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NEW INTEGRABILITY CONDITIONS OF
DERIVATIONAL EQUATIONS OF A SUBMANIFOLD
IN A GENERALIZED RIEMANNIAN SPACE

Svetislav M. Mincié¢, Ljubica S. Velimirovi¢ and Miéa S. Stankovié

Abstract

The present work is a continuation of [5] and [6]. In [5] we have obtained
derivational equations of a submanifold X s of a generalized Riemannian space
GRy. Since the basic tensor in GRy is asymmetric and in this way the
connection is also asymmetric, in a submanifold the connection is generally
asymmetric too. By reason of this, we define 4 kinds of covariant derivative
and obtain 4 kinds of derivational equations. In [6] we have obtained integra-
bility conditions and Gauss-Codazzi equations using the 1°¢ and the 2% kind
of covariant derivative.

The present work deals in the cited matter, using the 3"¢ and the 4*" kind
of covariant derivative. One obtains three new integrability conditions for
derivational equations of tangents and three such conditions for normals of
the submanifold, as the corresponding Gauss-Codazzi equations too.

1 Introduction

1.1. A generalized Riemannian space GRy is a differentiable manifold equipped
with an asymmetric basic tensor G;;(z?, ...,z") (the components) where z are the
local coordinates. The symmetric, respectively antisymmetric part of G;; are H;;
and K7J

For the lowering and rasing of indices in GRy one uses H;j, respectively H i,
where

(1.1) (HY) = (Hi;)™', (det(H;;) #0).
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Cristoffel symbols at GRy are

1 ) )
5(Gjik — Gjri + Girj), g = HPTy i,

(1.2) Lk = 2

where, for example, Gj; = 0G,;/0z*. Based on the asymmetry of Gj;, it follows
that the Cristoffel symbols are also asymmetric with respect to j, k in (1.2).
By equations

(1.3) ot =zt uM) =2 (u®), i=1,..,N,

a submanifold Xj, is defined in local coordinates. If rank(Bt) = M (B! =
Ox"/Ou®) and
(1.4) 9ap = BLBLGj,
X becomes GRy; C GRy, with induced basic tensor (1.4), which is generally
also asymmetric. Note that in the present work Latin indices i, j,... take values
1,..., N and refer to the GRy, while the Greek ones take values 1, ..., M and refer
to the GRyy.

In the GRy; are valid the relations similar to (1.1) and (1.2). The symmetric
part of gos is denoted with h,g, and antisymmetric one with k,g, where e.g.
(1.5) hap = BLBLH;,  (h°7) = (hap) ™"
(Cris;uoffel symbols faﬁ,y, fl‘gﬁ/ = h‘”fwﬂv are expressed by g.s analogously to
1.2).

For the unit, mutually orthogonal vectors N, which are orthogonal to the GRy,
too, we have [1]

(1.6) HijNYN% = eadfs = hap, ea € {—1,1}, H;;N},BJ =0,

where A,B,---€ {M +1,...,N}.
As it is known, the following relations between Cristoffel symbols of a generalized
Riemannian space and its subspace are valid:

(1.7) Tapy = DijuBuBYBY + HiyBLBY

(1.8) T, = h"Trgy = W™ (Do By By BY + Hy;B,Bj ),
ie.

(1.8 8, = W™ HyBE(T%.B,BE + Bj ).

1.2. The set of normals of the submanifold X,; € GRy make a normal bundle
for Xy, and we note it X§_,,. One can introduce a metric tensor on X§_,,

(1.9) gas = Gz NyN,
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which is asymmetric in a general case.
The symmetric part is

€A, A:B7

1.10)  hap=H;N\NL = e 6p=hpa= ,ea € {-1,1}.
(1.10) AB ITATB () tATB T IBA {0, otherwise. = { }
If

(hAB) = (hAB)_1>
we have

hAP = e 08 = hap = KP4

On X{_,, one can define in two manners connection coefficients

(1.11) T3, = Hyh"ING(Np , + T} NEB).
2 ap

Being the coefficients I, f, T non-symmetric in general, for a tensor, defined at
points of GRjy, is possible define four kinds of covariant derivative. For example

1A _ yiaA _ 4iaA 7 paApm P picA pm
Vuliss = iap = GpBu + Domljsp By’ — Vjmtpsp B
1 m mj
§ 2 p’"z: m?
4 3 mp im
(1.12) B
: a piTA T giaA A jiaP P jiaA
T Ut = Uoutinbs T 1putisn = Ubutisp
e m
T uB 2 2
p Bu 1 2
2 1

In this way four connection Y, 0 e{l,...,4}, on Xy C GRy are defined. We shall
note the obtained structures (X, C GRy, g, 0e{l,...,4}).

