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A NOTE ON ACHROMATIC COLORING
OF STAR GRAPH FAMILIES

Vivin J. Vernold, M. Venkatachalam and Ali M.M. Akbar

Abstract

In this paper, we find the achromatic number of central graph, mid-
dle graph and total graph of star graph, denoted by C(Ki,,), M(K1,,) and
T(K1,n) respectively.

1 Introduction

For a given graph G = (V, E) we do an operation on G, by subdividing each edge
exactly once and joining all the non adjacent vertices of G. The graph obtained by
this process is called central graph [14] of G denoted by C(G).

Let G be a graph with vertex set V(G) and edge set E(G). The middle graph [4]
of G, denoted by M (G) is defined as follows. The vertex set of M(G) is V(G)UE(G).
Two vertices x,y in the vertex set of M(G) are adjacent in M(G) in case one the
following holds: (i) z,y are in F(G) and z,y are adjacent in G. (ii) z is in V(G), y
is in E(G), and z,y are incident in G.

Let G be a graph with vertex set V(G) and edge set E(G). The total graph [4, 5]
of G, denoted by T'(G) is defined as follows. The vertex set of T'(G) is V(G)UE(G).
Two vertices z,y in the vertex set of T(G) are adjacent in T(G) in case one the
following holds: (i) x,y are in V(G) and z is adjacent to y in G. (ii) z,y are in E(QG)
and x,y are adjacent in G. (iii) x is in V(G), y is in E(G), and z,y are incident in
G.

An achromatic coloring [1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 13, 15] of a graph G is a
proper vertex coloring of G in which every pair of colors appears on at least one pair
of adjacent vertices. The achromatic number of G denoted x.(G), is the greatest
number of colors in an achromatic coloring of G.

The achromatic number was introduced by Harary, Hedetniemi and Prins [6].
They considered homomorphisms from a graph G onto a complete graph K,. A
homomorphism from a graph G to a graph G’ is a function ¢ : V(G) — V(G)
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such that whenever v and v are adjacent in G, u¢ and v¢ are adjacent in G’. They
show that, for every (complete) n-coloring 7 of a graph G there exists a (complete)
homomorphism ¢ of G onto K,, and conversely. They noted that the smallest n for
which such a complete homomorphism exists is just the chromatic number y = x(G)
of G. They considered the largest n for which such a homomorphism exists. This
was later named as the achromatic number ¢(G) by Harary and Hedetniemi [6]. In
the first paper [6] it is shown that there is a complete homomorphism from G onto
K, if and if only x(G) < n < ¢(G).

2 Achromatic coloring of central, middle and total
graph of star graphs

Theorem 2.1. For any star graph K ,, the achromatic number,
Xe[C(K1p)] =n+1.

Proof. Let v1,v2,-- ,v, be the pendant vertices of K, and let v be the vertex
of K;, adjacent to v;(1 < i < n). Obviously, deg(v) = n. Let the edge vv; be
subdivided by the vertex u;(1 <i <n)in C(Ki ), andlet V = {v1,ve, v, }, V' =
{u1,u2,---uy}. Clearly VIC(Ky )] = VUV'U{v}. The number of edges in C (K7 )

1 243 2
nt n”ton < <n+ ) Hence x.[C(Ki,)] < n+ 1. Note that in

Blog JTn=7 2

C (K1), the induced subgraph (vi,ve,---vy,) is complete, and {uy,ug, - un} is
independent set.

v e
Star graph K , Central graph of Star graph K ,
Figure 1(a) Figure 1(b)

The following (n+ 1)-coloring for C'(K7 ;) is achromatic: For (1 < ¢ < n), assign
the color ¢; for v;. Assign color ¢,y for all u;(1 <4 < n). Assign color ¢; for v.
Thus we have x.[C(K1,)] =n+ 1. O
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Theorem 2.2. For any star graph K , the achromatic number,

Xe|M (K1) =n+ 1.

KV\/
/ A
Star graph K Middle graph of Star graph K ,
Figure 2(a) Figure 2(b)

Proof. Let V(K1) = {v,v1,v2.- -+ ,v,}. By the definition of middle graph, each
edge of vv;, (1 < i <n) of Ky, is subdivided by the vertex e; in M (K3 ,) and the
vertices v, eq, €z, - - - , €, induce a clique of order (n+1) in M (K7 ,,).1e., VM (K1 )] =
{v} U{v;/1 < i < n}U{e;/1 < i < n}. Now consider the color class C =
{c1,¢2,+ - Cn,Cni1}, and assign the achromatic coloring to M(K;,) as follows:
For (1 < ¢ < n), assign the color ¢; for e; and assign color ¢,4; to v. For
(2 <4 < n—1), assign color ¢; for v; and assign color ¢, to v;. Thus we have

2 2
Xe[M(K1,,)] > n+ 1. As the number of edges in M (K ,) = n”+3n < <n + >

2 2
Therefore x.[M(K1,,)] <n+ 1. Hence x [ M(K1,)]|=n+1. O

Theorem 2.3. For any star graph K , the achromatic number,

Xe[T (K1 )] =n+2.
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Star graph K, Total graph of Star graph K;
Figure 3(a) Figure 3(b)

Proof. Let V(K1) = {v,v1,v2, -, v} and E(K1,) = {e1,e2, - ,e,}. By the
definition of total graph, we have V[T(K1 )] = {v} U{e;/1 <i<n}U{v;/1<i<
n}, in which the vertices v, eq,ea,- - , e, induce a clique of order (n + 1). As the
n? 4+ 5n n+3
2 < 2
The following (n + 2)-coloring for T'(K ,,) is achromatic: For (1 < i < n), assign
the color ¢; for e; and assign color ¢, 11 to v. For (1 < i < n), assign color ¢,4o for
v;. Thus we have x.[T(K1,,)] =n+2. O

number of edges in T'(K1,) = > Hence x.|[T(K1,,)] < n+2.

Theorem 2.4. For any star graph K1 5, Xc[C(K1,n)] =X[M(K1n)]= x[M (K1)
=x[T(K1n)]=n+1.

3 Observations

We observe that the achromatic number of middle graph of cycles and paths are as
follows.

(i) The achromatic number of middle graph of cycle C,,, x.[M(C,)] > n.

(ii) The achromatic number of middle graph of path P,, x.[M(P,)] > n.
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