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NEW BOUNDS FOR THE CEBYSEV
FUNCTIONAL OF TWO FUNCTIONS
OF SELFADJOINT OPERATORS IN HILBERT SPACES

S. S. Dragomir

Abstract
Some new inequalities for the Cebysev functional of two functions of self-

adjoint linear operators in Hilbert spaces, under suitable assumptions for the
involved functions and operators, are given.

1 Introduction

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a x-isometrically isomorphism ® between the set C' (Sp (A))
of all continuous functions defined on the spectrum of A, denoted Sp (A), the C*-
algebra C* (A) generated by A and the identity operator 1y on H as follows (see
for instance [6, p. 3]):

For any f,g € C (Sp(4)) and any «, 8 € C we have

() ®(af+Ag) = ad(f)+ AP (9);

(i) ®(fg)=®(f)®(g) and @ () = @ (f)";

(i) 12 ()] = 11l = suprespn 1 (B

(iv) ®(fo) =1y and ®(f;) = A, where fo (t) = 1and f; (t) =t, fort € Sp(4).

With this notation we define

f(A):=®(f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, i.e. f(A) is
a positive operator on H. Moreover, if both f and g are real valued functions on
Sp (A) then the following important property holds:

f(t) > g(t) for any t € Sp(A) implies that f (A4) > g (A4) (P)
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in the operator order of B (H), the Banach algebra of all bounded linear operators
on H.

For a recent monograph devoted to various inequalities for functions of selfad-
joint operators, see [6] and the references therein.

For other results see [7], [9], [10] and [11].

We say that the functions f, g : [a,b] — R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:

(f ()= f(s)(g(t) —g(s)) = (<)0 for each t,5 € [a,].

It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a,b], then they are synchronous on [a,b] while if they have opposite
monotonicity, they are asynchronous.

For some extensions of the discrete Cebysev inequality for synchronous (asyn-
chronous) sequences of vectors in an inner product space, see [4] and [5].

For a selfadjoint operator A on the Hilbert space H with Sp(A) C [m, M] for
some real numbers m < M and for f, g : [m, M] — R that are continuous functions
on [m, M], we can define the following Cebysev functional

C(f,9:4;2) = (f(A) g(A)z,x) = (f (A) z,z) - (g (A) 2, 2)

where x € H with ||z] = 1.
The following result provides an inequality of CebysSev type for functions of
selfadjoint operators, see [2]:

Theorem 1 (Dragomir, 2008, [2]). Let A be a selfadjoint operator with Sp (A) C
[m, M| for some real numbers m < M. If f,g : [m, M] — R are continuous and
synchronous (asynchronous) on [m, M|, then

C(f,g:4;2) = (2)0, (1.1)
for any x € H with ||z|| = 1.
The following result of Griiss’ type can be stated as well, see [3]:

Theorem 2 (Dragomir, 2008, [3]). Let A be a selfadjoint operator on the Hilbert
space (H;(.,.)) and assume that Sp(A) C [m, M| for some scalars m < M. If f
and g are continuous on [m, M| and y := minyep,, ar) f () and T’ := max,epm ar f (t)
then

1 1
C(fgidia) < 5+ (0= Clag ] (< JT-D@-0), (2
for each x € H with ||z|| = 1, where § := minge[y, a9 (t) and A := maxycpm 1 g (1) -

The main aim of this paper is to provide other inequalities for the Cebysev
functional. Applications for particular functions of interest are also given.
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2 A Refinement and Some Related Results

The following result that improves (1.2) can be stated:

Theorem 3. Let A be a selfadjoint operator with Sp(A) C [m, M] for some real
numbers m < M. If f,g : [m, M] — R are continuous with ¢ := mingepm, a9 ()
and A := maxXec[m, v g (1), then

C(f,9:42) < 5 (A=0)(|f(A) - (f(A)z

1g|x, )

M| —

<

;) -
1
5 (A=) C2 (] f; 45m), (21)
for any x € H with ||z| = 1.

