(3)

n u(3)
n

x(2)
n = α(2)

n xn + β(2)
n Tn

2 x(1)
n + γ(2)

n u(2)
n

x(1)
n = α(1)

n xn + β(1)
n Tn

1 xn + γ(1)
n u(1)

n

where {α(i)
n }, {β(i)

n }, {γ(i)
n } for all i = 1, 2, . . . , N are sequences in [0, 1] satisfying

the following condition:

α
(i)
n + β

(i)
n + γ

(i)
n = 1, ∀i = 1, 2, . . . , N and ∀n ∈ N,

and {u(i)
n } for all i = 1, 2, . . . , N are bounded sequences in X and

∑∞
n=1 γ

(i)
n < ∞

for all i = 1, 2, . . . , N . Then the iterative sequence {xn} converges to a common
fixed point of {Ti : i = 1, 2, . . . , N} if and only if

lim inf
n→∞

Dd(xn, F ) = 0.

where Dd(y, S) = inf{d(y, s) : s ∈ S}.

Proof: Since X is a Banach space, it is a complete convex metric space with a
convex structure W (x, y, z; α, β, γ) := αx + βy + γz, for all x, y, z ∈ X and for all
α, β, γ ∈ [0, 1] with α + β + γ = 1. Therefore, the conclusion of Theorem 2.3 can be
obtained from Theorem 2.1 immediately.

Remark 2.1: (1) Theorem 2.1 and 2.2 are two new convergence theorems of
multi-step iterative sequences with errors for finite family of nonlinear mappings in
convex metric spaces. These two theorems generalize and improves the correspond-
ing results of [11]- [13], [1]- [3] and [5, 7, 8, 15, 17, 20].

(2) Theorem 2.3 generalizes and improves the corresponding results of Kim et
al. [9], Liu [12, 13], Shahzad and Udomene [17], Khan and Takahashi [7], Khan
and Ud-din [8] and Xu and Noor [20].

(3) Theorem 2.1, 2.2 and 2.3 also extend Theorem 2.1, 2.2 and 2.4 of Kim et
al. [10] to the case of multi-step iteration scheme and finite family of mappings
considered in this paper.
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