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COMMON FIXED POINT THEOREM
FOR FOUR MAPPINGS SATISFYING
GENERALIZED WEAK CONTRACTIVE CONDITION

Mujahid Abbas and Dragan Dorié

Abstract

Contractive conditions introduced in [Q. Zhang and Y. Song, Fixed point
theory for generalized ¢-weak contraction, Appl. Math. Lett. 22(2009), 75-78]
and [D. Dori¢, Common fixed point for generalized (v, p)-weak contractions,
Applied Mathematics Letters, 22(2009), 1896-1900] are employed to obtain
a new common fixed point theorem for four maps. Our result substantially
generalizes comparable results in the literature.

1 Introduction and preliminaries

Alber and Guerre-Delabriere [1] defined weakly contractive maps on a Hilbert space
and established a fixed point theorem for such map. Afterwards, Rhoades [8] us-
ing the notion of weakly contractive maps, obtained a fixed point theorem in a
complete metric space. Dutta and Choudhury [5] generalized the weak contractive
condition and proved a fixed point theorem for a selfmap, which in turn generalizes
Theorem 1 in [8] and the corresponding result in [1]. The study of common fixed
points of mappings satisfying certain contractive conditions has been at the center
of vigorous research activity. The area of common fixed point theory, involving
four single valued maps, began with the assumption that all of the maps are com-
muted. Introducing weakly commuting maps, Sessa [9] generalized the concept of
commuting maps. Then Jungck generalized this idea, first to compatible mappings
[11] and then to weakly compatible mappings [12]. There are examples that show
that each of these generalizations of commutativity is a proper extension of the pre-
vious definition. On the other hand, Beg and Abbas [3] obtained a common fixed
point theorem extending weak contractive condition for two maps. In this direction,
Zhang and Song [13] introduced the concept of a generalized p-weak contraction
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condition and obtained a common fixed point for two maps. Recently, Dorié¢ [4]
proved a common fixed point theorem for generalized (v, ¢)-weak contractions.

The purpose of this paper is to obtain a common fixed point theorem for four
maps that satisfy contractive condition which is more general than that given in
[13]. Our result extend, unify and generalize the comparable results in [3], [4], [5]
and [13].

Throughout this paper X is nonempty set, (X, d) is a metric space and f : X —
X is selfmapping on X. A point = € X is called fized point of f if f(z) = x. To
state our result we need definition of weakly compatible pair of maps.

Definition 1.1. Let f and g be selfmappings on X.
(1) A point u € X is coincidence point of f and g if fu = gu,
(2) A pair of f and g is called weakly compatible pair if they commute atl coinci-

dence points.

We also use two classes of functions,

= {p | ¢:[0,00) = [0,00) is lower semi continuous, ¢(¢t) > 0 for all ¢ > 0,
¢(0) = 0},

U= {¢]|:[0,00) — [0,00) is continuous and nondecreasing with ¢ (¢) = 0 if and
only if ¢t = 0}.

2 Main theorem

Following is the main result of this paper.

Theorem 2.1. Suppose that f, g, S and T are selfmaps of a complete metric space
(X,d), f(X) CT(X), g(X) C S(X) and that the pairs {f,S} and {g,T} are weakly
compatible. If

Y(d(fz,gy)) < V(M(x,y)) —p(M(z,y)) (1)

for each x,y € X, where ¢ € ®, ¢ € ¥ and where

M (e, ) = max{d(Sz, Ty), d(f, 52). d(gy, Ty) 5 (d(Sz,g9) + d(f2, Ty)}  (2)

then f, g, S and T have a unique common fized point in X provided one of the
ranges f(X), g(X), S(X) and T(X) is closed.

Proof. Let zy be an arbitrary point in X. Choose a point z; € X such that
Yo = fxo = Txy. This can be done, since the range of T contains the range of f.
Similarly, a point 25 € X can be chosen such that y; = gz = Sz5 as g(X) C S(X).
Continuing this process, we obtain a sequence {y,} in X such that ys, = fxa, =
Txony1 and Yopy1 = gTont1 = STonyo.

