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POLYNOMIALS RELATED TO GENERALIZED
CHEBYSHEV POLYNOMIALS

Gospava B. Djordjevié¢*

Abstract
We study several classes of polynomials, which are related to the Cheby-

shev, Morgan-Voyce, Horadam and Jacobsthal polynomials. Thus, we unify
some of well-known results.

1 Introduction

Classes of Chebyshev polynomials are well-known. There are many classes of poly-
nomials which are related to the Chebyshev polynomials. In this paper we are
motivated by some recent results in this topic, such as [5] and [7]. In this sec-
tion we first define polynomials which will be investigated in the rest of the paper.
The main aim is to define classes of polynomials which include, as special cases,
some well-known classes of polynomials. Then, we prove some properties of new
polynomials, and thus justify the motivation for introducing them.

Throughout this paper we use N to denote the set of all nonnegative integers.

The generalized Chebyshev polynomials €, ., (2) and V, . (z) we introduce here
as follows (z is a real variable):

Qo (z) =21 (T) — Qp—mm (), n>m, n,meN, (1.1)
with Q. (z) =2, n=12,....m—1, Qy m(x) =2™ — 2. Moreover,
Vam(x) = 2V_1,m(2) = Vicmm(x), n>m, n,m €N, (1.2)

with V,, () = 2", n=1,2,....m—1, Vp n(z)=2™ —1.
Using standard methods, we find that

F't)=(1—t")(1—at+t™) = i Qo ()" (1.3)
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and

Gm(t)=(1—at+tm)~L = i Vi ()7 (1.4)

are generating functions of polynomials §,, ,,(x) and V,, (), respectively.
By (1.3) and (1.4), we get the following explicit formulas:

fn/m]
Qpm(z) =Y (—D’“M(”_ (”Z_ 1)k>x"—mk, (L.5)

k=0

[n/m]
V(@)= > (—1)F (” - (”Z N 1)’“) gnmk, (1.6)

k=0

For m = 2, these polynomials become the modified Chebyshev polynomials [7].
Next, we introduce the family of polynomials P, ,,,(z) by:

Py (z) = 2Pyt ;m(x) + 2P im (%) — Pro—omm(x), n>2m, n,meN. (1.7)
For m =1, (1.7) becomes (and this is considered in [7])
P,(z) = (x4 2)Pp_1(x) — Pr—2(z), n>2,
for every P € {b, B, c,C}, where:

bp=1, by =x+1, (Morgan—Voyce polynomials);
By=1, By =x+2 (Morgan—Voyce polynomials);
co=1, ¢ =x+3 (Horadam polynomials);

Co=2, C; =x+2 (Horadam polynomials).

The generalized Jacobsthal J,, ,,,(z) and the Jacobsthal-Lucas jy m,(x) polyno-
mials (see [2], [3], [4]) are given by recurrence relations, respectively:

Jnm () = Jn—1,m () + 22T —mm(x), n>m, m,neN; (1.8)
with initial values
Jom () =0, Jom(z)=1, n=1,2,....m—1;
and by
Jnm(Z) = Jno1,m(T) + 28Jp—mm(z), n>m, n,meN, (1.9)
with initial values

Jom =2, jam(z)=1, n=1,2,...,m—1
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By (1.8) and (1.9), we find the following explicit formulas ([2], [3], [4]):

/]
Tnptm(@) =Y (n_ (”Z_ 1)k)(m)’“; (1.10)

k=0
[n/m]
. B n—(m-—2)k(n—(m-1)k
]n,m(x) = kgzo n—(m—l)kz( k >(2I)k (111)

The rest of the paper is organized as follows. In Section 2 we investigate the
relationship between the Chebyshev polynomials and polynomials P, 3(z). In Sec-
tion 3 we consider a general class of polynomials that include polynomials by, ,,, (x),
By, (), ¢nm(x) and Cy, . (z). In Section 4 we investigate the relationship between
the Chebyshev and the Jacobsthal polynomials. Finally, in Section 5 we consider
mixed convolutions of the Chebyshev type.