Proof. Since ¢ := minsepm, a9 (t) and A := maxyef,, 1 g (t) , we have

_A+5 1

o0 - 25| < 5 a-9), (22)

for any t € [m, M].
If we multiply the inequality (2.2) with |f (¢t) — (f (A) z, z)| we get

Do)~ (@) - 2 0 rm+ B

~5
—~

(f (A)z,z) (2:3)

<

(A=0)[f (1) = (f(A)z,z)],

N |

for any t € [m, M] and for any « € H with ||z| = 1.

Now, if we apply the property (P) for the inequality (2.3) and a selfadjoint
operator B with Sp (B) C [m, M], then we get the following inequality of interest
in itself:

[(f(B)g(B)y,y) —(f(A)z,z) (g (B)y,y) (2.4)
BBy + 2 ()

< 3 (A8 {(1f (B)~ (F ()2, 2) Ll )

for any x,y € H with ||z|| = ||y|] = 1.

If we choose in (2.4) y = x and B = A, then we deduce the first inequality in
(2.1).

Further on, by the fact that for any bounded linear operator T" we have

TV, ) = (T°T)?2,0) < (T"T) 2, 2)'/* = || Ta
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for any @ € H with ||z|| = 1, then we can state that
(I (A) = (f (A z,z)  1g|z,x) < ||f(A)z = (f (A) z,2) - 2]

= [IF @) all® = (f (A)z,2)°
=C'Y2(f, f; ),

1/2

for any @ € H with ||z|| = 1, and the second part of (2.1) is also proved. I

Let U be a selfadjoint operator on the Hilbert space (H, (.,.)) with the spectrum
Sp(U) included in the interval [m,M] for some real numbers m < M and let
{Ex}\cr be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following representation in terms of the Riemann-
Stieltjes integral:

G@wa) = [ F0 (B, (25)

for any € H with ||z|| = 1. The function g, (\) := (Exz, ) is monotonic nonde-
creasing on the interval [m, M] and

gz (m—0)=0and g, (M) =1 (2.6)

for any « € H with ||z| = 1.
The following result is of interest:

Theorem 4. Let A and B be selfadjoint operators with Sp (A),Sp(B) C [m, M|
for some real numbers m < M. If f : [m, M] — R is of r — L—Hoélder type, i.e.,
for a given r € (0,1] and L > 0 we have

[f (s) = f@O < Lls—t" for any s,t € [m, M],
then we have the following inequality:

m+ M
2

£~ Wl <L [3r-m+s . e

for any s € [m, M| and any x € H with ||z| = 1.
Moreover, we have

(f (B)y,y) = (f(A) z,2)| < (|If (B) = (f (A) z,2) - 1uly,y)

SL[l(M—m)+< m+ M

for any x,y € H with ||z|| = |ly|]| = 1.
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Proof. We use the following Ostrowski type inequality for the Riemann-Stieltjes
integral obtained by the author in [1]:

b
£ () [u(b) — u(a)] - / £ (8) du (1)

_a+b
2

gLB(b—a)—&-’s

[RATREY

for any s € [a, b], provided that f is of r — L—Holder type on [a, ], u is of bounded
variation on [a, b] and V! (u) denotes the total variation of u on [a, b] .

Now, applying this inequality for u (A) = g, (A) := (E\z,x) where x € H with
|z =1 we get

M
|f<s> / Of<A>d<<Ew,x>>|

' - m+M

gL[; (A —m)+ s ] VMo (g) (2.10)

which, by (2.5) and (2.6) is equivalent with (2.7).
By applying the property (P) for the inequality (2.7) and the operator B we

have
(U7 (B) =45 (W) Ll < £ [ 5 01 = m) + |- | v)
e

b - )]

for any x,y € H with ||z|| = ||y|| = 1, which proves the second inequality in (2.8).
Further, by the Jensen inequality for convex functions of selfadjoint operators
(see for instance [6, p. 5]) applied for the modulus, we can state that

