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FUNDAMENTAL SIMPLICES WITH OUTER VERTICES
FOR HYPERBOLIC GROUPS
AND THEIR GROUP EXTENSIONS FOR TRUNCATIONS

Milica Stojanovié

Abstract

There are investigated supergroups of some hyperbolic space groups with
simplicial fundamental domain. If the vertices of these simplices are out of
the absolute, we can truncate them by polar planes of the vertices and the
new polyhedra are fundamental ones of the richer groups. In papers of E.
Molnér, I. Prok and J. Szirmai the simplices, investigated here, are collected
in families F3, F4 and F6. We have constructed at least one new hyperbolic
space group for each truncated simplex in these families.

1 Introduction

Hyperbolic space groups are isometry groups, acting discontinuously on the hyper-
bolic 3-space with a compact fundamental domain. One possibility to describe them
is to look for the fundamental domains of these groups. Face pairing identifications
of a given polyhedron give us generators and relations for a space group by the
Poincareé Theorem [3, 4, 7].

The simplest fundamental domains are simplices and truncated simplices by
the polar planes of their vertices when they lie out of the absolute. In the pro-
cess of classifying the fundamental simplices, it is determined 64 combinatorially
different face pairings of fundamental simplices [19, 20, 10], furthermore 35 solid
transitive non-fundamental simplex identifications [10]. I. K. Zhuk [19, 20] has
classified Euclidean and hyperbolic fundamental simplices of finite volume up to
congruence. Some completing cases are discussed in [6, 9, 15, 16, 17, 18]. An algo-
rithmic procedure is given by E. Molndr and I. Prok [9]. In [10, 12, 13] the authors
have summarized all these results, arranging identified simplices into 32 families.
Each of them is characterized by the so-called maximal series of simplex tilings.
Besides spherical, Euclidean, hyperbolic realizations there exist also other metric
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realizations in 3-dimensional simply connected homogeneous Riemannian spaces,
moreover, metrically non-realizable topological simplex tilings occur as well.

If a simplex is hyperbolic with vertices out of the absolute, the simplex is not
compact and then it is possible to truncate it with polar planes of the vertices.
The new compact polyhedron (here called trunc-simplex) obtained in that way is
the fundamental domain of some larger group. It has new triangular faces whose
appropriate pairing gives new generators. Dihedral angles around the new edges
are 7/2. That means there are four congruent trunc-simplices around them in the
fundamental space filling. A trivial group extension, with plane reflections in polar
planes of the outer vertices, is always possible. All the other possibilities, to equip
new pairings of triangular faces obtained by the truncations, will be considered as
well. For that purpose, the stabilizer group of the corresponding vertex figure will
be analyzed.

The Poincare theorem will be recalled in Section 2. Descriptions of the families
F3, F4, F6 and their realizations are given in Section 3, by [10, 12, 13]. Supergroups,
obtained by trunc-simplices, are given in Section 4 for family F3 and in Section 5
for families F4, F6, by tables. For them it holds the following

Theorem 1. For the trunc-simplices of the simplices in family F'3, all the mazimally
possible hyperbolic space group series are given in Section 4 by their presentation
with generators and relations. For the simplices in families F4 and F6 these group
series are given in Tables in Section 5. These will be on the base of inner sym-
metries of the vertex stabilizer groups (as hyperbolic plane groups). Namely, their
normalizers, each preserving the triangulation and orbit structure of the correspond-
ing vertex stabilizer, provide the possible group extensions. We have obtained the
new hyperbolic space group series at all.

The proof will need case-by-case discussions, summarized in the Tables. The
typical steps will be illustrated only for Family 3 by simplex Tyo, and (briefly) by
T55. The plane methods of papers [1, 2, 14] can be applied to our spatial situations.
The final realization steps — on the base of Coxeter’s reflection supergroups, given
in the paper [13] — proceed by linear algebra with the reflection simplices as pro-
jective coordinate simplices, illustrated here, too, in section 3 (see also [11], e.g. for
analogous situation). Then the Mostow rigidity theorem guarantees uniqueness of
the metric realizations, because of compactness of the occurring orbifolds.