2  Polynomials P,3(z) and Chebyshev
polynomials

In this section we consider polynomials P, n,(z) for m = 3. Thus, we get P, 3(x),
which generalize polynomials P, (z), and they satisfy the following recurrence re-
lation (by (1.7)):

Pn,S(CC) = xpn—l,S(x) + 2P7,,_373(l’) - P7L—6,3(x)7 n > 6, (21)

where P, 3 € {bn.3, Bn.3,¢n.3,Cn,3}, with the following sets of initial values, respec-
tively:

b073(93) = 1, b173(x) =T, 6273(1‘) = 1‘2, b373(x) = IS —+ 17
bys(z) = zt + 3z, bs3(x) = z® + 5,

Bo’g(l') = ]., Blyg(x) =, Bgyg(x) = 1’2, Bg’g(l') = .’EB =+ 2,
Bys(z) = a* +4x, Bss(z) = 2° + 61;

2 3 4
co3=1, c13=o, co3=1", c33=2"+3, cu3 =12 + 5z,

C53 = x® + 7x2;

0073(1’) = 2, 0173(1‘) =, 0273(1‘) = JCZ, 0373(1‘) = 1’3 + 2,
Cys(x) = zt + 4z, Cs4(x) = x® + 622

Now, we prove the following result.
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Theorem 2.1. Using previous notations, the following identities are fulfilled:

(—=1)"zcy, 3(—2?) = Qopy16(x), n>0; (2.2)
(—1)"Cpa(—2%) = Qan(x), n>0; (2.3)
(=1)"bn3(=2") = Vane(x), n>0; (2.4)

(=1)"2Bn3(=2*) = Vans1,6(2), n>0; (2.5)

cn+3,3(2) — cn3(@) = Cpyas(z), n=>0; (2.6)

bny3,3(x) + by 3(2) = Cnyss(x), n>0; (2.7)

Chriss(x) — Cps(z) = zepyos(x), n>0; (2.8)

By, 3(z) + Bp_33(z) = cp, 3( ) m=>3; (2.9)

B, 3(z) — Bp_¢3(x) = Cp3(z), n>6. (2.10)

Proof. We prove theorem using the induction on n. The equality (2.3) is satisfied
for n =1, by (1.1). Suppose that (2.3) holds for n — 1 instead of n (n > 1). Then,
using (2.1), we get:
(—=1)"Cra(=2%) = (=1)"(=2?Cn1,3(=2%) + 20,3 3(=2%) = Cn3(—27))
= (1) 2P Cp13(—2®) = 2(=1)"°Cr_g s(—2?) — (=1)"°Ch g 3(—27)
= 220op_26(7) — 2Q25_6.6(7) — Q2n_12,6()
= 2(Q2n—1,6() + Qon—7,6(x)) + 2(Q2pn,6(x) — 2Q2n—1,6(2))
+Q2n-6,6() — 2Q2n—7,6()
= 3092, 6(x) + 2Qa2n—6,6(z) — 22Q2p_1,6(x)
= Qon6(2) + 2(Q2n6(z) + Qon_s6(x) — 2Q2p-1,6(x))
= Qan6(2).
It is easy to verify the equality (2.4) for n = 1 and n = 2, from initial values.
Suppose that (2.4) holds for n (n > 2). Then, from (2.1), we have:
(—1)" i1 3(—a?) = (—1)" (=2%bn 3(—27) + 2by_2.3(—2?) — bys 3(—2?))
— (=) 5(—2)) — 2=1)"2b_a5(—2%) — (—1)" 5ty s 5(~2?)
= 2*Van6(2) — 2Van_4.6(z) — Van_10.6(7)
=2 (Vopt1,6(2) + Von—s,6(x)) — 2Van—a6() + Van—a6(z) — 2Van—s56(x)
= HCVan,G(ﬁC) - V2n74,6($) = V2n+2,6(96).
We immediately prove the equality (2.6) for n = 11i n = 2. Suppose that (2.6)
holds for n (n > 2). So, for n + 1 instead of n, it follows that
Crnta,3 =2Cn433+2Ch413 — Cp_23
x(Cnt3,3 — Cn3) +2(Cnt+1,3 — Cn—2,3) — Cn—2,3 + Cn—53
= TCn43,3 — TCn,3 +2Cn+1,3 — 3Cn—2,3 + Cn—53
=2Cn433 +2cn113 — (¥Cp3 +2¢n—23) — Cn—23+ Cn-53

= TCpy3,3 +2Cp41,3 — Cn—2,3 — Cnt1,3 = Cpnt4,3 — Cnt1,3-
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In a similar way, we also can prove equalities (2.2), (2.5), (2.7)— (2.10). O

