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GLOBAL APPROXIMATION PROPERTIES OF
MODIFIED SMK OPERATORS

M. Ali Ozarslan and Oktay Duman

Abstract

In this paper, introducing a general modification of the classical Szasz-
Mirakjan-Kantorovich (SMK) operators, we study their global approximation
behavior. Some special cases are also presented.

1 Introduction

As usual, for n € N and x € [0,00), the classical Szdsz-Mirakjan (SM) operators
and the Szdsz-Mirakjan-Kantorovich (SMK) operators are defined respectively by

Sulfia)i= e 30 OO g (%)

k=0
and i
)
Kn(f;2) =ne "y o f(t)dt (1.1)
k=0 I
k k+1 .
where I, = |—,——| and f belongs to an appropriate subspace of C0,0)
n n

for which the above series is convergent. Assume now that (u,) is a sequence of
functions such that, for a fixed a > 0,

0 < up(z) <z for every z € [a,00) and n € N. (1.2)

In recent years, in order to get more powerful approximations some modifications
of the above operators have been introduced as follows (see [7, 9]):

> (nuy (x))F
D, (f;x) = e_"""(x)kz_:o( k(! ) f (k)

n
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and

Lo(f;2) 1= ne~mn ”Z (il / 0 (1.3)

In particular, considering a non-trivial sequence (u,,) defined by

—14+V4n2z2 +1
2n ’

Un(2) = ull(z) = €10,00), n €N,
the authors have shown in [7] that the operators D,, have a better error estimation
on the interval [0, 0o) than the operators S,, while in [9] it was shown by considering
—, z€[z,0), n€N
that the operators L,, enable better error estimation on [1/2,00) than the operators
K,,. Some applications of this idea to other well-known positive linear operators
may be found in the papers [1, 2, 6, 8, 11, 12, 13, 14, 15].

Let p € Ny := {0, 1,...} and define the weight function x, as follows:

po(x) :==1 and pp(z) == T2 for £ > 0 and p € N. (1.4)

Then, we consider the following (weighted) subspace C,[0, 00) of C[0, c0) generated
by pp :

Cpl0,00) :={f € C[0,00) : pp, f is uniformly continuous and bounded on [0, c0)}

endowed with the norm

£l == Sap pp(x) | f ()] for f € Cpl0,00).

x€[0,00

If A'is a subinterval of [0, c0), then by || f[|, 4 we denote the restricted norm to A4,
ie.,

1114 = sup pp(z) [f(2)]-
z€A

We also consider the following Lipschitz classes:

ARf(z) = = flz+2h) = 2f(x+h) + f(x),
2056) = sw A3,
he(0,5]
wp(f,0) + =sup{py(2) [f(t) = f(2)|: [t — 2] < & and ¢,z > 0}
Lipia : :{fGCp[O,oo):wg(f;é):O(éa) as d — 07},

where h >0 and 0 < a < 2.
In the present paper we study the global approximation behavior of the operators
L,, given by (1.3). More precisely, we prove the following result.
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Theorem 1.1. Let (u,) be a sequence of functions satisfying (1.2) for a fized a > 0.
Assume that ul, () exists and u,, # 0 on [a,00). Then, for every p € Ng, n € N,
f € Cpl0,00) and x € [a,00), there exists an absolute constant M, > 0 such that

Up (T 1
(@) L (fi2) — F(&)] < My (ﬁ lunte) — 2t 4 22 ?m)
FO(fi— () + 5-)
P ) 2n )
where p, is the same as in (1.4). Particularly, if f € Lipgoz for some a € (0, 2],
then

1p(@) [ L (f32) — f(2)] < M, ((un(x)_x)2+un($)+1>z

holds.

Remark. If the sequence (u,) in Theorem 1.1 also satisfies

lim wu,(z) =z for every z € [a, 0), (1.5)

n—oo

then we can get that

lim p,(z)|Ly, (f;x) — f(x)] =0 for every z € [0, 00)

n—oo

holds true provided that f € C,[0,00) or f € Lip%a for some « € (0,2]. Further-
more, we will see that our operators L, map C,[0,00) into Cpla,o0) (see Lemma
2.5). Hence, if the convergence in (1.5) is uniform on [a, 00), then we have

nh—>H;<> [ Lnf — f||p\[a,oo) =0.

2 Auxiliary Results

In this section, we will get some lemmas which are quite effective in proving our
Theorem 1.1. Throughout the paper we use the following test functions

el(y) = yia 1= 07 132a3,47

and the moment function
Va(y) =y — .
Now, by the definition (1.3), we first get the following two results.