[(h(A) z, z)| < ([h(A)|,z) (M)

m+ M

Ay

IN

for any « € H with ||z|| = 1, where h is a continuous function on [m, M].
Now, if we apply the inequality (M), then we have

(Lf (B) = {f (A)z,z) - 1]y, y)| < (|f (B) = (f (A) =, 2) - 1u]y,y)
which shows the first part of (2.8), and the proof is complete. I

Remark 1. With the above assumptions for f, A and B we have the following
particular inequalities of interest:

‘f ("5 -tz

< iL(M —m)" (2.11)

2 2"
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and

m+ M
2

(o)) = ( (A)20)] < £ [ O - m) + [(Ao.) -

]T, (2.12)

for any x € H with ||z|| = 1.
We also have the inequalities:

[(f Ay y) = (f (A)z,x)| <(If (A) = (f (A z,2) - 1uly,y)

SLB(M—m)+< mt+ M

for any x,y € H with ||z|| = |ly|]| = 1,

([F (B) = f(A)]z,z)| < (|f (B) = (f (A z,2) - 1u|z,z)

<L B (M —m) + <‘B— m;M A xxﬂ (2.14)
and, more particularly,
(IF (A) = (f(A)z,2) - 1u|z,z)
<L B(Mm)+<‘A m—|2—M e x,x>] , (2.15)
for any x € H with ||z| = 1.
We also have the norm inequality
1 m+ M "
5@ - sl fyor-mss- "2 e

The following corollary of the above Theorem 4 can be useful for applications:

Corollary 1. Let A and B be selfadjoint operators with Sp (A),Sp(B) C [m, M|
for some real numbers m < M. If f : [m, M] — R is absolutely continuous then
we have the Ostrowski type inequality for selfadjoint operators:

1f () = (f (A) z, z)]
[% (Mim)+’siwu ||f,||oo,[m,M] Zf fI€L°° [m M]’

< g (2.17)
1 _ _ mtM (1Y e if f eLp[va]’
[2 (M m)+ ’8 2 H ||f ||p)[m7M] p7q> 1,%_1_% — 1’
for any s € [m, M] and any x € H with ||z|| =1, where |||, ,, r are the Lebesgue
norms, i.e.,

17l oo jm,ar) == €55 sup [[h(2)]]
te[m,M]
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and

M 1/p
1Bl . a) = </ Ih(t>|”) p> 1

Moreover, we have

(f By, y) = (f(A)z,z)| < (|f (B) = {f (A z,2) - 1uly,y)
[3 M —m) +{|B =25 1u|y. ) 1 lcsmnny i f' € Loo [m, M];

< .

- if f’GLlp[ml,M],

pvq>135+6:13
(2.18)

(5 = m) 4+ (|B = 25 15|y )] 1

for any x,y € H with ||z|| = |ly|| = 1.

Now, on utilising Theorem 3 we can provide the following bound for the Cebysev
functional that may be more useful in applications:

Corollary 2. Let A be a selfadjoint operator with Sp (A) C [m, M] for some real
numbers m < M. If g : [m, M] — R is continuous with § := min,epm a9 (t) and
A = max;e[m,m 9 (t) , then for any f: [m, M] — R of r — L— Hélder type we have

the inequality:
z,x>} , (2.19)

Remark 2. With the assumptions from Corollary 2 for g and A and if f is abso-
lutely continuos on [m, M|, then we have the inequalities:

for any x € H with ||z|| = 1.

C(f,9: As)] < 5 (A 5)

(3 (M —m)+ (|A— "M 1y|z,2)] 1 oo, a1y if f'€ Lo |m,M];

]
1

(2.20)

if f'€ Le|m,M

m 1/
50 =)+ (A= 22 1)) Uy 0

1
q
for any x € H with ||z|| = 1.

