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SOME JENSEN’S TYPE INEQUALITIES
FOR TWICE DIFFERENTIABLE FUNCTIONS
OF SELFADJOINT OPERATORS
IN HILBERT SPACES

Sever S. Dragomir

Abstract

Some Jensen’s type inequalities for twice differentiable functions of selfad-
joint operators in Hilbert spaces under suitable assumptions for the involved

operators are given. Applications for particular cases of interest are also pro-
vided.

1 Introduction

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a x-isometrically isomorphism ® between the set C' (Sp (A))
of all continuous functions defined on the spectrum of A, denoted Sp (A), an the
C*-algebra C* (A) generated by A and the identity operator 1y on H as follows
(see for instance [3, p. 3]):

For any f,g € C (Sp(A)) and any «, 8 € C we have

(i) @ (af +Bg) =a®(f) + B2 (g);

(i) ®(fg) =@ (f)®(g) and & (f) = d ()"

(i) 18 (Dl = 171 = supyespn IF (0]

(iv) ®(fo) =1y and ®(f1) = A, where fo (t) = 1and f1 (t) =t, fort € Sp(4).

With this notation we define

f(A):=d(f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),
then f(t) > 0 for any t € Sp(A) implies that f(A4) > 0, i.e. f(A) is a positive
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operator on H. Moreover, if both f and g are real valued functions on Sp (A4) then
the following important property holds:

f(t) >g(t) for any t € Sp(A) implies that f (4) > g (A4) (P)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfad-
joint operators, see [3] and the references therein. For other results, see [9], [4], [8]
and [6]. For recent results, see [1] and [2].

2 Some Jensen’s Type Inequalities for Operators

The following result that provides an operator version for the Jensen inequality is
due to Mond & Pecarié¢ [7] (see also [3, p. 5]):

Theorem 1 (Mond-Pecarié, 1993, [7]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp (A) C [m, M] for some scalars m,M with
m < M. If f is a convex function on [m, M], then

f((Az,z)) < ([ (A)z,z) (MP)
for each x € H with ||z| = 1.

As a special case of Theorem 1 we have the following Hoélder-McCarthy inequal-
ity:

Theorem 2 (Holder-McCarthy, 1967, [5]). Let A be a selfadjoint positive op-
erator on a Hilbert space H. Then

(i) (A"z,z) > (Az,z)" for allr > 1 and x € H with ||z|| = 1;

(ii) (A"z,z) < (Az,z)" for all0 <r <1 and x € H with ||z| = 1;

(iii) If A is invertible, then (ATx,x) > (Ax,x)" for all < 0 and x € H with
]| = 1.

The following theorem is a multiple operator version of Theorem 1 (see for
instance [3, p. 5]):

Theorem 3. Let A; be selfadjoint operators with Sp (A;) C [m,M], j € {1,...,n}

for some scalars m < M and x; € H,j € {1,...,n} with 37, la;|>=1. If f is a
convex function on [m, M], then

n n

FAY (Ajag,ag) | < (A)) aj,25) (1)

J=1 Jj=1

The following particular case is of interest:
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Corollary 1. Let A; be selfadjoint operators with Sp (A;) € [m, M], j € {1,...,n}
for some scalars m < M. If p; >0, j € {1,...,n} with Z?Zl pj =1, then

f <ij14j$7$> < <Zij(Aj)$7I>, (2)
j=1 j=1
for any x € H with ||z|| = 1.

3 Jensen’s Inequality for Twice Differentiable
Functions

The following result may be stated:

Theorem 4. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M with 0 < m < M. If f is a
twice differentiable function on (m,M) and for p € (—00,0) U (1,00) we have for
some v < I that

2P

m.f”(t)gI‘for any t € (m, M), (3)

v <
then

v (AP, ) — (Az,2)")

IN

(f(A)z,z) — [ ((Az,z))
<T (<Apx7$> - <A$7$>p) (4)

for each x € H with ||z| = 1.
If

(;Sp(tf__pp).f”(t)gAforanyte(m7M) (5)

and for some 6 < A, where p € (0,1), then

§ ((Az, z)? — (APz, x))
<(f(A)z,z) - f((Az,2))
< A ((Az,z)" — (APz,x)) (6)

for each x € H with ||z|| = 1.

