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WIENER-TYPE INVARIANTS
OF SOME GRAPH OPERATIONS*

S. Hossein-Zadeh, A. Hamzeh and A. R. Ashrafi

Abstract

Let d(G, k) be the number of pairs of vertices of a graph G that are at
distance k, A a real number, and Wx(G) = Y, ., d(G, k)k*. Wi(G) is called
the Wiener-type invariant of G associated to real number . In this paper, the
Wiener-type invariants of some graph operations are computed. Asimmediate
consequences, the formulae for reciprocal Wiener index, Harary index, hyper-
Wiener index and Tratch-Stankevich-Zefirov index are calculated. Some upper
and lower bounds are also presented.

1 Introduction

In this paper, we only consider simple graphs. Suppose G is a simple graph. As
usual, the distance between the vertices u and v of G is denoted by dg(u,v) (d(u,v)
for short). It is defined as the length of a minimum path connecting them. Let
d(G, k) be the number of pairs of vertices of a graph G that are at distance k, A
a real number, and W) (G) = >_,~, d(G,k)k*. Wi(G) is called the Wiener-type
invariant of G associated to real number A, see [3] for details. Note that d(G,0)
and d(G, 1) represent the number of vertices and edges, respectively. The case of
A =1, —1 and —2 are called the classical Wiener index [21], reciprocal Wiener
index [16] and Harary index [2] and [17], respectively. The quantities WW =
%[Wl + W] and TSZ = %Wg + %Wg + %Wl are the so-called hyper-Wiener index
and Tratch—Stankevich—Zefirov index [4].

The Cartesian product G x H of graphs G and H is a graph such that V(G x H)
= V(G) x V(H), and any two vertices (a, b) and (u,v) are adjacent in G x H if and
only if either a« = u and b is adjacent with v, or b = v and a is adjacent with u, see
[7] for details. The join G = G1 + G2 of graphs G; and G5 with disjoint vertex sets
V1 and V5 and edge sets F; and Es is the graph union G; UG5 together with all the
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edges joining V4 and V2. The composition G = G1[G2] of graphs G; and G2 with
disjoint vertex sets V; and V5 and edge sets F; and F» is the graph with vertex set
V1 x Vo and u = (u1, v1) is adjacent with v = (ug,v2) whenever (u; is adjacent with
uz) or (u; = ug and vy is adjacent with v2),[7, p. 185]. The disjunction G V H of
graphs G and H is the graph with vertex set V(G) x V(H) and (u1,v1) is adjacent
with (ug,vs) whenever ujus € E(G) or vivy € E(H). The symmetric difference
G @ H of two graphs G and H is the graph with vertex set V(G) x V(H) and
E(G® H) = {(u1,u2)(v1,v2) | uiv1 € E(G) or ugvs € E(H) but not both}.

The first Zagreb index was originally defined as M1 (G) = 3, cv () d(u)?. The
first Zagreb index can be also expressed as a sum over edges of G, M;(G) =
> wver(c)ld(w) + d(v)], where d(z) denotes the degree of vertex z in G. We re-
fer the reader to [18] for the proof of this fact and for more information on Zagreb
index.

Throughout this paper, C,, P,, K, and S,, denote the cycle, path, complete
and star graphs on n vertices. Also, K, , denotes the complete bipartite graph.
The complement of a graph G is a graph H on the same vertices such that two
vertices of H are adjacent if and only if they are not adjacent in G. The graph H
is usually denoted by G. Our other notations are standard and taken mainly from
1, 6, 20].

2 Main Results

In this section, some exact formulae for the Wiener-type invariants of the Cartesian
product, composition, join, disjunction and symmetric difference of graphs are pre-
sented. We begin with the following crucial lemma related to distance properties of
some graph operations.

Lemma 2.1. Let G and H be graphs. Then we have:

(o) V(Gx H)| = [V(GVH)=|V(GH])| =[V(Go H)|=[V(G)]-[V(H)
[E(Gx H)| = [EG)]-[V(H)|+ V(&) |EH)],
[E(G+H)| = [EG)|+|EH)+|V(G)-[V(H)
|E(GH])| = [B(G)]-|VH)] +|EH)| - [V(G)],
|E(GVH)| = |BG)]-|VH)]?+|EH)|-|V(G)? - 2|E(G)| - |E(H)],
[BE(GoH)| = [BG)]|[VH)P+|EH)|-|V(G) - 4|E(G)| - |EH)]

(b) G x H is connected if and only if G and H are connected.