Lemma 2.1. For the operators L,, we have

(1) Ln(eg;x) =1,
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(i) Lneria) = un(o) + 5
(1) Ln(es: x) = 12 (x) + 2“’;1(95) #

‘ 9uZ(z)  Tup(z) 1
c) — a3 n n
(iv) Lp(es;z) = s (x) + o + o2 + et

We should note that the proof of Lemma 2.1 can be obtained from the papers
[9] and [10].

Lemma 2.2. For the operators L,,, we have

(i) L(tsiz) = un(a) ~ a4 oo

2up(z) — n 1
n 3n2’

3 (Bun(x) — ) (un(x) — )
2n

(i) Ln(¥252) = (un(2) — 2)” +

(it7) La(W3ie) = (un(e) —2)° +
Tup(z) — 2z 1
+7 JEE—

2n2 4An3’

Now we get the next result.

Lemma 2.3. Let (u,) be a sequence of functions satisfying (1.2) for a fized a > 0.
For the operators L,,, we have

Ly(em;z) = E cm,jufl(x)nj_m
Jj=0
2 m —m
_.m m- o1 2(2 _1) n

where ¢, ;’s are positive coefficients.

Proof. Since

|
3
+
==
3
3
A
1]
N
3
—
N—
.
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we get

Ly(em;z) = Zpkm(a?)/tmdt

Also, by Lemma 2.4 of [6], we know that

ej, Zb] zu = U%(‘T) + %u{fl(x) + ...+ nlfjun(x),

where b; ;’s are positive coeflicients. Then, we may write that

n~-™m nm & m+ 1
Ln ms = — 1 b i
o) = ot (M5 ) zju
n—m n—m m m m+1
_ . bis i,
i=1 Jj=t
—m N m( )+ m2 m—l( )+ N nl—m i m4+1 ( )
= ur(z) + —u )+ ... . Uy (2
m+1 " 2n " m+1 = J
2 m
_ umay+ 20m-n) o1
= ul(z)+ 5 Un () + ...+ (m+1)nm*1u"(x)+ CFSETE
Hence, we obtain that
Ly(em;x Zcmju
2 m
m m° 2(2m—1) 1
un () + on " @)+t (m + l)nm_lun(x) " (m+1)nm’
which completes the proof. O

We now give some useful estimations for the operators L,,.

Lemma 2.4. Let (u,) be a sequence of functions satisfying (1.2) for a fixed a > 0.
Then, for the operators L.,,, we have
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() Ln(922) < (un(e) — 2 + 2D 4 L
() Lofwin) < § {(unle) a4 22 4
Proof. (i) By (1.2) and Lemma (if), we easily get
Da0352) = (unle) o)+ 122 @2 L
< () a4 Dy L

(74) Since 0 < uy,(x) <  for every = € [a,00) and n € N, it follows from Lemma 2.2
(ii) that

6un () (un(z) —x) | 3(un(z) — )
3. _ a3
L) = (un(e) o) 4 2n@elD 20 3nl2)
Sup(z)  un(z) —x 1
+ 2n? + n? + 4n3
3(un(r) — )% Buy(x) 1
< _
- 2n + 2n? 4n3
5(un(z) — )% buy(z) 5
< _
- 2 + 2n + 6n2’
whence the result. O

Lemma 2.5. Let (u,) be a sequence of functions satisfying (1.2) for a fized a > 0.
Assume that ul (z) exists and ul(z) # 0 on [a,00). Then, for the operators Ly,
there exists a constant M, > 0 such that

1
pp(x) Ly, (,33) < M,. (2.1)
Hop
Furthermore, for all f € Cp[0,00), we have
I (D)l pjta,00) < Mo £, (2:2)

which guarantees that L,, maps C,[0, 00) into Cpla, 00).

Proof. For p = 0, (2.1) follows immediately. Assume now that p > 1. By (1.2),
(1.3) and (1.4), we get

1
;mmu(%w)
(@) {Ln(e0s )+ L (epi 1))

o) {1+ 20 + Bt o) o (o) +

2 2(2P -1 P
¢ o for Bt 220 (1 27

(p+1)np1 m+1



Global Approximation Properties of Modified SMK Operators 53

Now, since p > 1, we can find a constant C}, depending on p such that the inequalities

P 2,.p—1
r < 0, L
1+ ap 2n(1 + xP)

2(20—-1) = n=P 1
Do iire = (l+m+1> =G

<Cy .,

hold for every x € [a,00) and n € N. So, letting M, := (p + 1)C,,, we may write
that
1
tp(2) L (ar) < M,
Hop
which gives (2.1). On the other hand, for all f € C,[0,00) and every x € [a, 00), it
follows that

(@) | Ln(fi2)] < pp(@) Y prn() / |f(t)] dt
k=0 Ja
> 1
= @)Y pin(o) [ )50 =
k=0 Hp
In,k
1
< Sl (@) L | —5 2
Hop
< My fll,-
Now taking supremum over x € [a, 00), the last inequality implies (2.2). O

Lemma 2.6. Let (u,) be a sequence of functions satisfying (1.2) for a fized a > 0.
Assume that ul (z) exists and u,(z) # 0 on [a,00). Then, for the operators Ly,
there exists a constant M, > 0 such that

fip(2) L, <¢2z> <M, {(un(m oy Bl 1} :

oy n 3n?