2 Construction of discontinuously acting isometry
groups

Generators and relations for a space group G with a given polyhedron P (a simplex
or a trunc-simplex in the considered cases) as a fundamental domain can be obtained
by the Poincare theorem. It is necessary to consider all face pairing identifications
of such domains. Those will be isometries, which generate an isometry group G
and induce subdivision of vertices and oriented edge segments of P into equivalence
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classes, such that an edge segment does not contain two G-equivalent points in its
interior.

Face pairing identifications are isometries satisfying conditions a)—c). They gen-
erate an isometry group G of a space of constant curvature.

a) For each face fy-1 of P there is another face f; and identifying isometry g which
maps fy;-1 onto f, and P onto P9, the neighbour of P along f,.

b) The isometry g~! maps the face f, onto f,-1 and P onto P9 joining the

simplex P along fq-1.

¢) Each edge segment e; from any equivalence class (defined below) is successively
surrounded by polyhedra P, P91, P92 91 ... P9 '+9:'9  which fill an
angular region of measure 27 /v, with a natural number v. An equivalence
class consisting of edge segments eq, es, ..., e, with dihedral angles e(eq),
e(e2eq), ..., e(e,), respectively, is defined as follows.

Let us consider an edge segment, say ey, and choose one of the two faces denoted
by f -1 whose boundary contains e;. The isometry g; maps e; and f -1 onto e and
fors respectwely There exists exactly one other face f 1 with e on its boundary,
furthermore the isometry g» mapping es and f 1 onto 63 and f,,, respectively, and
so on. We obtain a cycle of isometries g1, g2, ..., ¢gr according to the scheme

(ersfyn) 2 (eanda)i (en fyr) 2 (e fdsoi (er Fyn ) B ency) (1)

where the symbols are not necessarily distinct. More precisely, we have two
essentially different cases for the scheme (1).

1. if a plane reflection m; = g; occurs then e;1; = e;, and we turn back to eq,
then, say, e_; comes. Furthermore, another plane reflection m_; = g_; shall
appear in the cycle. Then each edge segment comes two times in the scheme
(1), and the cycle transformation is of the form

c=g192---9r = (91 gimamig; 97 ) (971975 1m—j9—j419-1)

2. there is no plane reflection in the cycle; this will be the simpler case. (In
dimension 3 we have 5 subcases for the edges at all [7]).

In other words the segment el is successively surrounded by polyhedra

—1 -1 _—1 —1 -1 -1
P, P9 P99 P9 920

which fill an angular region of measure 27/v. In the above case 1. the following
holds

eler)+---+ele;) +ele—r)+ - +elemiyj) =7/v. (2)
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In case 2. we have

eler) +---+eley) =2m/v. (3)

Finally, the cycle transformation ¢ = g1 g2 . . . g, belonging to the edge segment class
{e1} is a rotation, say, of order v. Thus we have the cycle relation in both cases

(g192-..g-)" = 1. (4)
Throughout in this paper we shall apply the specified Poincaré theorem:

Theorem 2. Let P be a polyhedron in a space S® of constant curvature and G be
the group generated by the face identifications, satisfying conditions a)—c). Then
G is a discontinuously acting group on S®, P is a fundamental domain for G and
the cycle relations of type (4) for every equivalence class of edge segments form a
complete set of relations for G, if we also add the relations g? = 1 to the occasional
involutive generators g; = g; .

3 Descriptions of the considered families of
simplices, proof of the metric existence

In family F3 there are two series of fundamental simplices. The groups for them
are denoted in [10, 12, 13] by I'ss (12u,6v), 'z (6u,3v), so the simplices will be
denoted here by Ti3 (12u,6v) (Fig.5) and Tyo (6u,3v) (Fig.1). Vertices Ag, A;
and Aj are in one class of equivalence (class a), while Ay is in another (class b).
There are also two classes of equivalence for edges u : {AgAy, AgAs, A1 A3z} and
(7 {A()AQ, AlAQ, A2A3}.