3 Some Reverses of Jensen’s Inequality

It is clear that all the above inequalities can be applied for various particular in-

stances of functions f and g. However, in the following we only consider the in-

equalities

m+ M
2

(o)) = (] ()20 < L [3 O =)+ (o) -

y (3.1)
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for any € H with ||z|| = 1, where the function f : [m, M] — R is of r — L—Holder
type, and
|f ((Az, z)) = (f (A) =, z)]
[L(M = m) + Az, 2) — EM[] |, i f € Lo, M)

IN

if f/ € L, [m

| 714
Jm,M] 11
p;[m, M] p>15+

[% (M —m) + |<Am,x>—wuq|‘f/

E
1
(3.2)
for any € H with ||z|| = 1, where the function f : [m, M] — R is absolutely
continuous on [m, M], which are related to the Jensen’s inequality for convex func-
tions.
1. Now, if we consider the concave function f : [m,M] C [0,00) = R, f (¢t) ="
with » € (0,1) and take into account that it is of r — L—Holder type with the

constant L = 1, then from (3.1) we derive the following reverse for the Hoélder-
McCarthy inequality [8]

m+ M
2

0 < (A2, ) — (Az,2)" < [ (M —m) + '(Am,:r) -

% ] (3.3)

for any « € H with ||z| = 1.
2. Now, if we consider the functions f : [m,M] C (0,00) — R with f (t) = t*
and s € (—00,0) U (0,00), then they are absolutely continuous and
sMs—1 for s € [1,00),

||f/||oo,[m,M] =
|s|m*=1 for s € (—00,0) U (0,1).

If p > 1, then

M 1/p
Iy = 1o (/ t“*”dt)
m

P —D+1_p(s—1)+1\ 1/P ifs 411
p(s—1)+1 P

|s| %
[In (A2)]"/7 ifs=1-1.

m

On making use of the first inequality from (3.2) we deduce for a given s €
(—00,0) U (0, 00) that

m+ M
2

|(Az,z)° — (A®z, )|
sMs—1 for s € [1,00),

% (3.4)
|s|m*=1 for s € (—00,0) U (0,1).

s[;(M—mH

(Az,z) —
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for any x € H with ||z| = 1.
The second part of (3.2) will produce the following reverse of the Hélder-McCarthy
inequality as well:

|(Az,z)° — (A2, )|
m—+ M|]?
2

MPG—D+1_p(s—1)+1 1/p ifs£1— 1
p(s—1)+1 P

< 1o |5 (07 = m) + [(40.) -

(3.5)
[tn (A1) ifs=1-3

for any « € H with ||z|| = 1, where s € (—00,0) U (0,00), p > 1 and % + % =1.
3. Now, if we consider the function f (¢) = Int defined on the interval [m, M] C
(0,00), then f is also absolutely continuous and

m~! for p = oo,

’ p—1_, p—1 1/}7
If ||p,[m,M] = (%) forp > 1,
In (%) for p = 1.

Making use of the first inequality in (3.2) we deduce

m+ M
2

0<In((Az,z)) — (In(A)z,z) < E (M —m) + ’(Ax,x) — } m~t  (3.6)

and

0 <In({Az,z)) — (In(A) z, x)

m+ M

(Azx,x) — 5

r((pj\fi)l]\/.f_p”i;:l)l/p (3.7)

for any « € H with ||z|| = 1, where p > 1 and % + % =1

s[;(M—mH

4 Some Particular Griiss’ Type Inequalities

In this last section we provide some particular cases that can be obtained via the
Griiss’ type inequalities established before. For this purpose we select only two
examples as follows.

Let A be a selfadjoint operator with Sp (A) C [m, M] for some real numbers
m < M. If g : [m, M] — R is continuous with ¢ := minyep, a7 g () and A :=
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maXye(m, ) g (1), then for any f: [m, M] — R of r — L—Hoélder type we have the
inequality:

[(F(A) g (A)z,z) = (f (A) z,2) - (9 (A) 2, z)|

<;(A—5)L[;(M—m)+<‘A—m+M

2

Ay

x, x>} , (4.1)
for any « € H with ||z| = 1.
Moreover, if f is absolutely continuos on [m, M], then we have the inequalities:

N

[(f(A) g (A)z,z) = (f (A)z,2) - (g (A) z,2)] < 5 (A=)
(3 (M —m)+ (|A -2 1y |z, 2)] 1 oo pm,ary i f € Loo [m, M];
it f'eL,[m,M],

1 1 _
p,q>1,5+5—1
(4.2)

[ —m) + (JA =25 1 )] f

for any x € H with ||z| = 1.