Proof. For p =0 the result follows from Lemma 2.4 (i). Now let p = 1. Then, using
Lemma 2.4 (7)-(44) we can write that

(@)L (wx) = (@) {1+ )L (W25 0) + Ln(s2)

M1
< (unla) o+ 2Dy L
5 2 up(x) 1
st () 5 g

IN

N
;{(un(x) g )y Sjﬂ}
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Finally, assume that p > 2. Then, we get from Lemma 2.3 that

2
(3
Hp
= Ly(epr2;®) — 22Ly(epy1;2) + 2% L (ep; )

2 p+2 1
_ 2 s P2 2(2 ) 1
up (@) T (@) e g e (@) e
+1)° 2 (2041 — 1) 1
_9 pt+l1 (p p [P B S — A Y - -
v {u" () + 2n (@) ot (p+2)n» un() + (p+2) nrtt

2 uP(x ﬁup—lx Mu T #
t+a {un( JF gt @ et Ty )+(p+1)n”}’

which implies that
/(/)3: o 2. p
Lo | 2] = (un(z) —2)7up(2)

Hp
un(a) {(p+2>2up .

(p+3)nP

2 (202 — 1) }

(p+2)nr1

() {7 201 )

p—2
- 5 Un () + ... + o+ np2

+i { 1 2 N x? }
n? L(p+3)n*  (p+2)n  (p+1)])°
Therefore, since 0 < u,,(z) < z for every x € [a,00) and n € N, we have

)L (1)

Hp

< @ -0? (1)

o [l (2, 2D ()
e 8 (5) -t ()

$2
+z;rlﬂ{(p+33)n? <1+1arp> i (pil) <1+xp>}.

Thus, since p > 2, it is possible to find a constant M, depending on p such that

()L, (wx) < 81, { (o) = o7+ 222 4 L

Ly n 3n?
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whence the result. O
Now, for p € N, consider the space
C2[0,00) == {f € Cp[0,00) : f” € Cp[0,00)}.
Then we have the following result.

Lemma 2.7. Let (uy,) be a sequence of functions satisfying (1.2) for a fized a > 0
and let g € C2[0,00). Assume that uj,(x) exists and u,, # 0 on [a,00). For the

operators Ly, if Qu(f;x) :== Lp(f;2) — f (un(ﬂv) + 21> + f(x), then there exists a
n

positive constant M, such that, for all x € [a,00) and n € N, we have

pp() [0 (932) = g()| < My 19", {<un<x> L 3711} .

Proof. By, the Taylor formula, using ¥, (y) = y — , we may write that

o(y) — 9(z) = bo(®)g' () + / Gi()g" (B)dt, y € [0,00).

Then, since Q,, (¥, (y); x) = 0, we get

Qn(giz) —g(@)] = [ (9(y) — g(x); 2)|

n (9(y)
= o | [ et @i

Yy
- L. / Uiy (1)t

un(m)—&-i

- / Uy (un(a:)+21n) g’ (t)dt|.

Therefore, we obtain that
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Since
y

} lg”ll, ¥z (y) (1 1
/wt(y)g (t)dt| < 9 (,up(ilf) * .Up(y)>

x

and

un(x)'f‘ﬁ

oo 1+ ) o] < s (o 1Y

T

it follows from Lemmas 2.4-2.6 that

(@) (i) —g(a)] < L] {Ln< )+t (i)}

" 2
1

M, g", {(un@c) e

IN

Lemma is proved. U

3 Proof of Theorem 1.1

In this section we prove our main result Theorem 1.1.
We first consider the modified Steklov means (see [4, 5]) of a function f €
Cy[0, 00) as follows:

h/2 h/2

4
fuw) = [ [ (2550 — fly+ 20+ 0) s,

where h > 0 and y > 0. In this case, it is clear that

h/2 h/2

f) — fuly hQ//A“f )dsdt,

which guarantees that
1f = fall, S wi(f3h). (3.1)

Furthermore, we have

1
V) = 1 (88700 () - ARFW))
which implies

IR, < h2 wp(f1h). (3.2)
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Then, combining (3.1) with (3.2) we conclude that the Steklov means fj, corre-
sponding to f € Cp[0,00) belongs to C7[0, 0c).