Six series of fundamental simplices in family F4 (Fig.8,9,10) have groups denoted
by  Ti0 (2u, 8v, 4w), T7 (2u, 4v, 2w), Tas (2u, 8v, 4dw), Tss (2u, 4v, 2w),
54 (u,4v,w), Ts7(u,4v,2w) in [10, 12, 13]. There are two classes of vertices
a: {Ao, A1} and b : {4y, A3}. For edges there are three classes of equivalence
u: {A()Al}, v {AOAQ’AOA37A1A27A1A3}7 w {A2A3}

There are four series of fundamental simplices in family F6 (Fig.11,12) with
group notations D¢ (2u,4v,4w,2z), Ta (2u,4v,4dw,z), To4(4u,2v,4w,x),
T35 (2u, 2v, 2w, x). There are three classes of equivalence for vertices a : {Ag, A1},
b : {As}, ¢ : {As} and four classes for edges u : {AgA1}, v : {AgAs, A1 Az},
w: {A0A3,A1A3}, xT: {AgAg}

The sum of dihedral angles around edges in the same equivalence class is always
of the form 27 /v. That is the reason to introduce parameters for each equivalence
class of edges. Parameters are denoted by the same letters as the corresponding
equivalence classes.

The simplices in family F3 can metrically be derived by [12, 13] from the
Coxeter reflection group and simplex denoted here by ™I (2u,v) (2 < @,3 < )
with diagram
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w0V 3
I N Y N
N N N N

m, 3 m, my

so that e.g. for T3 (12u, 6v) 24 = 12u, v = 6v.

That means that this Coxeter group is a supergroup of I's3 (12u,6v) by dihe-
dral group extension 3m = *3 of index 6 with 6-times smaller Coxeter simplex,
according to the parameters 4 = 6u v = 6v (u > 1, v > 1 as rotational orders at
the corresponding simplex edges). If we know (e.g. by [5, 7, 11, 13]) the linear alge-
braic construction of Coxeter simplices in projective metric space, then the bigger
simplices can also be constructed, now by hyperbolic metric, with the same letter
denotation of the parameters.

Analogous arguments hold for Tys (6u,3v) with (u > 1, v > 1).

Outer vertices Ay, A1, A3 and truncations occur iff % + % +1<1. Eg for Ty
holds § + o= + o= < 1 (ie. L+ 2 < 3) Vertex Ay is outer iff 5 + 5 + 1 <1, ie.
for Tyz, 5 + 3 + 55 < 1 (for v > 2).

The simplices in family F4 can metrically be derived from the Coxeter re-
flection group 7"™2I'y (u, 20, w) and simplex 72T (4,29, w) (3 < @ < w, 2 < v)
with diagram

u v w
N /"'\ Ve - \I
J NS NS J
ht, my m n,
so that this Coxeter group is a supergroup (by inner symmetries mm2 = *2 of

index 4) of the given group, for the corresponding rotational parameters u, v, w.

Again these facts lead to linear algebraic construction in appropriate projective
metric space, now with hyperbolic (+,+,+,-) signature. We examine parameters
(infinite series) where outer vertices occur by the above equations for vertex figures
(hyperbolic fundamental domains for vertex stabilizer groups).

Vertices Ag, A; are outer iff %—i—%—&—% < 1, while Ay, Ag are outer iff %—i—%—&—% <1.