First, we show that {y,} is a Cauchy sequence in X. Consider two cases.
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1. If for some n, ¥y, = yYnt1, then y,11 = yYn42. If not, then for n = 2m, where

m € ZT, we have

M($2m+2, $2m+1)

From (1)

V(A(Ynt2,Ynt1))

max{d(Sxam+2, TT2m+1), d(fTomt2, STam+2),

d(gx2m+17 Tl’gm+1),

1

5 (d(S22m2, gT2mr1) + d(fr2ms2, T22m+1))}

max{d(me—i-lv y2m)7 d(y2m+2, y2m+1), d(y2m+1, yzm),

1
E(d(yQMJrlv y2m+1) + d(y2m+27 me))}

1
d(y2m+27 me)}

max{d(y2m+2, y2m+1)v 5

d(@/2m+27 Yoam+1 )-

1/’(d(92m+2, y2m+1))
= ¢(d(f$2m+2, 9$2m+1))
< P((M(z2mt2, T2m+1)) — (M (T2m12, T2mt1))
= P((d(y2m+2; Y2m+1)) — ©(d(Yam+2, Y2m+1))
< Y(d(y2mt2; Y2m+1)),

which is a contradiction. Hence we must have y,,+1 = yn42, when n is even. By sim-
ilar arguments we can show that this equality holds also when n is odd. Therefore,
in any case for all those n for which y,, = y,,+1 holds, we always obtain y,4+1 = yn12.
Repeating above process inductively, one obtains y, = y,+x, for all £ > 1. There-
fore, in this case {y,} turns out to be eventually a constant sequence and hence a

Cauchy one.

2. If y, # yn11, for every positive integer n, then for n = 2m+1, for some m € Z ¥,

M(xom42, Tomy1) =

max{d(Szam+2, TTom+1), d(fTam+2, STam2),

d(gzam+1, TT2m41),

2
max{d(y2m+1 y Yoam ) , d(y2m+2, Yoam+1 ), d(y2m+1 ) yzm),

(d(Szam42, 9Tom+1) + d(fTomy2, TTam41))}

%(d(y2m+17 Yom+1) + d(Y2ms2, Yam)) }
max{d(yY2m+1,Y2m), A(Y2m+2, Y2m+1),

%(d(y2m7 Yom+1) + d(Yom+1, Y2m+2))}
max{d(yY2m+1,Y2m), d(Y2m+2, Y2m+1) }-
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Now if M (z2m+2, Tam+1) = d(Y2m+2, Y2m+1), then

7/’(d(yn+1a yn)) = d(fxn+17 g$n+2))

M(2pi1,2n)) — (M (Tni1,T0))

M (22m+2, Tam+1)) — (M (T2mt2, Tam+1))
Yom+2, Y2m+1)) — P(d(Y2m+2, Y2m+1))
Yn+15Yn)) — L(A(Ynt1,Yn))

Yn+1, yn))a

I IA
T s s s s

QU
—~~ —~

< Y
gives a contradiction. Therefore

M(z2m42, T2m+1) = d(Y2m+1, Y2m)- (3)

Hence from (1), we obtain

Y(d(Ynt1,yn)) = d(fTni1, 9Tni2))

M(xni1,20)) — (M (Tnt1,70))
M(z2mt2, Tam+1)) — o(M(T2mt2, Tam+1))
d(Y2m+1,Y2m)) — ©(d(Y2m+1, Y2m))

Ad(Yns Yn-1)) — 2(d(Yn, Yn—1))
(

Y(d(Yn, Yn— 1))

A

(4
(G
(G
(4
(G

(
(
(
(
(
< (

Following the similar arguments to those given above, we conclude the same in-
equality when n is taken as even integer. Consequently, we have

w(d(yn-l-layn)) < w(d(yn7yn—1))a foralln >0

which further implies that d(yn41,Yn) < d(Yn,Yn—1). Therefore {d(ynt1,yn)} is
monotone decreasing sequence which is bounded below by 0. By theorem of mono-
tone and bounded sequence there exists r > 0 such that d(y,+1,yn) — 7 as n — oo.
From equation (2), for x = z,,41 and y = x,, we obtain,

lim (M (zn11,7n)) = P(r). (4)

n— oo

Now (1), (4) and lower semicontinuity of ¢ give

lim sup w(d(y’ﬂ+17 yn)) S lim Supw(M(tTThH; mn)) — lim inf@(M(anrh :L'n))

n—oo n—oo n—oo

which implies that ¥ (r) < ¢(r) — ¢(r). Therefore r = 0, and

lim d(yn+1,yn) = 0. (5)

n—oo

Because of (5), to show {y,}n>1 to be a Cauchy sequence in X, it is sufficient to
show that {yon}n>1 is Cauchy in X. If not, there is an € > 0, and there exists
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even integers 2my, and 2ny with 2my > 2ng > k such that d(yam,,y2n,) > € and
d(Yamy—2, Yan, ) < €. Now (5) and inequality