Now we consider two sequences of numbers {Q,3(2) = a,} and
{Vn,3(2) = by, }. For these numbers we find the corresponding explicit formulas.
For x =2 in (1.1), we get the following difference equation

p = 2ap_1 — Ap_3, a1 =2, as =4, az = 6. (2.11)

The solution of the difference equation (2.11) is given by

n+1 n+1
an = 25 [ (L5 (=5 (2.12)
"5 2 2 '
For z = 2 in (1.2), we get the following difference equation
bp =2bp_1 —bp_3, b1 =2, bg =4, b3="T. (2.13)
The solution of (2.13) is given by
2 1 Toao s (1-vB)"
by 14 2B (1HVE) 2o V5 (1= V5 (2.14)
o\ 2 5o\ 2

The following result can be proved.

Theorem 2.2. The sequences of numbers {a,}) and {(bn}) satisfy the following
relations:
i1 = Qp + Gp_1; (2.15)

bpy1 =bp +by1+ 1. (2.16)

3  Generalized polynomials

The family of polynomials P, ,,(z), which is given by (1.7), for different initial
values produces special polynomials: by, (), Bnm (), ¢nm(z), Cpm(z). These
special polynomials obey the following properties.

Theorem 3.1. Using previos notations, for allm > m (n € N, m € 2N+ 1) the
following hold:

(—1)"@Cn,m(—2%) = Qany1.2m (), (3.1)
(=1)"Crm(—27) = Qanom (), (3.2)
(_1)nbn,m(_x2) = V2n,2m(1')7 (3.3)
(71)ntn,m(*x2) = V2n+1,2m($), (34)
Cn+m,m (x) - Cn,m(x) = On+m,7n (x), (35)
bn+m7m($) + bn,m(x) = Cn+m,M<x)’ (36)
Cner’m(x) - Cn,m(x) = $0n+mfl,m(x)a (3.7)
Brimm(2) + Bnm () = cngtmm(T), (3.8)
B, m(z) — Bp—omm(z) = Cp (), n>2m. (3.9)
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Proof. Suppose that the equality (3.1) holds for n — 1 instead of n (n > 1). Then,
by (1.7) we get that the following is satisfied:

(=1)"wep, m( 2) =

(- 1)"x( 22en 1m(—2%) + 2¢n_mm (%) = Crn_2m.m(— 3:2))

=a° (( n"- 1xcn 1 m( 2)) 2(=1)"(=1)"" xcnfm,m(_xg)
_(_1)2m<_1)n 2mcn72m,m(_m2)

= 221 2m () — 2Q9n—2m+1,2m () — Qon—am+1,2m ()

= 2(Qon2m () + Q2n—2m,2m () — 2(2Q2p—2m,2m ()
—Qon—am+1,2m(2)) — Q2p—am+1,2m ()

= Q2 2m () — Q2n—2m 2m () + Q2n—am+1.2m (T)

= Qopt1,2m () + Qan—2m+1,2m (2) — 2Q2n—2m 2m () + Qon—am+1,2m ()

(
(

x) — Qon—am+1,2m (T) + Qon—am+1,2m ()

Next, suppose that (3.9) holds for n — 1 instead of n (n > 1). Then, by (1.7),
we get:

= Qont1,2m
= Qont1,2m

Cpm(z) = 2Ch_1 m () + 2Ch—mm(x) — Cp_am.m(x)

= z(Bn—l,m(z) - Bn—l—Zm,m(I)) + Q(Bn—mm(fE) - Bn—Sm,m(x))

— By—om,m(x) + Br—am,m(x) = 2Bp_1,m(2)

—2Bn_1-2m,m (%) + 2Bp_m,m(2) — 2Bn_3m,m (%) — Bn—am,m () + Bn—am,m(z)
= Bnm (%) — 2Bn—mm(x) + Bp—2m.m () — Bn—2m.m () + 2Bn_3m.m(x)

— By—am,m(x) + 2Bp—mm(x) — 2Bp_3m,m(z) — Bn—2m,m () + Bp—am,m ()

= By,m(z) — Bp—2m,m(z).