Similarly, simplices in family F6 can metrically be derived from the Coxeter
reflection group 5'T" (24,20,2w,z) (2 < @, 2 < v < w, 3 < ) and appropriate
simplex, with diagram
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=
UanV
<|\/€I
N
'_S I\ /I
=
N
S

Here, vertices Ag, A1 are outer iff

+%+%<1,A2isouteriff%+%+%<1,
Agisouteriﬁ’%+%+%<1.

il

4 The isometry groups by simplices in family F3
4.1 Simplex T (6u, 3v)
Face pairing isometries for T := Tyo (6u, 3v) (Fig.1) are
r0:<A1 Ay As )_m:(Ao A1 As )'z:(AO Ay As )
Az Ay A1 )’ A1 Ag Az )7 A1 Ay A
Relations for the isometry group are obtained by Theorem 2 and the presentation
is

Figure 1: The simplex T4z (6u, 3v)

[yo(6u,3v) = (ro, 72,2 — 7"(2) = r% = (z2ro)” = (7'22*17'27’07"22)“ =1,1<u,1<).
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Considering vertex figures on a symbolic 2-dimensional surface (plane) around
the vertices, we can glue a fundamental domain for the stabilizer subgroup, e.g.
I'4, of vertex As and also I'4, of vertex As. Transformations z and 7o map vertex
As onto Ay and A; respectively, so that the inverse mapping 2z~ ! carries the vertex

-~ -1
domain T}y, into T3 " the neighbour of T4, along f,-1, and similarly with TIZ‘)I =
T (since 72 =1). We left the letter f from the face symbols in our figures. That

-1
means that T4, and T:ﬂ have a joint edge corresponding to the joint face f,-1 of
simplex T and f,-1 of simplex 77" and similarly, T4, and Tgol have a joint edge

corresponding to fr, = f; ;! of T and T". One fundamental domain for I'(As)
(Fig.2) is

ozt TO
PA3 = TAO UTA3 @] TA1

Figure 2: The fundamental domains P4, and Pa,

and the generators for I'(A3), obtained from Py, are

AR

In the diagram for P4, the minus sign in notations u~, v~ means that edges in
these classes are directed to the vertex, the plus sign in diagram for P4, means the
opposite direction. Fundamental domain for Py, is given in Fig.2 and the generators
are

T2 fTQ - frz;ZTQTO : (fm)Zil - (fm)ro ;227"0 : (fz—l)z

TO : fTo - fTo;Z : fz*l - fz

When parameters u, v are such that simplex 7" is hyperbolic and that the vertices
either in the first or in the second equivalence class are out of the absolute (see Sect.
3), it is possible to truncate the simplex by polar planes of these vertices. Then
we get a compact trunc-simplex (possibly with 8 faces, as octahedron) denoted
by O4 := O. If we equip O with additional face pairing isometries, it will be
a fundamental domain for a group G;(Oy2,6u,3v) which will be a supergroup of
T42(6u,3v). A trivial group extension with plane reflections in polar planes of the
outer vertices is always possible. For vertices Ag, A1, A3 the new relations (Fig.3),
which are necessary to add to those of group I'yo(6u, 3v) are as follows
2
1

(m3T2)2 = m32m02’71 = Mm3romirog = MoreMirg = mgzmlzfl = mg =mi = mg =1
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Figure 3: The trunc-simplex O with trivial group extension

where m; denotes the reflection in the polar plane of vertex A;.
For vertex As these relations with a trivial extension are (Fig.3)

(mg’r‘o)z = mgzmgz_l = mg =1.

There is one further possibility to equip the new triangular faces corresponding to
outer vertices Ag, Ay, A3z with face pairing isometries. New additional face pairings
of O for vertices Ay, A1, Az have to satisfy the following criteria. Polar plane of
Az and so stabilizer I'(As) will be invariant under these new transformations, fixing
Aj, and exchanging the half spaces obtained by the polar plane. Thus, fundamental
domain Py, is divided into two parts, and the new stabilizer of the polar plane will
be a supergroup for I'(A3), namely of index two. Inner symmetries of the Py,-tiling
give us the idea how to introduce the new generators. If 73 is the new half-turn
mapping the vertex figure T4, onto itself and T:x[i onto Tf‘;l, but exchanging the
half-spaces, then the new generators for G;(Oys2, 6u,3v) will be 73 and Z = ¢T3z
and the new relations are (Fig.3, by Poincaré theorem 2)

(F3rg)? = Tarezz ™! = ZroZry = (22)? =73 = 1.