1. If we consider the concave function f : [m, M] C [0,00) — R, f(t) = ¢" with
r € (0,1) and take into account that it is of r — L—Holder type with the constant
L =1, then from (4.1) we derive the following result:

[(A"g (A)z,z) — (A"w,z) - (g (A) =, z)]
m+ M

sé(A—&B(M—quA— a

mﬂ (43)

for any © € H with ||z|| = 1, where g : [m, M] — R is continuous with ¢ :=
Miny e[, 11] 9 (t) and A := Maxye(m, M) g (t).
Now, consider the function g : [m,M] C (0,00) — R, g(¢) = t? with p €
(—00,0) U (0,00). Obviously,
MP—mP  ifp>0,
A—-§=
M _Zom 2 ifp <0,

and by (4.3) we get for any © € H with [|z|| = 1 that

0 < (A™Pg, x) — (A"z,z) - (AP, x)

g%(Mhmp) B(Mm)+<‘Am+2M~1H

”ﬂ (4.4

when p > 0 and

0<(A"w,z) - (APx,z) — (A" Pz, x)
LML

2 M—Pm—P |2

< m+ M

(M—m)+<‘A— 1

”ﬂ (15)
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when p < 0.
If g : [m, M] C (0,00) — R, g (t) = Int, then by (4.3) we also get the inequality
for logarithm:

0<(A"InAx,z) — (A"z,x) - (In Az, x)

M |1 m+ M

x,mﬂ , (4.6)
for any « € H with ||z| = 1.
2. Now consider the functions f,g : [m, M] C (0,00) — R, with f (¢) = t* and
g (t) = t* with s,w € (—00,0) U (0,00) . We have

sM*—1 for s € [1,00),

Hf,Hoo,[m,M] =
|s|m*=1 for s € (—00,0) U (0,1).

and, for p > 1,

Mp(s=DH+1 o ps—1)+1 ) /P s 41— 1
p(s—1)+1 P

1l gy = 1] %

[ln (24)]*/7 ifs=1-1.

If w > 0, then by the first inequality in (4.2) we have
’<As+wx,x> — (A%z,x) - (wa,:rﬂ

1
2

m+ M

< g ) [For-m+ (Ja- "5y

)

sMs—1 for s € [1,00),
X (4.7
|s|m*=1 for s € (—00,0)U(0,1),

for any € H with [|z| = 1.
If w < 0, then by the same inequality we also have

|<As+wm, z> —(A’z, x) - (wa,oz>|
1 M™—-m=" |1 m+ M
< . z _ _ )
<3 megew [2 (M —m)+ <'A 5 1 x,x>]
sMs—1 for s € [1,00),
X (4.8)

|s|ms=t for s € (—o0,0)U (0,1),

for any « € H with ||z| = 1.
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Finally, if we assume that p > 1 and w > 0, then by the second inequality in
(4.2) we have

AT x) — (A%z,z) - (A%, z)|

1 1 M 1a
< L1sl Q1 — m) [2<M—m>+<\A—m+ |z )]
pa=D+1_ o p(s—1)+1\ /P
(M T ) ifs#1— %
X (4.9)

[in (30)]77 ifs=1-1,

while for w < 0, we also have

|(A5Tz, 2) — (A%z, x) - (AV2, )|

x?

1 MY —m™v 1 M 1/q
S2|3|']\4wnjnw_2(M—m)+<A—m+ g :cat>]
MPE—D+1_p(s—1)+1 1/p . 1
( p(s—1)+1 ) ifs#1—7

x (4.10)

M\11/P e 1
[ (7)) ifs=1-1

where g > 1With%+%=1 and z € H with ||z]| = 1.
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