(c) If (a, c) and (b, d) are vertices of G x H then dgxu((a,c), (b,d)) = dg(a,b)+
dH (C, d)

(d) The Cartesian product, join, composition, disjunction and symmetric dif-
ference of graphs are associative and all of them are commutative except from
composition.
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0 u=w
(e) dg+u(u,v)=¢ 1 w e E(G)orw e E(H) or (ue V(G) ve V(H)) .
2 otherwise
dg(a,c) a#c
0 a=c&b=d
(f) dG[H]((avb)a (Cv d)) = 1 a=c&bde E(H)
2 a=c&bdg E(H)
0 a=c&b=d
(g) davm((a,b),(c,d)) =< 1 ace€ E(G) or bd € E(H)
2  otherwise
0 a=c&b=d
(h) dgeu((a,b),(c,d)) =< 1 ace E(G) or bd € E(H) but not both
2 otherwise

Proof. The parts (a—e) are consequences of definitions and some well-known results
of the book of Imrich and Klavzar, [7]. For the proof of (f—h) we refer to [11]. I

The Wiener index of the Cartesian product graphs was studied in [5, 19]. In
[14], Klavzar, Rajapakse and Gutman computed the Szeged index of the Cartesian
product graphs. The present authors, [8, 9, 10, 11, 12, 13, 22], computed some exact
formulae for the hyper-Wiener, vertex PI, edge PI, the first Zagreb, the second
Zagreb, the edge Wiener and the edge Szeged indices of some graph operations.
The aim of this section is to continue this program for computing the Wiener-type
invariants for five graph operations.

It is easy to see that W) (G) = 22:1 d(G, k)k*, where | = diam(G) denotes
diameter of the graph G. Define a(k,r) = Zle i". In the following simple lemma,
we compute W) for five classes of known graphs.

Lemma 2.2. The following statements are hold:
1) Wa(P,) =na(n—1,\) —a(n — 1, A+ 1),

2) WA(Kn) = (3),
3) Wa(Sn) = (n—1)+ ("3h)2,
4) Wx(Kn,n) = mn+2((3) + (5));
no DALy s even
5) Wa(Cn) = { nag i, A)A) o n is odd

Proposition 2.3. Let G and H be connected graphs. Then Wx(G+H) = |[E(G)|+
|E(H)| + |[V(G)|[VH)| + 22| E(G)| + |E(H))).

Proof. By Lemma 2.1, we have:

WAG+H) = > d(G+ H,k)k>
k=1
= d(G+ H,1)+d(G+ H,2)2*
[E(G)| + [B(H)| + [V(G)||V (H)| + 2 (|B(G)| + | E()]) ,
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proving the result. I

Corollary 2.4. The reciprocal Wiener index of G + H is computed as follows:

WG+ H) = [EG)+[EH)| +[V(G)|V(H)| + % (IE@G)| +|E(H)]) .

Corollary 2.5. The Harary index of G + H is computed as follows:

Woo(G+H) = |EG)+[EH)| +[V(G)|V(H)| + i (1E@G)| +|EH)]) .

Corollary 2.6. The Tratch-Stankevich-Zefirov index of G + H is computed as
follows:

TSZ(G+H) =|E(G)|+|EH)| + [V(G)|V(H)| + 4 (|E(G)| + |E(H)]).

Corollary 2.7.(See [11, Theorem 2]) Let G and H be graphs. Then WW(G+H) =
SIV(G)P + 3V = 21E(H)| - 2|E(G)| = §IV(G) = 5[V + [V(G)|IV(H)].

Corollary 2.8.(see [11, Corollary of Theorem 2].) Suppose Gi, Ga, ..., G, are
graphs. Then

|V(Gi)|)

Wa(Gr+Ga 4o+ Gn) = (1=2Y) ) |B@)|+ Y IV@IVEn+22 Y (7

i=1 1<i<j<n i=1

In particular,

(4 g
WG+ 6o =3 (3()) —aml) 45 X i
i=1 i#7,1,j=1
and WW(nG) = 1(n® 4+ 2n)|V(G)|? — 2n|E(G)| — 2|V (G)|, where nG denotes the
join of n copy of G.

Proof. By a simple calculation,

WA(GL+ G2+ +Gn) = Z |E(Ga)| + Z V(GHIIV(Gj)| +2* lz |E(Gi)]
i=1 1<i<j<n i=1

=(1-2) IEG)+ Y |V(GZ~)||V(Gj)|+2>‘Z(|V(2Gi)|)7
i=1

1<i<j<n i=1

as desired. |

Consider a complete n-partite graph G = Ky, ms,....m, containing v = |V (G)|
vertices, Figure 1. By definition, in this graph the set of vertices can be partitioned
into subsets V1, Vs, ..., V,, of V such that for every i, 1 < i < n, there is no edge
between the vertices of V;.
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Figure 1. The Complete n-Partite Graph.

By the previous corollary, one can see that

Wi (Km1,m2 ,,,,, m”) = Z mym; + 2k Z (TT;) )

1<i<j<n i=1

Proposition 2.9. Let G and H be graphs. Then Wx(G'V H) = |E(G)||V(H)[?
+ [BEE)V(G)P = 2AE@G)EH) + 22 (V(GIEH)] + [VHEG) +
2|E(G)||E(H)).