The new generators 7s and z, moreover the new relations can be derived by Pjy,
and its side pairing above (Fig.2) in standard way. Similarly, for the outer vertex
As, it is possible to equip a new triangular face with the new half-turn 7o, so that
the new relations are (Fig.4)

(?27"0)2 =T92ToZ = ?g =1.
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Figure 4: The trunc-simplex O with non-trivial group extension

Remark 1. Truncations of vertices in different equivalence classes can indepen-
dently be combined; even there are possibilities to truncate only one or none of
classes of equivalence. So there may be 8 possibilities to create supergroups of
[y (6w, 3v) in this way. For all cases of the maximally 4 supergroup series with
compact fundamental domains, the notation G;(Os2,6u,3v) i = 1,2,3,4 can be
used, for simplicity.

4.2 Simplex T33 (12u, 6v)

For T := T33(12u, 6v), the face pairing isometries are (Fig.5):
Ay Ay Aj Ay Al As Ay As Aj
mo:(Al Ay Ay );TQZ(Al Ay Ay )“1(141 Ay Ay )
and the tiling group is
['33(12u, 6v) = (mg, 19, 2 — m3 = r5 = (Morazraz” ‘romorazrez try)" =
(moz 2mez?)? = 1,1 < u,1 <v).
One fundamental domain for the stabilizer group I'(Ag) of the vertex Ay (Fig.7)

1
PAO = Tflg U TA0 Ule

and the generators are then
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Figure 7: P4, and Py,

roz !t fra — (frz)z_ ;27 gz (fro)" = (fra)";
Zm()Z_l : (fm0)27 - (fmo)Z7 ;Z_lmOZ : (f’mo)z - (fmo)z :
The generators for I'(As) are

mo : fmg - fmo;z T

Since parameters u, v are such that the simplex is hyperbolic with outer vertices,
then after truncating the simplex by polar planes of such vertices, a new trunc-
simplex O := O3 may have plane reflections as face pairing isometries to the new
faces. For the class of vertices Ay, A1, As, new relations are (Fig.6)

m(ﬂ”zml’l’g = (m3T2)2 = mgzmozil = m02m1271 = (m1m0)2 = (mgmo)Q =

2 2 a2
my =My = m3 = 1,

and for As
(mgmo)z = m22m2271 = m% =1.
The polyhedron O may also have a half-turn as a new isometry for the face
obtained after truncating vertex A,. Then the new relations are

(?27’)10)2 =T92Toz = F% =1
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For the class of vertices Ay, Ay, A3, there are no other possibilities for face pairing
with isometries, except trivial group extension. That means G;(O33,12u, 6v), i =
1,2 are the possible two group extensions for I's3(12u, 6v).

5 The isometry groups for simplices in families F4
and F6

For the 6 simplices (Fig.8,9,10) in family F4 and 4 simplices (Fig.11,12) in family
F6 our results are arranged in tables. The following data are given:

1. Notation for isometry group of each of the simplices, by [10, 13]; number of
group extensions.

2. Face pairing isometries.
3. Presentation of isometry group.

4. New relations for each of the trunc-simplices, if the additional pairing isome-
tries are plane reflections (trivial face pairings). There are arranged in the
following way

e If the original simplex is in family F4, than:
a) Relations for class of vertices Ag, A1,
b) Relations for class of vertices As, As.

e If the original simplex is in family F6, than:
a) Relations for class of vertices Ag, A1,
b) Relations for class of vertex As,
c) Relations for class of vertex As.

5. One of the fundamental domains for each class of vertices (if there are more
then one vertex in the class) and generators for stabilizer group of vertices
based on that domain.