€ S d(y2mk7y2nk)
< d(Yane, Yome—2) + AY2me—15Y2mp—2) + AY2mp—15 Y2my )

implies that
k:li»ngo d(meku ank) =E. (6)

Also, (5) and inequality

d(Y2mss Y2ny,) < d(Y2my, Y2me+1) + A(Y2me+1, Y2ny,)
gives that ¢ < limg—,00 d(Y2m, +1, Y2n,, ), While (5) and inequality

d(Y2my+15 Y2n,.) < d(Y2my 415 Y2m,.) + d(Y2m, Y2ny,)
yields limg o0 d(Y2my,+15 Y2n, ) < €. Hence

i d(Yomr1,Yon) = € (7)

By the similar way we obtain

klil{)lo d(Y2my> Yone—1) = klgfolo A(Y2n,—15Y2m,+1) = €. (8)

Now from definition of M (equation (2)) and from (5), (6), (7), (8) we have

M (zan,, Tame+1) = max{d(Sxan,,TTom,+1), d(fTon,, STan,),
d(g‘mek—i-ly T$277Lk+1),
1
5 (d(ngnk 9 ngmk-i-l) + d(f$2nk ) Tmka-i-l))}
= max{d(yQ’nkflamek)7d(y2nkay2nk71)7
1
d(Y2mp+1+Y2my,), i(d(yznrh Yomu+1) +
d(y2nk7y2mk))}
Thus
1
lim M (22n,, Xom,+1) = Max {6, 0,0,=(e+ 5)} —¢.
k—o0 2
Putting = za,,, and y = Zam,+1 in (1) we obtain
Y(d(Y2ny, Yame+1)) = P(d(fP2n,, 9T2my+1))
< '(/)(M(x?ﬂk ) m2mk+1)) - @(M(x%lk ) $2mk+1))

which, on taking limit as k — oo, implies that

P(e) < P(e) — (o). (9)
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As (9) is a contradiction with € > 0, it follows that {y2,}»>1 is a Cauchy sequence
in X. Since X is complete, there exists, a point z € X such that lim,,_ ., y, = 2.
The second step of proof is to show that z is the fixed point for maps f and S.
It is clear that
lim gy, = lim fxzo, = lim Tzg9,41 = 2,
n—oo n—oo n—oo

and
lim yon+1 = lim gxropy1 = lim Szo,yo = 2.
n—oo n—oo n—oo

Assuming S(X) is closed, there exists v € X such that z = Su. We claim that
fu = z. If not, then

M(u,x2n41) = max{d(Su,Txant1),d(fu, Su), d(gr2ni1, TT2n41),
(d(Su, gzant1) + d(fu, Tr2n41))}

= max{d(z,Tron+1),d(fu, 2),d(gxront1, TTont1),
5 (2, g22n+1) + d(fu, Tz2n+41))}

— d(fu,z)

as n — oo. From (1),

Y(d(fu, gT2n+1)) < Y(M(u, 22n41)) — (M (u, 2n41)),

which, on taking limit as n — oo implies that

P(d(fu, 2)) < ¢(d(fu, 2)) = p(d(fu, 2)),

a contradiction with d(fu,z) > 0. Hence fu = z. Therefore fu = Su = z. Since
the maps f and S are weakly compatible, we have fz = fSu = Sfu = Sz. Next we
claim that fz = z. If not, then

Mz, oms1) = max{d(Sz, Taami1), d(f2,S2), d(gzami1, Trons),
(52, gvan1) + d(f2, Trein))
= max{d(fz, Twnt1),d(fz, [2),d(g2n+1, TT2n41),
LSz, gw2001) + (2, Tsnin))
—d(fz,2) (n — o)
and again by (1)
YA(F7 972001)) < B (2, Zans1)) — (M (2, Zans1),

which, on taking limit as n — oo gives the contradiction

P(d(fz,2)) < Y(d(fz,2) = pld(fz2)).
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Therefore fz = 2.

