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NEW INTEGRABILITY CONDITIONS OF
DERIVATIONAL EQUATIONS OF A SUBMANIFOLD

IN A GENERALIZED RIEMANNIAN SPACE

Svetislav M. Minčić, Ljubica S. Velimirović and Mića S. Stanković

Abstract

The present work is a continuation of [5] and [6]. In [5] we have obtained
derivational equations of a submanifold XM of a generalized Riemannian space
GRN . Since the basic tensor in GRN is asymmetric and in this way the
connection is also asymmetric, in a submanifold the connection is generally
asymmetric too. By reason of this, we define 4 kinds of covariant derivative
and obtain 4 kinds of derivational equations. In [6] we have obtained integra-
bility conditions and Gauss-Codazzi equations using the 1st and the 2st kind
of covariant derivative.

The present work deals in the cited matter, using the 3rd and the 4th kind
of covariant derivative. One obtains three new integrability conditions for
derivational equations of tangents and three such conditions for normals of
the submanifold, as the corresponding Gauss-Codazzi equations too.

1 Introduction

1.1. A generalized Riemannian space GRN is a differentiable manifold equipped
with an asymmetric basic tensor Gij(x1, ..., xN ) (the components) where xi are the
local coordinates. The symmetric, respectively antisymmetric part of Gij are Hij

and Kij .
For the lowering and rasing of indices in GRN one uses Hij , respectively Hij ,

where

(1.1) (Hij) = (Hij)−1, (det(Hij) 6= 0).
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Cristoffel symbols at GRN are

(1.2) Γi.jk =
1
2
(Gji,k −Gjk,i + Gik,j), Γi

jk = HipΓp.jk,

where, for example, Gji,k = ∂Gji/∂xk. Based on the asymmetry of Gij , it follows
that the Cristoffel symbols are also asymmetric with respect to j, k in (1.2).

By equations

(1.3) xi = xi(u1, ..., uM ) ≡ xi(uα), i = 1, .., N,

a submanifold XM is defined in local coordinates. If rank(Bi
α) = M (Bi

α =
∂xi/∂uα) and

(1.4) gαβ = Bi
αBj

βGij ,

XM becomes GRM ⊂ GRN , with induced basic tensor (1.4), which is generally
also asymmetric. Note that in the present work Latin indices i, j, ... take values
1, . . . , N and refer to the GRN , while the Greek ones take values 1, . . . ,M and refer
to the GRM .

In the GRM are valid the relations similar to (1.1) and (1.2). The symmetric
part of gαβ is denoted with hαβ , and antisymmetric one with kαβ , where e.g.

(1.5) hαβ = Bi
αBj

βHij , (hαβ) = (hαβ)−1.

Cristoffel symbols Γ̃α.βγ , Γ̃α
βγ = hαπΓ̃π.βγ are expressed by gαβ analogously to

(1.2).
For the unit, mutually orthogonal vectors N i

A, which are orthogonal to the GRM

too, we have [1]

(1.6) HijN
i
AN j

B = eAδA
B = hAB , eA ∈ {−1, 1}, HijN

i
ABj

α = 0,

where A, B, · · · ∈ {M + 1, . . . , N}.
As it is known, the following relations between Cristoffel symbols of a generalized

Riemannian space and its subspace are valid:

(1.7) Γ̃α.βγ = Γi.jkBi
αBj

βBk
γ + HijB

i
αBj

β,γ ,

(1.8) Γ̃α
βγ = hπαΓ̃π.βγ = hπα(Γi.jkBi

πBj
βBk

γ + HijB
i
πBj

β,γ),

i.e.

(1.8′) Γ̃α
βγ = hπαHpiB

p
π(Γi

jkBj
βBk

γ + Bi
β,γ).

1.2. The set of normals of the submanifold XM ⊂ GRN make a normal bundle
for XM , and we note it XN

N−M . One can introduce a metric tensor on XN
N−M

(1.9) gAB = GijN
i
AN j

B ,
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which is asymmetric in a general case.
The symmetric part is

(1.10) hAB =HijN
i
AN j

B =
(1.5)

eAδA
B =hBA =

{
eA, A=B,

0, otherwise.
, eA ∈ {−1, 1}.

