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UNIVALENCE OF TWO GENERAL INTEGRAL OPERATORS

B. A. Frasin

Abstract

In this paper, we give some sufficient conditions for general two integral
operators to be univalent in the open unit disk.

1 Introduction and definitions

Let A be the class of all analytic functions f(z) defined in the open unit disk
U = {z : |z| < 1} and normalized by the condition f(0) = 0 = f/(0) — 1. Further, by
S we shall denote the class of all functions in A which are univalent in ¢/ .Recently,
Breaz and Breaz [6] and Breaz et al. [10] introduced and studied the integral
operators

z

Fu(z) = / (ﬂf“)a . (f”t(t))a dt (1)

0

and

For () = / )™ - (Fo()™ dt )
0

where f; € Aand for o; > 0, for all i = 1,...,n(see also [3, 4, 5, 7, 9]).

Breaz and Giiney [8] considered the above integral operators and they obtained
their properties on the classes S (b), C,(b) of starlike and convex functions of com-
plex order b and type « introduced and studied by Frasin [11].

Very recently, Frasin [12] obtained some sufficient conditions for the above inte-
gral operators to be in the classes §*, C(«) and UCV, where C(a) and UCV denote
the subclasses of A consisting of functions which are, respectively, close -to-convex
of order a(0 < @ < 1) in U and uniformly convex functions.
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In the present paper, we obtain some sufficient conditions for the above integral
operators F),(z) and Fy, .., (%) to be univalent in I.
In order to derive our main results, we have to recall here the following lemma:

Lemma 1.1. ([1]) Let f € A, 8 € C,Re(8) > 0. If for some 6 € [0,2n] the
inequality

" 1Re(B) for 0<Re(B) <1
o 6i02f (2) 2 ;
Rele 5} < (=)

=

for Re(B) >1
is valid, then the function
z 1/p
Gp(z) = ﬁ/uﬁ_lf’(u)du

0

isin S, for all 0 € [0, 27].

2 Main results.

Theorem 2.1. Let a;; > 0 be real numbers for all j =1,2,...,n, § € C, Re(8) >
0. If fye A forall j =1,2,...,n satisfies

Re@) | cosp for 0 <Re(f) <1
, 2 _71%'
Re (ei‘g ng(z)) S 7= (3)
fi(2) 4ﬁ}w+cos9 for Re(B) >1

j=1
for all z € U and for some 0 € [0, 27],then the function

z 1/5

ﬁ/uﬁ—l ﬁl (ffftu))a du €S

0
for all 6 € [0, 27].
Proof. From (1) we observe that F,, € A, i.e. F,,(0) = F),(0) —1 = 0. On the other

hand7 lt 1S eaSy IO see tha‘
n f'(z) aj

j=1
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and

(7)) -2 (75) -2

thus we have

D) fole ) g o

It follows from (4) and the hypothesis (3) that

() - S ) o

J=1 j=1
1Re(B) for 0<Re(B) <1
<
3 for Re(B) >1
for all z € Y and for some 6 € [0, 27]. Applying Lemma 1.1, we have

or, equivalently

. . 1/8
. g
5/u5_11—[<f] “)) duy €8
0 =i
for all 6 € [0, 27].
This completes the proof. O

Letting n =1, a1 = a and f; = f in Theorem 2.1, we have

Corollary 2.2. Let a > 0 be real number, 8 € C, Re(f3) > 0. If f € A satisfies

Re (awzf /(Z)) <{ et for 0< D) <1
=) /- i + cosd for Re(B) >1

for all z € U and for some 0 € [0, 2x],then the function
1/B

ﬁ/zu‘“ (chf‘))adu €S

0

for all 6 € [0, 27].
Letting @« =1 in Corollary 2.2, we have
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Corollary 2.3. Let § € C, Re() > 0. If f € A salisfies

R (ier’(z)) <{ Re®) 4 coso for 0 < Re(f) <1
ele <
fz) 14 cosf for Re(B) =1

for all z € U and for some 0 € [0, 2x],then the function

2 1/8
{ﬂ/uﬁ_Qf(u)du} es

0

for all 6 € [0, 27].
Letting 6 =1 in Corollary 2.3, we have

Corollary 2.4. If f € A satisfies

Re (eie Z;éi?) < i + cos 6

for all z € U and for some 0 € [0, 27],then the function

/zﬂ“)dues

u

0

for all 6 € [0, 27].
Next, we have

Theorem 2.5. Let oij > 0 be real numbers for all j =1,2,...,n, B € C, Re(3) >
0. If fye A forall j =1,2,...,n satisfies

j;,—Re(ﬁ) for 0 <Re(f) <1
2 aj
Ro (0SB ) < ¢ %)
1iz) jﬁl for Re(B)>1
4 ;i

j=1

for all z € U and for some 0 € [0, 2x],then the function

2 N 1/8
{ﬂ/uﬁl H (f]'(u))a’ du} eS

0

for all 6 € [0, 27].
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Proof. 1t follows from (2) that F,, . a,(0) = F,, .. (0)—1=0. Also a simple

computation yields
SR 0 (D)) s (20G)
(% (Z))Z]<f;(z)>' ©

Q10O j=1

Thus we have

2 F (2) o o 2f1(2)
Re ( ¢/ 2272 ) =) a,Re (e’ . 7
( o)) 2% ( 7 ™
Since f; satisfies the condition (5) for every j = 1,...,n, then from (7), we
obtain

for 0<Re(B) <1

Re (deM) - %Re(/@)
e i for Re(p) > 1

for all z € U and for some 6§ € [0,27]. Lemma 1.1 implies that

z 1/5
ﬁ/uﬁ_lFélw’an(u)du eS
0
or, equivalently
z n 1/ﬁ
ﬁ/uﬁfln(f]’-(u))a" du €S
0 j=1
for all 6 € [0, 27]. O

Lettingn =1, a; = @ and f; = f in Theorem 2.5, we have

Corollary 2.6. Let o > 0 be real number, 3 € C, Re(f) > 0. If f € A satisfies

Re (ew Zf”(z)) < X for 0< Re(8) <1
" ia for Re(B) > 1

for all z € U and for some 0 € [0, 27],then the function
2 1/8
o[t ) ey €S
0

for all 6 € [0, 27].
Letting @« =1 in Corollary 2.6, we have
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Corollary 2.7. Let f € C, Re(f) > 0. If f € A satisfies

Res)
. (ew zf”(z)) - == for 0< Re(B) <1
) <
') 3 for Re(f)>1
for all z € U and for some 0 € |0, 2x],then the function
z 1/ﬁ

ﬂ/uﬁ_lf’(u)du €S

0

for all 6 € [0, 27].
Letting 8 = 1 in Corollary 2.7, we obtain the following result of Blezu and
Pascu [2].

Corollary 2.8. ([2])If f € A satisfies

(55)

for all z € U and for some 0 € [0, 2x],then f € S for all 6 € [0, 27].
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