2 New first and second kind integrability
conditions of derivational equations

2.0. In [5] are obtained derivational equations of a submanifold in a GRy, and in
[6] integrability conditions of these equations in the structure (X; C GRy, g, S

{1,2}). In the present work we engage in this problem for the structure (X C
GRn, g, 0 € {3,4}).

As it is proved in [5] (Th. 1.2.), derivational equations in the considered case
for a tangent are

(2.1) P = ;QPWNP, 0 € {3,4},
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and then for induced torsion in X, is valid

(2.2) TS

v =0 (I3, =15)-

By virtue of the Th. 2.3. in [5], for unit normal is

(2.3) N};‘W = —eAgAthﬂpB;, 0 € {3,4},
0

and

(24) ?gu = ;gu fg;u

n (1.12), and based on (1.8) in [5]

(2.5) sllpau:epHijN;(Bﬂ +1J,,BYB) = Qpay-

pma
2 4

In relation with (2.2,4), the addends in (1.12), related to X; and to XX_,, are
not different for separate kinds of derivatives, and (1.12) now becomes

A _ jiaA i 1 paA pm P icA pm
Gk |n = B T Lombjsn By = Uimtpss B
Pm mj
mp jm

INISRNR

(2.6)
+ fﬁut%‘% o ~Bu ?T% + FPut;%Ig’ FBHt;%é”
where the coefficients T' are symmetric, and T' are unique (? = g =T). Ifin a

differentiated tensor no exists indices as 4, j, ..., we write |u instead of | .
0
Using (2.1,3), we get (see (2.4) in [6])
B(i1|;1, lv — B(lx lvip = Z[ePhﬂp(_%PaugPpu + gPauggPpu)B;—

(27) 6 w w 0 P -
+ (gP(xulu - gPQVLM)N}DL 97("-) € {3a4}

2.1. With respect of Ricci-type identities (12) and (13) from [2], and taking into
consideration (2.2), we have

(28) B(lxé\]ygviBa\ = R;mntBZLan Rg,uu 0 € {3’4}3
where
(2.9a) R;mn = F;m " F;n m T Ffmrfm Fp F;m,



New integrability conditions of derivational equations... 141

—T¢. 4P ¢ TP T

nj,m mj- np nj+ mp

(2.9b) 12%1' =T

jmn mj,n

are curvature tensors of the 15, respectively 279 kind of GRy and R%‘,w is,
with respect of (2.2), curvature tensor of Ry; C GRy.

We obtained in [6] three kinds integrability conditions for derivational equation
of a tangent B!, i.e. for B! 6 & {1,2}. We shall consider here such conditions

('3 a{Luv
for 6 € {3,4}.
If one substitutes § = w € {3,4} into (2.7) and compares with (2.8), taking into
consideration (2.5) and (2.6), we get

RomnBEB BY = Ry, — D eph™ (QpauQpow — QpavQro.)| B
(2.10) r A
+ ;[QPQMV - SO)P()(VW]N’LPa 0 e {37 4}7

which are the 15t and the 2”9 integrability conditions of derivational equation
(2.1) in the structure (X C GRy, Y, 0 € {3,4}).

a) Composing the previous equation with H% Bé, one gets

(2.11) R jomn B BBE B B = Rap—_ ep(QrauQpo—QpraQrs), 0 € (3,4},
P

where

(2.12a,b) R jpmn = Hi; R Rpopw = hapRE ., 0 € {3,4}.

pmn? apy?