Proof. By Lemma 2.1 and definition of disjunction,

2

> d(G Vv H, k)k

k=1

= d(GV H1)+dGV H,2)2*

= IE(G)IIV(H)I2_+IE(H)IIV(G)If—2|E(G)_||E(H)_|
+ 2 ((V(QEH)| + |V (H)||E(G)| + 2| E(G)||E(H)]) ,

Wix(GV H)

proving the result. |
Corollary 2.10. The reciprocal Wiener index of G V H is computed as follows:
W_i(GVH) = |BG)|V(H)?+|EH)|V(G)? - 2|B(G)||E(H)|
+ %(IV(G)IIE(ﬁ)I+IV(H)IIE(G')I+2|E(G’)||E(E)|)~

Corollary 2.11. The Harary index of GV H is computed as follows:
Woa(GV H) = |B(G)|V(H)]+|EH)V(G) -2EG)EH)

+ D (V(GIEH)| + [VH)|EG)| +2|E(G)||[EH)]) .

] =



108 S. Hossein-Zadeh, A. Hamzeh and A. R. Ashrafi

Corollary 2.12. The Tratch-Stankevich-Zefirov index of G vV H is computed as
follows:

TSZ(GVH) = |EG)|VH)?+|EH)|V(G)?
2|E(G)||EH)| +4([V(G)[| E(H)]
+ [VIDEG)] +2|E(G)||E(H))).

Corollary 2.13.(See [11, Theorem 4].) Let G and H be graphs. Then WW (G V
H) = 3(V PN + A BG)E)] = 2V (H)P|E(G)| - 2V(G)P|E(H)].
Proposition 2.14. Let G and H be graphs. Then the Wiener-type invariant
of the symmetric difference of G and H is: W)\(G @ H) = 2*(2|E(G)||E(H)|
+ [VUH)EG) + [V(GIEMH) + 2AEMHEG)) + [E@GIVH)? +
[E(H)|V(G)]? — 4|E(G)||E(H)|.

Proof. By Lemma 2.1 and definition of symmetric difference of two graphs, we
have:

2
WA(GeH) = > d(GeHk)k
k=1
d(G® H,1)+d(G & H,2)2*
= [E@IIV(H)] +|EH)||V(G)]> - 4|E(G)||E(H)|
+ 22 2IEG)||EH)|+ [V(H)|E@G)|+ [V(G)||EH)|
+ 2|E(H)||EG)]),

proving the result. |
Corollary 2.15. The reciprocal Wiener index of G & H is computed as follows:
Woi(GeH) = |B(G)|VH)P+|EH)|V(G)? - 4| EG)||EH)]
+ %(2|E(G)||E(H)l+|V(H)||E(G)|+|V(G)||E(H)|
+ 20EH)||E(G)).
Corollary 2.16. The Harary index of G @ H is computed as follows:
Woa(GoH) = |B(G)|VH)P+|EH)|V(G)* - 4|EG)||EH)]
+ i(2|E(G)||E(H)|+|V(H)||E(G)|+|V(G)||E(H)|
+ 2|E(H)||EG)])

Corollary 2.17. The Tratch-Stankevich-Zefirov index of G ® H is computed as
follows:

1 1 1
WG H)+ W2 (GO H) + s Wi(G o H) =
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= [E@)VH)]? + | EH)||V(G)* — 4E(G)||E(H)| + 42|E(G)| | E(H)|
HVEEG)] + V(GIEH)] + 2|E(H)[|E(G)])

Corollary 2.18.(See [11, Theorem 5].) Let G and H be connected graphs. Then
WW(GeH) = 3("V O 48| E(G)||B(H)|-2|V (H)?|B(G)| -2|V(G)?| E(H)|.

Proposition 2.19. Let G and H be graphs. Then Wx(G[H]) = [V (H)]*Wx(G) +
[V(GIEH)| +2MV(G)|| E(H).

Proof. Suppose di (G[H], k) and d2(G[H], k) denote the number of 2-subsets {(a, b), (z,y)}
such that dgim)((a,b), (v,y)) = k, a = x and a # =, respectively. In the first case,
by Lemma 2.1 dgs((a,b), (z,y)) < 2 and so,

2 dg

WAGIH]) = Y di(G[H],k)E* + ) do(GIH], k)R
k=1 k=1

di(G[H],1) + 27, (G[H],2) + |V (H) W\ (G)

V(G|EH)|+ 2)V(G)[EH)| + |V (H)[PWA(G),

proving the result. I

Corollary 2.20. The reciprocal Wiener index of G[H| is computed as follows:

W_i(G[H]) = [V(H)PW_1(G) + [V (G)||[E(H)| + %IV(G)IIE(I?)L

Corollary 2.21. The Harary index of G[H] is computed as follows:

W_z(G[H]) = |V(H)*W_2(G) + [V (G)||[E(H)| + iIV(G)IIE(ﬁ)L

Corollary 2.22. The Tratch-Stankevich-Zefirov index of G[H] is computed as
TSZ(GH]) = [V(H)PTSZ(G) + [V(G)|EH)| + 4|V(G)[|E(H).