Now let p € Ny, f € Cp[0,00) and z € [a,00) be fixed. Assume that, for h > 0,
fr denotes the Steklov means of f. For any n € N, the following inequality holds:

[Ln(fi2) = f(@)] < Qu([f(y) = )]s 2) + [ f(2) = fal2)|

10 (i) = ) 4|1 (o) 4 31 ) = 160

In the following, M,, denotes a positive constant depending on p which may assume
different values in different formulas. Since f; € C2[0,00), it follows from Lemma

2.7 that
@) L fi) = F@ <1 = 5l {0 (i) +1
3y 14, o) a7+ 22 4 L
+Hhp () | f (un (@) + %) — fla)
< |f = full, {/Jp(x)Ln (:Q +3}

n Tan2

+M, ||fz'||p{(un<x)_x)2+un<x> | }

Flun(a) +5-) — ().

+hp(2)

By (2.1), (3.1) and (3.2), the last inequality yields that

@) En(f52) = 1@ = () {1+ 55 (o) - 0 +

Fwy (f; 2 — un(z) + %)

1
Thus, choosing h = \/(un(x) —2)? + + 3.2 the first part of the proof is

completed. The remain part of the proof can be easily obtained from the definition
of the space Lipf,a.

4 Concluding Remarks

In this section, we give some special cases of Theorem 1.1 by choosing some appro-
priate function sequences (uy,).
For example, if we take a = 0 and

un(x) =2z, z€l0,00), ne€N,
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then our operators in (1.3) turn out to be the classical SMK operators K, defined
by (1.1). In this case, we get the following global approximation result for these
operators.

Corollary 4.1. For everyp € Ng, n € N, f € C,[0,00) and x € [0,00), there exists
an absolute constant M, > 0 such that

(o) [ (£52) — F(@)] < My ( : m> )

Also, if f € LipZa for some o € (0,2], then

Now, if take a = 0 and

=14+ VaAn2a? +1

tn(@) = ull)(z) -

x €10,00), n €N,

then our operators L, in (1.3) turn out to be

2k k!
k=0

oo J—
LU (f;) = ne~ (FHHVARZEFT) 257 A LR / f(b)dt.
Ink

Then we have

Corollary 4.2. For everyp € Ng, n € N, f € C,[0,00) and = € [0,00), there exists
an absolute constant M, > 0 such that

(1] 2 (1] 2 UL”(.%‘) 1
(@) [ (i) = f@)| < My [ £y (ubl@) =)+ U

n 3n2

1
+w, (f;x—uw(x) + 2) .

n

Also, if f € LipZa for some o € (0,2], then

(@) [L (Fi2) = f@)] < M, ((u,gl(x)_x)QJr“E;(x)Jrl)Q

3n?
+w f'av—um(a:)—i—i
P " 2n
Furthermore, if we choose a = % and
2] 1 1
up(x) == uit () =x — o TE€ [E,oo), n €N,
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then the operators in (1.3) reduce to the following operators (see [9]):

1—2nz 2”1’ — 1
LP(f;x) :=ne 27 ) e /
k 0 a

Then, we know from [9] that the operators L preserve the test functions ey and
e1. Hence, we get the next result.

Corollary 4.3. For everyp € Ng,n € N, f € Cp[0,00) and z € [%, 00), there exists
an absolute constant M, > 0 such that

L) (fi2) = f(@)] < My} (f, 1;ng>+w; (fi)

Also, if f € LipZa for some o € (0,2], then

1\2 1
2] (r. 1 p.
0|t i) = @) <0y (2 5s) vt (£11)-
Finally, taking a = % and

fip()

V3n2z2 +2 -3 1
, T
nv3

we get the following positive linear operators:

Un(z) = ul¥(z) :=

B T E) (V3n222 +2 — \[
LE(f;.) 1= nelY3=Vomars2 /IZ 3k/2)] / 1) (4.2)
k=0
In this case, observe that the operators LE )
Hence, we get the following result.

preserve the test functions ey and es.

Corollary 4.4. For everyp € No, n € N, f € C,[0,00) and = € [%,oo), there
exists an absolute constant M, > 0 such that

(@) [LB) (f50) = f@)| < My f,\/(ui?]u)x)ﬂ% @, 1

. 1
+wy (f;ﬂﬂuf](x) + 271) :

Also, if f € Lipf,oz for some a € (0,2], then

3 3 2 ug’](x) 1 z
pip() LL](fW)_f(x)‘ < M, ((uw(x)—x) + +>

1
+w, (f;x—uf](x) + 271) :
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