Taking into count the antisymmetry of the tensors (2.12) with respect of the
first two indices and substituting ¢ in place of p, the equation (2.11) becomes

(2.13) Ropuw= R ijmn Bi BB B) —ZP: ep(QpauQroy—QpaQpsy). 0 € {3,4},
which are Gauss equations of the 15t and the 2”9 kind in the structure (X,; C

GRNy, g, 0 € {3,4}).
b) Composing the equation (2.10) with HijNé we obtain finally

(214) GgmmnB(ZxNg)BZng = eQ(SgQaum - SgQan)v 0 e {374}7

and that are the 15¢ Codazzi equations of the 15t and the 2™? kind at the
cited structure.
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2.2. Consider the same matter for the unit normal N%. Using (2.3,1), we obtain
(see (2.13) in [6]):

i ATt _ T o %
NA\;L v NA vip — €Ah [(QAp;MV QApu|,u,)B7r
0 0 0 w w 6

w w

(2.15) i
+ ;(gAp;J,{}ZPTrD - gApugle)NP]~

In order to find corresponding Ricci-type identity for the left side of this equation
for 0 = w € {3,4}, we use (2.6). Firstly, we have

(2.16) Nﬁgu =Njy,+TI,, NiB" —Th Np,

and further

i i % s n _ 1o s S 7
NAW\V = (NA|;L)7V + anNA\uBy - FMVNAlo' - FAVNslp
3 3 3 3 3 3
= Ni!,uu + F;m,nN:ZB/TBZL + F;mNg,uB/T + F;mNZB/TV
- fﬁu,uNlij - fﬁuNIiDﬂ/ + Fzan.Z,p,BlT/L + FénF;mB;LNfXB;T
- F;nNISDfiuBIT/L - fZVNA,O' - fZVF;mNﬁB;'n + fZVfiaN}iD
- FiVNé7/t - Fiz/ ;mNgBZL + FiurguN;%
wherefrom
3 3 3 3
where
(218) Egm/ = fIé,u,,l/ - fél/,p. + fguf}gu - fgufépn

is curvature tensor of the spaceGRn with respect to the normal subman-
ifold in the structure (X C GRy, y, 0 € {3,4}).

By means of the 4" kind of covariant derivative we obtain an equation corre-
sponding to (2.17), and we conclude
(2.19) N4, — N4 :91_%21' NEB!'B] — RY ,,Np, 60 € {3,4}.

vip pmn Apv

[v]
6 6

If one substitutes into (2.15) § = w € {3,4} and equilizes the right sides of ob-
tained equation and (2.19), we get the 1¢ and the 2”9 kind integrability con-

ditions of derivational equation (2.3) in the structure (X»s C GRy, g, 0 e
{3,4}):
R NEBIBY = eah™(Qapui = QLapuin) B

2.20 — . i
( ) + [RIIZ#V —eah™ g(%App,%zPﬂl/ - %Apugszu)]NPa AS {3a 4}'
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a) If we compose this equation with H;; Bé one obtains an equation equivalent with

(2.14),that is the 1°! Codazzi equation of the 15! and the 2"? kind for the structure
(XM C GRy, g, 0 e {3,4}).

b) By composing the equation (2.20) with H;;N%, one obtains endly

(221) e‘g”mnN}LXN]JBBZLBLL = EABMV + €A€Bhﬂ-p(%2A7rp,gngu - ggATruggBPll«)a

where
(222) EAB,U,V = hAPﬁg;w-

The equation (2.21) is the 2°¢ Codazzi equation of the 15t and the 2¢ kind
for the structure (X C GRy, Y, 0 € {3,4}).

Based on expressed above, the next theorems are valid:

Theorem 2.1. The 1% and the 2% kind integrability conditions for derivational
equations (2.1), (2.3) in the in the structure (X C GRy, g, 0 € {3,4}) are given

by equations (2.10), (2.20) respectively, where %2 is given in (2.5), ]1%, ]2% in (2.9),

R is curvature tensor of the symmetric connection f, while R is given in (2.18),
(2.22).

Theorem 2.2. The Gauss equations of the 15t and the 2" kind in the structure
(Xm C GRy, y, 0 € {3,4}) are given in (2.13), the 1%t Codazzi equations of the

1% and the 2" kind in (2.14), and the 2"% Codazzi equations of the 15 and the 2"¢
kind in (2.21) in the same structure.