If
(hAB) = (hAB)−1,

we have
hAB = eAδA

B = hAB = hBA.

On XN
N−M one can define in two manners connection coefficients

(1.11) Γ
1
2

A
Bµ = Hijh

AQN j
Q(N i

B,µ + Γi
pq
qp

Np
BBq

µ).

Being the coefficients Γ, Γ̃, Γ non-symmetric in general, for a tensor, defined at
points of GRM , is possible define four kinds of covariant derivative. For example

(1.12)

∇
1
2
3
4

µtiαA
jβB ≡ tiαA

jβB |
1
2
3
4

µ = tiαA
jβB,µ + Γi

pm
mp
pm
mp

tpαA
jβBBm

µ − Γp
jm
mj

mj

jm

tiαA
pβBBm

µ

+ Γ̃α
πµ
µπ

πµ
µπ

tiπA
jβB − Γ̃π

βµ
µβ

µβ

βµ

tiαA
jπB + Γ

1
2
1
2

A
PµtiαP

jβB − Γ
1
2
2
1

P
BµtiαA

jβP

In this way four connection ∇
θ
, θ ∈ {1, . . . , 4}, on XM ⊂ GRN are defined. We shall

note the obtained structures (XM ⊂ GRN ,∇
θ
, θ ∈ {1, . . . , 4}).

2 New first and second kind integrability
conditions of derivational equations

2.0. In [5] are obtained derivational equations of a submanifold in a GRN , and in
[6] integrability conditions of these equations in the structure (XM ⊂ GRN , ∇

θ
, θ ∈

{1, 2}). In the present work we engage in this problem for the structure (XM ⊂
GRN , ∇

θ
, θ ∈ {3, 4}).

As it is proved in [5] (Th. 1.2.), derivational equations in the considered case
for a tangent are

(2.1) Bi
α|

θ

µ =
∑

P

Ω
θ

PαµN i
P , θ ∈ {3, 4},
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and then for induced torsion in XM is valid

(2.2) T̃α
βγ = 0 (Γ̃α

βγ = Γ̃α
γβ).

By virtue of the Th. 2.3. in [5], for unit normal is

(2.3) N i
A|

θ

µ = −eAΩ
θ

AρµhπρBi
π, θ ∈ {3, 4},

and

(2.4) Γ
1

A
Bµ = Γ

2

A
Bµ = ΓA

Bµ,

in (1.12), and based on (1.8) in [5]

(2.5) Ω
1
2

Pαµ = eP HijN
i
P (Bj

α,µ + Γj
pm
mp

Bp
αBm

µ ) = Ω
3
4

Pαµ.

In relation with (2.2,4), the addends in (1.12), related to XM and to XN
N−M are

not different for separate kinds of derivatives, and (1.12) now becomes

(2.6)

tiαA
jβB |

1
2
3
4

µ = tiαA
jβB,µ + Γi

pm
mp

pm
mp

tpαA
jβBBm

µ − Γp
jm
mj

mj

jm

tiαA
pβBBm

µ

+ Γ̃α
πµtiπA

jβB − Γ̃π
βµtiαA

jπB + ΓA
PµtiαP

jβB − ΓP
BµtiαA

jβP ,

where the coefficients Γ̃ are symmetric, and Γ are unique (Γ
1

= Γ
2

= Γ). If in a

differentiated tensor no exists indices as i, j, ..., we write |µ instead of |
θ

µ.

Using (2.1,3), we get (see (2.4) in [6])

(2.7)
Bi

α|
θ

µ |
ω
ν −Bi

α |
ω
ν |

θ

µ =
∑

P

[eP hπρ(−Ω
θ

PαµΩ
ω

Pρν + Ω
ω

PανΩ
θ

Pρµ)Bi
π

+ (Ω
θ

Pαµ |
ω
ν − Ω

ω
Pαν |

θ

µ)N i
P ], θ, ω ∈ {3, 4}.