In a similar way, equalities (3.2)—(3.8) can be proved. O

Corollary 3.1. If we exchange x by ix in Theorem 3.1 (i*> = —1), then we obtain
the following identities:

—1)"(iz)en,m(2%) = Qont1,2m (iz); (by (3.1))
-H"C, m(IQ) = Q2n,2m(ix); (by (3'2))

"b,m (2%) = Van am (iz); (by (3.3))
—1)"(iz) Bp.m (2%) = Vant1.2m(iz), (by (3.4)).

4  Chebyshev and Jacobsthal polynomials

In this section we discover connections between polynomials Q,, ,,(z) and V,, ()
on one side, and polynomials J,, n,(z) and jn m(z) on the other side.
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Theorem 4.1. For alln >m (n,m € N), the following hold:

285

Vn,m(x) = x”Jn+1,m(_<2$m)_1); (41)

Qo () = 2" G m (—(22™)71). (4.2)

Proof. By (1.6) and (1.10), we have:

[n/m]
Phan(eem) ) = a3 (1) oy
[n/m]
n—(m-1k\ ,_
_ (_l)k xn mk
()
= Vim(x).

Hence, (4.1) is proved. Next, from (1.5) and (1.11), we obtain (4.2) as follows:

/) (m— n—(m—
R D D e SRR G RO R

= n—(m-1k
[n/m]
o o kni(m72)k ni( 71)1{7 n—mk
7};( l)n—(m—l)k< k )
= Qp.m ()

We also prove the following result.

Theorem 4.2. For alln >m (n,m € N) the following hold:

Qont1,2m (@) = 22" jon i1 om (—(227™) 1),
Qo 2m (T) = 22" jop om (—(222™)71);
Vap,om () = 2" Jap s 1,2m (—(222™)71);
Vonyi,2m(x) = 2nJr1<]2n+2 am (—(222™)7H).

Proof. By (1.11) and (1.5), we obtain:

$2nj2n,2m(—(21‘2m)_1) —

~ o~~~
S Ut s W

L —
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So, the equality (4.4) is proved.
Next, by (1.6) and (1.10), we get:
$2n+1J2n+212m(—(21’2m)71) _

[n/m]
p2ntl Z <2n +1- ]Ejzm - 1)k) (_2(2x2m)71)k

n/m] k <2n +1—- 2m — 1)k)x2n+12mk
- VYZnJrl 2m (.’E)
Hence, (4.6) holds. Equalities (4.3) and (4.5) can be proved similarly. O

The following result is an exercise for a reader.

Theorem 4.3. For alln>2m (n €N, m € 2N+1) the following hold:

Cnm(—2%) = (=1)" 2" jans1,2m (—(22%™)71); (4.7)
Cn,m(_xz) = (- l)nxzn.??n 2m (— (2$2m)_1)3 (4.8)
b, (—2%) = (=1)"2*" Jan41,2m (—(22%™)71); (4.9)
B (—22) = (=1)"2%" Jap 19.2m(—(22%™)71). (4.10)

Corollary 4.1. Taking x instead of —x? in Theorem 4.3, we get the following
relations:

Cnm () = 2" font1 2m ((22™)71);
Crm(2) = xnj2n,2m((2xm)_l)§
bn,m(gj) = InJ2n+1,2m((2517m)71)5
B, m(z) = x”J2n+272m((2mm)_1).

In this section we prove one more result.

Theorem 4.4. Forr >1 andn>m (n,m,r € N), the following hold:

n

Z(*l)i (?) xihr—&-(m—l)i,m(x) = (71)nhr+mn,m(x); (411)

=0

n

n n
<i)hr+mi,m(m) = hr+(m71)n,m(x)7 (412>
0

1=

where hn,nb(x) - Qn,m(x) or hn,m(x) - Vn,7rb~
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Proof. Tt is easy to prove the equality (4.11) for n = 1. Suppose that (4.11) holds
for n > 1. Then, from (1.1) and (1.2), we get:

hr+m(n+l),m (1‘) = xhr+m—1+mn,m($) - hr—i—mn,m(x)

- <71>”xi<fl>i (5) st n i) -

(-1 ( )thm Dim (@)
(]

) r+m, 14+(m—1)i, m( )

n n
+(71) Z i xhr-i—(m 1)zm( )
n+1

y (1)“(
=0
=(-1)" ;(_1)i_1 (z il 1)xihr+(m1)i,m($)

n
< x hr+(m 1), m( )

-1
7

+H=1)"Y (1)
=0
(=1)