6. If the stabilizer groups of vertices have nontrivial normalizing symmetries,
there exist non-trivial face pairing isometries for trunc-simplices. There are
given relations sorted by classes of vertices as before.

More precisely, for I'(Ap) in cases of simplices I'1g and T'sg there are no other
symmetries, while in cases of I'y7 and ['3g there are half-turns mapping one vertex
figure to another. For fundamental domains of I'(As) in cases of I'1p, ['17, I'ag there
are half-turns, respectively, with the same property. Fundamental domain of I'( A5)
in case I'sg, and both I'(4p) and I'(A2) in cases I's4 and I's7 have:

I: the half-turn mapping one vertex figure to another;

II: the half-turn mapping each vertex figure to itself;

IIT: point-reflection mapping one vertex figure to another.
In all cases appearing in family F6, fundamental domains for each class of vertices
have one half-turns as additional symmetry.
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FAMILY 4

Figure 8: T'o(2u, 8v,4w) and T'17(2u, 4v, 2w)

4 A

Figure 10: T's4(u, 4v,w) and I's7(u, 4v, 2w)
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1 Uyl 20, 8w, )y (Fig, 5.1, mumher of growup extensions, 2

2oy F

(A Ay Ay r,fl‘fq Ay Ay Ay A A [Ay A Ay
4 A AL T 4 4 ﬂz‘ t‘{l Ay A.!J l.d, Ay A |

» 2 N
I T2, &, dwh=(me, ry, re Fs— M= =rd = =(mn) =
(marmr mprne)l=imenmr)' =1L2Zwl=v, 1 Zw)

4 a) (g \° = Wk, = Bk = (e = @ = g o= |

bl (iyry)” = (s ) = Bpniyr = (iymg ) = (ymg ) = w3 = g = 1

S a) T domain for T{dg) is Py =Ty Ui’: » generators for vert, stab, are 1y, gy, By

b} £ domain for T (4;) is Py, = Ty, UT_'I'] . generators for v.s, are By, Fy, HMGH, {5

6. h) (sr,jz = rm,:,_-r'lm,:, = 3r13'|r3 =1

L Doni 20, 4w, 2} (Fig, 5.2)%  warrher of growp extensions: 4

2 A 4 AH} [J’“u Ay Ay (g A Ay [y A A

LR S O
A Ay Ay Ay Az Ay | Ay Ay VAL Ay Ay

02w dv, 2w =(r, r P = B = == = (mnf = e i)Y =)
=l 2Zusw, | =)

da) (Mgn)* = Wyrmyry = Moy = () = mg o= mpe |

b) (Fyry)? = (Aiyry ) = Wpniiyr = My, < my = g = |

5. a) £ domain for [{Ag) is £y = Ty U f: . generators for vert, stab. are 1y, Py, Pl

b) T domain for T{Ay) is £y, = Ty, UT 'J' . wenarators for vert, stab. are Iy, ., 1t
.'J

6 oal s = (st = (mn) =1
b) 53r353'r = (5207 = (530)° = 1

1 Uowl 20, 8w, 4w} (Fig. 5.3%  mowber of growp extensions: 2

A Ay Ay Ade Ay A (A4 A A4
A Ay Ay Ny Ay A T A Ay A

2. mu:[ LR

3 Tai2e 8v, dwl={mo, roz— ' =r’=2={mz' ' rnz" mo 2 2) =(moe o n)
=, 22u 1=v, | =w)

4. a) I:r:.rﬂr]}z = m|zmbz'l = sznJ|z'l = {m]m'.:,}z = m.:‘,-t = m'lz =]

by miyrge = (iymy ) = (mgmg ) = Bigzmyz sy o= g o= |

5. a) £ domain for [{(Ay) is £y = Ty UT? . generators for vert. stab. are ry, =%, 2 'my =

b domain for T (A;) is £y, = Ty, UT 'J' . generators for vert. stab. are M. Rz, nmgn
Ay