Corollary 2.23.(See [11, Theorem 3].) Let G and H be graphs and G be connected.
Then WW (G[H]) = |V(H)PWW (G) + Y ww 2H) — |V(H)?).

3 Bounds on Wiener-Type Invariants of Graphs

In this section some bounds on Wiener-type invariants of graphs are computed. We
also find necessary and sufficient conditions for sharpness of these bounds.

Proposition 3.1. Let G be a graph with exactly n vertices and m edges. If A > 0
then

n

221N +m(l — 22 + 1 ((2

) - %Ml) > Wa(G) > 22 IMy + m(1 — 20) + 32 ((Z) - %Ml)
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and if A <0 then

n

A IMy +m(1 =22 + 1 ((2

) - %Ml) < WA(G) <227 My +m(1 —2*) + 3% ((Z) - %Ml) .

Moreover, if G is triangle and quadrangle free then the equalities hold if and only
if diam(G) = 3.

Proof. Suppose A > 0. By definition and [23, Egs. 4 and 5],

d(G, k)k*

MN

WA(G) =

el
Il

1

G.1)+2%(G,2) + > d(G, k)k*

k>3

%Ml —m)+3*Y " d(G, k)
k>3

1
= ML m(1 -2 + 3 ((;) - 5J\41> ,

= d

—~

v

m + 2%(

as desired. On the other hand,

l
WAG) = Y d(G k)
k=1

= d(G,1)+2%(G,2) + > d(G, k)k*

k>3

P=IN, +m(1 — 22 + 1 (<;‘> - %Ml> .

The second part is an immediate consequence of above inequalities. i

IA

Proposition 3.2. Let G and H be graphs and R and S defined as follows:

R = SIVGIMINE - ) + SV MG - )

A E(G)||E(H)|(2> — d*) + d* (IV(G) |2|V(H)|>

+(1 = 2)V(GEH)| + (1 - 2Y)|V(H)||E(G),
5 = %'WG)lMl(H)(?—3A>+§|V<H>|M1<G><2A—3A>
HAE(G)||E(H)|(2* - 3) + 3> (IV(G)IIV(H)|>

2
+(1 = 2Y|V(G)||E(H)| + (1 = 2Y)|V(H)|| E(G)].
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If A >0 then R > W)(G x H) > S and if A < 0 then S > W,(G x H) > R.
Moreover, if G x H is triangle and quadrangle free then the equalities hold if and

only if diam(G x H) = 3.

Proof. Suppose A > 0. By Lemma 2.1 and [8, Theorem 1], we have:

Wi(G x H) > 22'M (G x H) + 3 (<”GXH> - %Ml(G X H))

2

( - 22 )meH
2)\ 1

(1
1
2

©AEQ)|EH)|2 —3Y) + ?ﬁ(

+ (L=2YV(GEH)| + 0 -2V (H

Let d denote the diameter of G x H. Then

WAG x H) < S[V(QMU(H)@ — ) + 5|V (H

+ AEG)||EH)|2* —d*) + dA(

(VIGINE) + VGIAG) + HEIECD)
o (MO L@ nnm + siE@ipa )
2

IE(G)].

)|IM1(G)(2* — dY)

IV(G)IIV(H)I)
2

+ (A=2YV(GEMH)] + (1= 2Y) |V (H)||B(G)].

We now assume that A < 0. Then,

WAG x H) < SIV(G)M(H)2 ~ ) + S|V (H

+ 4|E(Q)||E(H)|(2* - 3) + 3*(

)M (G)(2* - 3%)

IV(G)IIV(H)I)
2

+ (L=2YV(GIEMH)] + (1= 2Y) [V (H)||E(G)]

and,

Wi(G x H) > %|V(G)|M1(H)(2A —dN)+ %|V(H

+ 4|E(GQ)||E(H)|(2* = d*) + dA(

)|IM1(G)(2* — dY)

IV(G)IIV(H)I)
2

+ (=2YV(GEH)| + (1 = 2Y)V(H)||E(G)],

which completes our argument. i

) (V(OIEH)] + [V(H )IIE(G)I)—%FIV(H)IMl(G)

V(G)|My(H) (2 = 3Y) + §|V(11’)|J\41(G)(2A -3%
IV(G)IIV(H)I>
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