Proof. Consider the function g, , : (m, M) — R given by g, ,, (t) = f (t) —t? where
p € (—00,0) U (1,00) . The function g, , is twice differentiable,

g, () = f"(t) —yp(p—1)t"?
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for any ¢t € (m, M) and by (3) we deduce that g, , is convex on (m,M). Now,
applying the Mond & Pecari¢ inequality for g, , we have

0 < ((f(A) —yA")z,z) - [f ((Az, 7)) — v (Az, 2)"]
= (f(A)zz) - f(Az,2)) — v [(A2, z) — (Az, 2)"]

which is equivalent with the first inequality in (4).

By defining the function gr, : (m, M) — R given by gr, (t) = I't? — f (t) and
applying the same argument we deduce the second part of (4).

The rest goes likewise and the details are omitted. |

Remark 1. We observe that if [ is a twice differentiable function on (m, M) and
o = infiemar) [ (1), @ := supPe(m ) [ (1), then by (4) we get the inequality

%gp {(AQw,@ — (Az, x)z}

IN

(f (A)z,z) — f ((Az, z))

1
<50 [<A2x,m> - (Ax,x>2] (7)
for each x € H with ||z| = 1.

We observe that the inequality (7) holds for selfadjoint operators that are not
necessarily positive.

The following version for sequences of operators can be stated:

Corollary 2. Let A; be positive definite operators with Sp (A;) C [m, M] C (0,00)
je{l,...,n}. If f is a twice differentiable function on (m, M) and for p € (—oo,0)U
(1,00) we have the condition (3), then

p
n

VY (AP — | D (Ajag, )
j=1

j=1

n

<D A ) — | D (A, ag)
j=1 J=1

(Ajzj, zj) (8)

n

S I Z <A§£Ej,f£j> —

Jj=1 J

-

1

for each x; € H,j € {1,...,n} with Z;;l Ha:]H2 =1
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If we have the condition (5) for p € (0,1), then

p
n n

O D Ay | =D (Aay, )

j=1 j=1

n n

i) T, x) g (Ajzj,z4)
Jj=1

j=1
<A Z<ijjvxj> Z A acj,x] (9)
j=1 j=1

for each x; € H,j € {1,...,n} with Z?:l Ha:sz =
Proof. As in [3, p. 6], if we put

A1 . . . O T
A= . and ¥ =

o . . . A, T,

then we have Sp (Z) C [m,M], ||Z]| = 1,

n n

<f(g)5c',§>zz<f(z4j)x],xj <Axx> ZAmJ,xj

j=1

and so on. _
Applying Theorem 4 for A and ¥ we deduce the desired results (8) and (9). I

Corollary 3. Let A; be positive definite operators with Sp (A;) C [m, M] C (0, c0)

je{l,..,n} andp; >0, 5 €{1,..,n} with Z?:M)j = 1. If f is a twice differen-
tiable function on (m, M) and for p € (—o00,0) U (1,00) we have the condition (3),
then

<iij§x,x> <Zp]A x,T
j=1

1
S ()
or [<z x> . <z>} )
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for each x € H with ||z| = 1.
If we have the condition (5) for p € (0,1), then

<Xn:ijjx,x> <ZpJA T, T
j=1

)
<(Sms )~ ((Soms)
<

Zp Ajx x> <ijA§x,x> (11)

Jj=1

<A

for each x € H with ||z| = 1.

Proof. Follows from Corollary 2 on choosing z; = /p; - =, j € {1,...,n}, where

p; > 0,5 € {1,...,n}, Z _1p; = 1 and v € H, with Hx|| = 1. The details are
omitted. i

Remark 2. We observe that if f is a twice differentiable function on (m, M) with
—o0o <m < M < oo, Sp(A;) C[m,M],je{l,..,n} and @ = infycim rr) f7 (1), P =
SUPte(m, M) f// (t) ) then

2
® Z<A§xj’$j>_ Z<Aj$j7l”j>
j=1 j=1
< <f(Aj x]71'j Z (A; Ij,xj
Jj=1 j=1

<o Z<A T, 75 Z (Ajxj,xj) (12)
j=1 j=1

for each xj € H,j € {1,....,n} with Y0 ||z;||* =
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Also, if pj >0, j € {1,...,n} with Z?lej =1, then