6 b) smgs 'my = (sn) = szsze |
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1. Uaul 20, 4w, 2wy (Fig, 5.4, mumher of growp exiensions. 8

A Ay A, Ay Ay Ay [y A4 A
P T

.'"!l ."Ij ."II ! "";I:l .."13 ."iz | .l";| ."1|:| .."IE

IlwlZndv.2wi=lrnz- rn=r="=lnzn 2 =mrn)"=122usw, 1 =v)

4 a) (Fgn ¥ = () = Wz ' = mezmz =g = e |

LA

b_} W:r]W_m = Wzﬁ:.ﬁ}ﬁ:. = W}fﬁzz I ﬁf = rﬁf =]

1
S a) £ domain for ['{Ay) is Py = Ty UT_*II . generators for vert. stab. are 1, 2%, 2z

b) 1 domain for T (Az) is £, = Ty, UT__L » generators for vert. stab. are 72, 1z

6oa) Tz e (22 = (22 =

b I:{E]z}: = 5main = | hanfar = sz 'h_-,z= I;M:sz5z2= [a‘r.:,}: = {a‘n}l1= 1

L Ceslee, dv, w)  (Fig 5.5)  swber of group exiensions: 16
(4 Ay Ay (A A A ]
LAD J'!z .r'Is.’ I-I.l"ln .*'Jl .HI:I-

FTafm dvwi=in - r"=(nrnn'r'Y=rn"=lLizsusw l=v)

4. ﬂj rﬁlnﬁuﬁ I= murzmurz I = ﬁ|rzﬁlr2 I = ﬁuz = ﬁ]1= 1

2n:

1 S P e .
bl Fianfiar = WynAigs = Wyraiiary = Wy = g o= |

S ) domain for [y )i £y = Ty UT: + generators for vert. stab. are py, 9y I’:"l

b) £ domain for T (A4;) 15 Fa, = Ty, UT_:'; + generators Tor vert. stab. are » |y’ ]"1"2

6 all:{sn ) = symsr e s LAk mdr "= (b ) = (b)) = VI 22 ey = 2ynzyr =

BIL 5o o e (5are )%= VAL ey = (i) = (nhs )= 100 20023 e 2omzarse |

L Usripe, 4o, 2wy (Fig 5.6)0  mumber of grouwp exiensions: 16
(4, 4 A [
Ao Ay A A A Ay
FTwin dv, 2wi={rz— r'=irz'rzf=z"=1L3sm 1 =v.22w)

T S R R
doa) Wy = WEEy o= mzigz o= o=y o= |

Ay A A

-

S [ Y I S
b Fipmiar’ = Wi,zilz = WLz = W3 = Wy o= 1

S oa) £ domain for [{dg)is Py o= Ty UT: . generators for vert, stab. are r, 2" 'z

by § domain for T(A;) is £, = Ty, UT_.L « generators for vert. stab. are zr 2 'r

boalzyrz ol s (2 z}z = 1l fﬁﬂr}z = [h,r}z = hyzhyz '- LI sy pols fEze |l
bl sy 27 I.'c: N r]lz: LML hszhyz = haphsr =1 T {222}2 = (3,2 1]2 = Iyt re |




Fundamental simplices with outer vertices for hyperbolic groups ...

FAMILY 6

Figure 12: T'z4(4u, 2v, 4w, x) and ss5(2u, 2v, 2w, x)
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1. Cal2u, dv, dwe, 2300 (Fig 5.7)  mumber af group extensions: §

(A Ay Ay A A A (A A A (A A A
A A4 -"33.] II.J"U Ay Ay ‘-r-l-"ft Ay Ay |

Tl“.-.{l::; dv, dw_ 2x) = i, e () = {ﬁiu Pyt 1) = )

(i ) = o ¥ = L, 22w lsvzw, 22X)