2.1. With respect of Ricci-type identities (12) and (13) from [2], and taking into
consideration (2.2), we have

(2.8) Bi
α|

θ

µ|
θ

ν−Bi
α|

θ

ν |
θ

µ = R
θ−2

i
pmnBp

αBm
µ Bn

ν −R̃π
αµνBi

π, θ ∈ {3, 4},

where

(2.9a) R
1

i
jmn = Γi

jm,n − Γi
jn,m + Γp

jmΓi
pn − Γp

jnΓi
pm,
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(2.9b) R
2

i
jmn = Γi

mj,n − Γi
nj,m + Γp

mjΓ
i
np − Γp

njΓ
i
mp

are curvature tensors of the 1st, respectively 2nd kind of GRN and R̃α
βµν is,

with respect of (2.2), curvature tensor of RM ⊂ GRN .
We obtained in [6] three kinds integrability conditions for derivational equation

of a tangent Bi
α, i.e. for Bi

α|
θ

µ, θ ∈ {1, 2}. We shall consider here such conditions

for θ ∈ {3, 4}.
If one substitutes θ = ω ∈ {3, 4} into (2.7) and compares with (2.8), taking into

consideration (2.5) and (2.6), we get

(2.10)

R
θ−2

i
pmnBp

αBm
µ Bn

ν = [R̃π
αµν −

∑

P

eP hπρ(Ω
θ

PαµΩ
θ

Pρν − Ω
θ

PανΩ
θ

Pρµ)]Bi
π

+
∑

P

[Ω
θ

Pαµ|ν − Ω
θ

Pαν|µ]N i
P , θ ∈ {3, 4},

which are the 1st and the 2nd integrability conditions of derivational equation
(2.1) in the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}).

a) Composing the previous equation with HijBj
β , one gets

(2.11) R
θ−2

jpmnBjβBp
αBm

µ Bn
ν =R̃βαµν−

∑

P

eP (Ω
θ

PαµΩ
θ

Pβν−Ω
θ

PανΩ
θ

Pβµ), θ ∈ {3, 4},

where

(2.12 a, b) R
θ−2

jpmn = Hij R
θ−2

i
pmn, R̃βαµν = hπβR̃π

αµν , θ ∈ {3, 4}.

Taking into count the antisymmetry of the tensors (2.12) with respect of the
first two indices and substituting i in place of p, the equation (2.11) becomes

(2.13) R̃αβµν = R
θ−2

ijmnBi
αBj

βBm
µ Bn

ν −
∑

P

eP (Ω
θ

PαµΩ
θ

Pβν−Ω
θ

PανΩ
θ

Pβµ), θ ∈ {3, 4},

which are Gauss equations of the 1st and the 2nd kind in the structure (XM ⊂
GRN , ∇

θ
, θ ∈ {3, 4}).

b) Composing the equation (2.10) with HijN
j
Q we obtain finally

(2.14) R
θ−2

ijmnBi
αN j

QBm
µ Bn

ν = eQ(Ω
θ

Qαν|µ − Ω
θ

Qαµ|ν), θ ∈ {3, 4},

and that are the 1st Codazzi equations of the 1st and the 2nd kind at the
cited structure.
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2.2. Consider the same matter for the unit normal N i
A. Using (2.3,1), we obtain

(see (2.13) in [6]):

(2.15)

N i
A|

θ

µ |
ω
ν −N i

A |
ω
ν |

θ

µ = −eAhπρ[(Ω
θ

Aρµ |
ω
ν − Ω

ω
Aρν |

θ

µ)Bi
π

+
∑

P

(Ω
θ

AρµΩ
ω

Pπν − Ω
ω

AρνΩ
θ

Pπµ)N i
P ].

In order to find corresponding Ricci-type identity for the left side of this equation
for θ = ω ∈ {3, 4}, we use (2.6). Firstly, we have