The next step is to show that z is also fixed point for maps g and 7. Since
f(X) CT(X), there is some v in X such that fz = Tw. Then fz = Tv = Sz = 2.
We claim that gv = z. If gv # z, then from (1) we have

d(z,gv) = d(fzagv) < ¢(M(Zvv)) - QO(M(Z,'U)%

where
M(z,v) = max{d(Sz,Tv),d(fz,5z),d(gv,Tv), %(d(Sz, gv) +d(fz,Tv))}
= d(gv, z).
Thus

P(d(z,gv)) < P(d(z, gv)) — p(d(z, gv))

gives a contradiction. Therefore z = gv. Hence gv = Twv = z. By weak compatibility
of mappings g and T we obtain gz = gTv = TTv = Tz. Finally, we claim that
gz = z. If gz # z, then by (1)

P(d(z,92)) = Y(d(fz,92)) < P(M(z,2)) — p(M(z, 2)),

where
M(z,2z) = max{d(Sz,Tz),d(fz,Sz),d(gz,Tz), %(d(Sz,gz) +d(fz,Tz))}
= d(z,g2).
Therefore

P(d(z,92)) < p(d(z,92)) — @(d(2, 92))

gives a contradiction. Hence, fz = gz = Sz = Tz = z. Similar analysis is valid for
the case in which T'(X) is closed, as well as for the cases in which f(X) or g(X) is
closed, since f(X) C T(X) and ¢g(X) C S(X).
As uniqueness of common fixed point z easily follows from the inequality (1),
the proof is completed. O
Now we give an example to support our result.

Example 2.1. Let X = [0,1] with the usual metric. Define f, g, S and T on X by

foo 1, 0<z<1 gz = 3, 0<a<3
1, z=1 1, i<z<1l’

0, 0<z<3 1, 0<z<i

1 1 1 1

1 r=1 1 r=1

_ 27 2 _ 27 2
Sz=19 3 Lop<2 Tzr=4{ 1 Lopa2
37 2 — 3 10 2 — 3

1, 2<z<1 0, 2<az<l1
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and ¢, : [0,00) — [0,00) by ¢(t) = 75t* and ¥(t) = Vt. Then ¢ € ® and
Y € U. Obviously, f(X) CT(X) and g(X) C S(X). Furthermore the pairs {f,S},
and {g,T} are weakly compatible and satisfy (1). Thus f, g, S, and T satisfy the
conditions given in Theorem 2.1 and % is the unique common fized point of f, g, S,
and T.

Special cases of the theorem 2.1 give results obtained earlier in different papers.

Corolary 2.1. ( [4]) Let (X,d) be a complete metric space and let f,g: X — X be
two mappings such that

P(d(fx, gy)) < (M (x,y)) — o(M(z,y)),for all 2,y € X,

where p € ®, Y € U and

1
M(z,y) = max{d(z,y), d(fz, ), d(9y,y), 5 (d(z, gy) + d(fz,y))}-
Then there ezists a unique point u € X such that u = fu = gu.

Proof. If we take S and T as identity maps on X, then from Theorem 2.1 follows
that f and g have a unique common fixed point.

Corolary 2.2. ( [13]) Let (X,d) be a complete metric space and let f,g: X — X
be two mappings such that for all x,y € X

d(fz,gy) < M(z,y) — (M (z,y)),
where ¢ € ® and
M(a,y) = wa{d(z, ), d(f,2), d(gy,1), 5 (d(x, ) + d(F2,0))}.

Then f and g have a unique common fixed point.

Proof. If we take S and T as identity maps on X and ¢(t) = ¢ for t € [0, 00), then
from Theorem 2.1 follows that f and g have a unique common fixed point.

Corolary 2.3. ( [4]) Let (X,d) be a complete metric space and let f: X — X be
a mapping such that for all x,y € X

Pd(fz, fy)) < P(M(z,y)) — (M (z,y)),

where p € ® and

M(a,y) = max{d(e, v),d(f2,2), (3, ), 5z, f5) + (72 0)}.

Then f has a unique fixed point in X.
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Example 2.2. Let X = [0,1] U [3,2] with the usual metric and let self map f on
X be defined as follows:

-1

If we take (t) =t and @(t) = 1t for t € [0,00), then all conditions of Corollary
2.8 are satisfied and f has a unique fixed point %, Note that if we take x = 1 and
y = %, then for any choice of functions ¥ and ¢, mapping f does not satisfy the
contractive condition given in [5].

b

IA A

x
x

IA A

1
2

)

L [l [N
Nw O

Corolary 2.4. ([13]) Let (X,d) be a complete metric space and let f: X — X be
a mapping such that for all x,y € X

where ¢ € ® and

M (2, y) = max{d(z, ), d(f2,2), d(fy, ), 5z, f5) + d(F2,0)}.

Then f has a unique fixed point in X.
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