A a) (gm )’ = Wyraimry = w2 (@)’ = g e mpe

’ 3'\4 Ay A

x My -

bj (#iyry )" = (g ) = (g ) = w3 = 1

gl (e ) = (imym) )" = (i) = g = |

5 ) £ domain for [{4;) is Py = T4 Ul"::|~ generators for vert.stab. are My, 53, RR

b) Tor T{Az) generaiors for vert, stab, are My, By, 5
) for ['(As) penerators for vert. stab. are My, my,

G al (.'.'rl}z = (5 )= .'cmn.'c']mn z |
bl (rhy)* = mighymnhy = b = 1

el (rohy )" = mghymyy = by = )

| L Dol 200, dwy dowy x) (Fig, 5.8),  smomber of group extensions: 8
(A Ay A (Ay A Ay (A0 A A
. . 2 : . Myl
| A A A ‘ L"ﬂ A Ay | (Ao A Ay
3Tl 2o, dv, dw, x) = (me, s, r— mS =myt = (o) = (ms e r) = (me e me )

Fel 22w l=v=w, 3=x)
4 a) () = (s Ve = (Figmy ) = (Hgms ) = riige 5y = wig = s |

F

- RN IS
by (Hipmy )" = Flgr B, = Wy = ]

¢l (#iginy ) = riigr iy = i o= |

5 a) £ domain for T(dg bis Py = Ty UT . generators for v.s.arem, my, v lmar, v e
b for T'{As) generators for vert. stab. are r. my
) for [ {4s) penerators for vert. stab. are ¥, i,

6.a) Siys my = sy my = (F5)? = 1
bl (hyms)* = (rhy)* = i = 1
‘:':-'I f-ﬁ3m1j2 = I:_}'}.'j }3 = ,ﬂhz =1
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L Dosida, 2w, dw, x) (Fig 5.9)  suher of gronp extensions: 8

2 (A A A Ay A A Ay A A
P ; :

: Loy A
1 .l"]u 1'12 .HI3 .Kin, .l"]] A3_| | .:"1| KI.:] .r'IJ

3oTagidu, 2v, dw, Xy ={mo, s r— m =55 = (mrsmars) = (el =(ma e me r) =
rEl 12w 25 12w 321)

4 a) rimgr ]m| = pyig ey = (g ) = {m]m'z}l = qu = m]] =1
) [r:.r:ry}l = riar ]m3 = m;l =1

o) {mz.m}]l] = rm;r"m_:,: m_{t =1

S.a) £ domain forl (4y)is £y = Tg UT | generators for vertstab. are mo, v 'y, r lmyr

b) for ['(As) generators for vert, stab, are #, 1y
el for [ {4z} generators for vert. stab. are r, m,

G al (a‘q}z = sr.uzs']mz =(sr)f =
Bl (hyry ) = (rby)? = B3 = 1
) (hymy ) = (rhy) = hi =1

| 1. Dysl 2o, 2w, 2o, x)y  (Fig. 5.10);  smumber of group extensions: 8

A Ay Ay

Er,rA] Az 1{3", f4n A Ay n,r*‘:jﬂ A Ay
A A A ClA Ay Ay

.
I TwZie, 2v, 2w, x)=lrpe r— rf=ri = (rn)' =lrn) ={rn)'=r=1,22u,
2zvr=w, 3I=x)

4. ﬂ:,‘ rﬁnr- ].ﬁ| = ﬁﬂrﬁﬁlrj = .ﬁ,ﬂrzmﬂ‘l = mﬁ? = mF =1
— 2 _ e ol =
b)) (a0 )" = Flir W, = g o= ]

[ -

) (figry ) = riigy” Wiy = Wiy = 1

5 a) f domain for T{Ag)is Py = Ty UT_: . generators for vert. stab. are F2F, 5F

by for T'{Az) generators for vert, stab, are r. 1y
el for [(A3) penerators for vert. stab. are ¥, 15

Goal (sr) = (srm) = (rs) =1
b (hyr)* = (rky) = B3 = 1
¢ (e ) = (rkg) = b = 1
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