3 Third kind integrability condition of derivational
equations

3.1. Using simultaneously the 3" and the 4*" kind of covariant derivative by virtue
of (2.6), we obtain Ricci-type identity (eq. (46) in [2]):

(3.1) B . —B

X2
alulv
3 4

% _ Dt p _ D7 i
alvip — @p;LUBa Roz;uzBrrﬂ
4 3

where

(32) R, =%  _T¢

Wy = L jmn =L ngm T jmt np = Lngl pm

40P Ti -TP.T% \BMBI+T., (Br,~TT, BT

vp=m

is curvature tensor of the 4t® kind of GRx with respect to Xy C GRy.
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On the other hand, if we put into (2.7) § = 3, w = 4 and compare the ob-
tained equation with (3.1), we obtain the 3¢ kind integrability condition of
derivational equation (2.1) in the structure (X, C GRy, y, 6 € {3,4}):

Ry, BE = R, - ; eph™ (QPauQppw — QParSepp)| By

(3.3) .
+ ;(?Pa;ﬁu - S;Powm)NP'

a) Composing previous equation with HijBé, we get
Bjpuv By BE = Rpapw — EP: ep(Qrandroy — QravQpsu);

i.e., exchanging j — i, p — j, a < [, it follows that

(34) Raﬁ,ul/ = @2];},1/-3(11321 - ; eP(?Pa,uSgP,BV - SQ)PO(IJSPPﬁM))
where
(3.5) Bijuw = Hip 5, .

The equation (3.4) is Gauss equation of the 3" in the structure
(XM C GRy, Y, S {3,4})

b) Composing (3.4) with HijNé, we obtain

Ifijm/NéBé = eQ(SPQau\V - gQaulu)'
This is the 15 Codazzi equation of the 39 kind in the cited structure.

3.2. On the base of (2.6) and (2.16) we have

i _ i i s n _ o i s )

NAl/,L‘l/ - (NA|;,L)7V +FnsNA\uBV - FHVNAIU - FAVNS“,L

3 4 3 3 3 3
= Ni,w + T NABI'B) + T}, N4 B+ T, NiB;"

pm w,nu

— T8, Nb =Ty, Np, +Ti Ny Br +T% T3, BN B

ns+ pm
% s P n To 0 o i P pm To =P %
- I"nSNP]‘—‘A,U,Bl/ - F;J,VNA,U - F;LVFpmNABO' + FHVFAUNP
S 7 TS i ppm | TS TP 7
- FAVNS7M - FAV pmNSB/L + FAVFSHNP7

pUV

i % _ i P i
(36) NA‘JS;LJLV - AJLULL# - ‘Zj“ Nﬁ - RA,uVNPﬂ
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where R is given in (3.2), and R in (2.18).

By substituting into (2.15) § = 3, w = 4 and comparing the obtained equation
with (3.6), we obtain the 3 kind integrability condition of derivational
equation (2.3) in the structure (X3 C GRy, g, 0 € {3,4}):

R

7 P _ TP _ 7
4puVNA = —eah (glep/J,‘l/ ngpu\u)BTr

3.11 - ™ i
( ) + [Riuy - eAh r XP:(QApugPﬂ'V - ngpuSPPTrM)]NP~

a) Composing this equation with HijBé one obtains the equation of the form
(3.5), that is the 1% Codazzi of the 3" kind.

b) Composing (3.7) with H;; N4, we obtain the 2" Codazzi equation of the
374 kind in the above cited structure:

(38) ﬁzguuquNé = EAB[LU + eAeBhﬂ—p(slep,ugBﬂu - gApV?Bﬂ'/_L)'

From exposed, the following theorems are valid.
Theorem 3.1. The 3" kind integrability conditions of derivational equations
(2.1,3) for (Xpr € GRy, with the structure (Xp C GRy, Y, 0 € {3,4}), where
the connection Y is defined in (2.6), are given:

- for tangents Bt by equation (3.3),

- for normals Ny by equation (3.7).
Theorem 3.2. In the same structure (from the previous theorem) the Gauss equa-

tion of the 3" kind for Xpy C GRy is given in (3.4), the 15 Codazzi equation of
the 3" kind by (3.5), and the 2"¢ Codazzi equation of the 3" kind by (3.8).
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