%) [<ijA?:c,x> — <ijij,z> }
< <ijf(Aj):17,x> —f (<ijij,x>)

n n 2
<o [<ijA?x,x> — <ijAj:v,:17> } (13)

The next result provides some inequalities for the function f which replace the
cases p = 0 and p = 1 that were not alowed in Theorem 4:

Theorem 5. Let A be a positive definite operator on the Hilbert space H and
assume that Sp (A) C [m, M| for some scalars m, M with 0 < m < M. If f is a
twice differentiable function on (m, M) and we have for some v < T' that

Y < B () <T for any t € (m, M), 14
then

v (In ((Az,z)) — (In Az, z))
<(f(A)z,z) - f((Az, 1))
<T'(In((Az,z)) — (n Az, z)) (15)

for each x € H with ||z|| = 1.

If
§<t-f"() <A foranyte (m, M) (16)

for some § < A, then

d ({(Aln Az, z) — (Az, z) In ((Az, )))
<({f(A)z,z) - f ((Az,z))

<A({(AlnAzx,z) — (Az,z) In ((Ax,x))) (17)
for each x € H with ||z|| = 1.
Proof. Consider the function g : (m, M) — R given by g, (t) = f(t) +vInt.
The function g, is twice differentiable,

9y ) =" (1) =t
for any t € (m, M) and by (14) we deduce that g, is convex on (m,M). Now,
applying the Mond & Pecari¢ inequality for g, o we have
0 < {(f(A)+ynA)z,z) - [f ((Az,2)) +7In ((Az, )]
= (A, z) - f((Az,2)) — 7 [In ((Az, 2)) — (In Az, )]
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which is equivalent with the first inequality in (15).
By defining the function gro : (m, M) — R given by gr o (t) =
and applying the same argument we deduce the second part of (15).
The rest goes likewise for the functions

—T'lnt — f(t)

gs1 (t) = f(t) —dtlnt and ga o (t) = Atlnt — f ()
and the details are omitted. i
Corollary 4. Let A; be positive definite operators with Sp (A;) C [m, M] C (0, c0)

jeA{l,..on}. If f is a twice differentiable function on (m, M) and we have the
condition (14), then

3

Jj=1 Jj=1

~ | In Z(ijj,xj>) ZlnA Tj,x;)

J:1

i)xj,a5) = f Z<ijj7xj>
j=1

In Z(Aj%"%? =Y (InAjza) | (18)

for each x; € H,j € {1,...,n} with 37%_, | |)* =
If we have the condition (16), then

n

S (A Az a) = > (Ajrg ) In [ > (Ajxg, ;)
j=1 j=1 = 1

n

3

iz, xi) — f g (Ajzj,z5)
Jj=1

jzl

3

n n
Z (AjInAjz;, ;) Z (Ajz;,z;)In Z (Ajzj,z4) (19)
Jj=1 j=1 Jj=1
for each x; € H,j € {1,...,n} with 377, | |)* =
The following particular case also holds:

Corollary 5. Let A; be positive definite operators with Sp (A;) C [m, M] C (0, c0)
je{l,..,n} andp; >0, 5 €{1,...,n} with Z?lej = 1. If f is a twice differen-



Some Jensen’s type inequalities for twice differentiable functions... 219

tiable function on (m, M) and we have the condition (14), then

<ijAjl'7fE> — <ij 1HAj.’E,.’E>
Jj=1 j=1

n

< (f (Aj) zj,25) Z Ajzj, )
j=1

-

j=1

<ijij,x> - <ij lnAj:v,:v> (20)
j=1 j=1

for each x € H with ||z| = 1.
If we have the condition (16), then

<ijAj lnAja:,m> — <ijij,x> In <ijij,x>
j=1 j=1

j=1
n

Z i) @, x5) — f Z<Ajmjvxj>

j=1 j=1

<A <iijj 1nij,a:> <ijA x x> <ZPJA x x> (21)

Jj=1

for each x € H with ||z| = 1.

4 Applications

It is clear that the results from the previous section can be applied for various
particular functions which are twice differentiable and the second derivatives satisfy
the boundedness conditions from the statements of the Theorems 4, 5 and the
Remark 1.

We point out here only some simple examples that are, in our opinion, of large
interest.