NE

n % n+1 i n
= (71) 1( i )‘T hr-i—(m—l)i,nb(x) +z +1h’T—&-('m—1)(n-‘,—1),’m(m)

i=1

n+1

—(=1)" P (m-1y0,m (2) = ”“Z ( : )w"hr+<m1>i,m<w>

= (*1)n+1hr+m(n+1),m(z)'

The relation (4.12) can be proved similarly. O

5 Mixed convolutions of the Chebyshev type

In this section we introduce and study polynomials V7, (x), which are the r"~con-
volutions of polynomials V;, ,,(z). We also study polynomials €27, . (x), which are
the st"—convolutions of €2, ., (x). Finally, we investigate polynomlals vy 5, (), which
are the mixed convolutions of the Chebyshev type, where r and s are nonnegative
integers with r + s > 1.

In the rest of the section we have m,n,r,s € Nand r + s > 1.

Polynomials V7, (x) are defined by

G™(t) = (1 —at + ™)~ Z (5.1)

Hence, using standard methods, we get the following recurrence relation

nVJ,m(x) = ‘T(T + n)v;;—l,m( ) (n + m’r)‘/n m, 'm(x) (52)
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By expanding G (t) (see (5.1)) in a power series of t, we get:

(1—at+tm) 0+ = i <_(rn+ 1)) (=)™ (@ — )" (5.3)
— i ! + L' Z U G L (5.4)

= k=0 k
Z Z —+ 711 ’i‘é’fk)”’“ gnmk g, (5.5)

Now, using the following equalities (see [4]):

(=D + Dn—(m-ne (&=

(n — mk)! k!
(DM D™ DR 4 Do (™)

(= r_n)(m Hr(=1)mnl k!

(™ (52), (522), o (252), e
nl(m — 1) 1>k( ae), (), (),

(r+1n (_ﬁn)k( )k(mnlm n)k ] W*T)%xim
! —r—n —r—n m—2—r ! ’
I N OO

n (5.3)—(5.5), we get the following formula

1-n m—1—-n z”"m™
2+ 1) o lon :
r _ ’ ’ ) T (m—1)
Vn,m(x) = mFm—1 | ™ T;:LL o m(f'é T) . (5.6)
: -1’ m—-1" m—1 ’

So, for m = 2 and r = 0, we obtain the following formula
—n l-n. 4
Volx) = 2" Fy [ 22 20 IQ} (5.7)

since V.2, (z) = V().

The s~ convolutions Q5 ,, (z) we define by

F™(t) = (1 —t™)(1 — at + ™)~ 6+ Z Q) (5.8)

S
Hence, we find that polynomials €2}, ,, (x) satisfy the recurrence relation

nsY, () = x(n + S)Qi 1L () = 2m(s + 1), 1 (2) (5.9)
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Also, from (5.8), we find the following formula

[n/m]

Q@)= Y ( erl)V,f i ()- (5.

J=0
Mixed convolutions v, 3, () are defined by

(1 tm)a+1

S™(t) = (ETEw T Zv (5.

From (5.12) we get the following formulas:

(1 tm)s+1 1
T (1 —at4tm)st (1 — ot 4 tm)rH

= <Z Qi,m(az>t"> (Z v,;jm(x)tn>
n=1 n=1
= Z (Z Qi—k,m(I)Vé’,m(xO ",

By (5.12), using the well-known manner, we obtain the recurrence relation

vy, (T) = z(r+ s+ 2)1)::11?71(37)
—m(s+ 1)1;;‘5,15;1(35) —m(r+s+ 2)v;ﬂnSm(a§)

Again from (5.12) we find that

%)
Z,U;,j'n(x)tn _qm s—i—l Z V7+5+1 (5
n=1

Furthermore, for » = s in (5.13), we get the following representation

[n/m] o
) = 3 Cor (TR @) .

Hence, for s = 0 (and respectively for r = 0), we have:

vfﬂn(:z:) =V, m(z), the rth —convolutions of V,, ,,,(z); (5.
U?L:‘:n(,T) = Q. (7), the sth-convolutions of Q,, (7). (5.

Thus, for m = 2 in (5.15) and (5.16), we get, repsectively: v/%(x) = V" (z),

n,2
th

289

11)

12)

13)

14)

15)
16)

the

r*"—convolutions of V,,(x); and vg‘; () = Q3 (z), the st"—convolutions of Q,,(z).
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