1. For a given a > 0, counsider the function f (t) = exp (at),t € R. We have
" (t) = a®exp (at) and for a selfadjoint operator A with Sp(A) C [m, M] (for
some real numbers m < M) we also have

p:= inf f’(t)=a’exp(am) and ®:= sup f’(t)=a’exp(aM).
te(m,M) te(m,M)

Utilising the inequality (7) we get
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%oﬂ exp (am) {<A2$7$> - <A9c,x)2}
< (exp (aA) z,x) — exp ({(a Az, x))

for each x € H with |z|| = 1.
Now, if 8 > 0, then we also have

1
552 exp (—SM) {<A2x,x> - (Ax7m>2]
< (exp (—fBA) z,z) — exp (— (BAx, x))
1
< 562 exp (—fm) [<A2x,x> - (A:v,:r>2} , (23)
for each x € H with ||z|| = 1.

2. Now, assume that 0 < m < M and the operator A satisfies the condition
m-1lg <A< M- 1y.If we consider the function f : (0,00) — (0,00) defined by
f () =t with p € (—00,0) U (0,1) U (1,00). Then f” (t) =p(p— 1)t?~2 and if we
consider ¢ := inf;c(m ar) f” (t) and @ 1= sup¢(,, ar) f (t) , then we have

o=p(p—1)mP 2, ®=p(p—1)MP2 for p € [2,00),
o=p(p—-1)MP2d=p@p-1)mP?forpe(1,2),
p=pp—-1)m' 2 &=p(p—1) M for p€(0,1),

and
e=pp—-1)MP?,&=p(p—1)m’~? for p € (—0,0).

Utilising the inequality (7) we then get the following refinements an reverses of
Holder-McCarthy’s inequalities from Theorem 2:
1
5P (p—1)mP—2 [<A2x,x> — <Ax7x>2]
< (APz,z) — (Az,x)?

< plp—1)MP2 [<A2x,x> _ <Ax,x>2} for p € [2,00), (24)

| —

%p (p—1)MP~2 [<A2x,x> - <Ax,x>2}
< (APz,z) — (Ax,z)P

< %p (p—1)mP~2 [<A2x,x> - <Ax,a:>2} for p € (1,2), (25)
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%p(l -p) MP—2 {<A2x, x) - (Ax,:c)ﬂ
< <Ax,1'>p - <Ap$7x>

< —p(1—p)mP2 [<A2x,m> — (Aa:,a;>2} for pe (0,1) (26)

| —

and

1
5P (0= 1) M2 (A%, 2) — (Az,2)’]
< (APz,z) — (Az,x)?
1
< 3P (p—1)mP=2 [<A2x,x> - <Ax,$>2} for p € (—00,0), (27)
for each z € H with ||z|| = 1.

3. Now, if we consider the function f : (0,00) — R, f (¢) = —Int, then f” (t) =
t~2 which gives that ¢ = M =2 and ® = m~2. Utilising the inequality (7) we then
deduce the bounds

L2107 42 2
iM [<A x,x> — (Az, ) ]
<In({(Az,z)) — (In Az, z)

e weor]

for each z € H with ||z|| = 1.

Moreover, if we consider the function f : (0,00) — R, f (t) = tInt, then f” (¢t) =
t~! which gives that ¢ = M~ and ® = m~!. Utilising the inequality (7) we then
deduce the bounds

EM_1 [<A2x z) — (Az CE>2:|
2 ) )
< (AlnAz,z) — (Az,z) In ((Az, )

1
< imf1 [<A2:c,x> - (Aw,x)ﬂ (29)
for each x € H with ||z|| = 1.
Remark 3. Utilising Theorem 4 for the particular value of p = —1 we can state
the inequality

lw (<A_1J: z) — (Ax x>_1)

2 ) )

< (f(A)z,z) — f ((Az,z))

< %\Il (<A_1x,x> — <Aac7x>71) (30)
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for each x € H with ||x|| = 1, provided that f is twice differentiable on (m,M) C
(0,00) and
= inf 3f"(t) while ¥ = sup t*f" ()
te(m, M) te(m,M)

are assumed to be finite.

We observe that, by utilising the inequality (30) instead of the inequality (7) we
may obtain similar results in terms of the quantity <A_1x,x> — (Ax,x>_1, reH
with ||z|| = 1. However the details are left to the interested reader.
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