(2.16) N i
A|

3
µ = N i

A,µ + Γi
pmNp

ABm
µ − ΓP

AµN i
P ,

and further

N i
A|

3
µ|

3
ν = (N i

A|
3
µ),ν + Γi

snNs
A|

3
µBn

ν − Γ̃σ
µνNs

A|
3
σ − ΓS

AνN i
S |

3
µ

= N i
A,µν + Γi

pm,nNp
ABm

µ Bn
ν + Γi

pmNp
A,νBm

µ + Γi
pmNp

ABm
µ,ν

− ΓP
Aµ,νN i

P − ΓP
AµN i

P,ν + Γi
snNs

A,µBn
ν + Γi

snΓs
pmBn

ν Np
ABm

µ

− Γi
snNs

P ΓP
AµBn

ν − Γ̃σ
µνN i

A,σ − Γ̃σ
µνΓi

pmNp
ABm

σ + Γ̃σ
µνΓP

AσN i
P

− ΓS
AνN i

S,µ − ΓS
AνΓi

pmNp
SBm

µ + ΓS
AνΓP

SµN i
P ,

wherefrom

(2.17) N i
A|

3
µ|

3
ν−N i

A|
3
ν |
3
µ =R

1

i
pmnNp

ABm
µ Bn

ν −RP
AµνN i

P ,

where

(2.18) RA
Bµν = ΓA

Bµ,ν − ΓA
Bν,µ + ΓP

BµΓA
Pν − ΓP

BνΓA
Pµ,

is curvature tensor of the spaceGRN with respect to the normal subman-
ifold in the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}).

By means of the 4th kind of covariant derivative we obtain an equation corre-
sponding to (2.17), and we conclude

(2.19) N i
A|

θ

µ|
θ

ν−N i
A|

θ

ν |
θ

µ = R
θ−2

i
pmnNp

ABm
µ Bn

ν −RP
AµνN i

P , θ ∈ {3, 4}.

If one substitutes into (2.15) θ = ω ∈ {3, 4} and equilizes the right sides of ob-
tained equation and (2.19), we get the 1st and the 2nd kind integrability con-
ditions of derivational equation (2.3) in the structure (XM ⊂ GRN , ∇

θ
, θ ∈

{3, 4}):

(2.20)

R
θ−2

i
pmnNp

ABm
µ Bn

ν = eAhπρ(Ω
θ

Aρµ|ν − Ω
θ

Aρν|µ)Bi
π

+ [RP
Aµν − eAhπρ

∑

P

(Ω
θ

AρµΩ
θ

Pπν − Ω
θ

AρνΩ
θ

Pπµ)]N i
P , θ ∈ {3, 4}.
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a) If we compose this equation with HijB
j
β one obtains an equation equivalent with

(2.14),that is the 1st Codazzi equation of the 1st and the 2nd kind for the structure
(XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}).

b) By composing the equation (2.20) with HijN
j
B , one obtains endly

(2.21) R
θ−2

ijmnN i
AN j

BBm
µ Bn

ν = RABµν + eAeBhπρ(Ω
θ

AπµΩ
θ

Bρν − Ω
θ

AπνΩ
θ

Bρµ),

where

(2.22) RABµν = hAP RP
Bµν .

The equation (2.21) is the 2nd Codazzi equation of the 1st and the 2nd kind
for the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}).

Based on expressed above, the next theorems are valid:

Theorem 2.1. The 1st and the 2nd kind integrability conditions for derivational
equations (2.1), (2.3) in the in the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}) are given

by equations (2.10), (2.20) respectively, where Ω
θ

is given in (2.5), R
1
, R

2
in (2.9),

R̃ is curvature tensor of the symmetric connection Γ̃, while R is given in (2.18),
(2.22).

Theorem 2.2. The Gauss equations of the 1st and the 2nd kind in the structure
(XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}) are given in (2.13), the 1st Codazzi equations of the

1st and the 2nd kind in (2.14), and the 2nd Codazzi equations of the 1st and the 2nd

kind in (2.21) in the same structure.

3 Third kind integrability condition of derivational
equations

3.1. Using simultaneously the 3rd and the 4th kind of covariant derivative by virtue
of (2.6), we obtain Ricci-type identity (eq. (46) in [2]):

(3.1) Bi
α|

3
µ|

4
ν −Bi

α|
4
ν |
3
µ = R

4

i
pµνBp

α − R̃π
αµνBi

π,

where

(3.2) R
4

i
jµν =(Γi

jm,n−Γi
nj,m+Γp

jmΓi
np−Γp

njΓ
i
pm)Bm

µ Bn
ν +T i

jm(Bm
µ,ν−Γ̃π

νµBm
π )

is curvature tensor of the 4th kind of GRN with respect to XM ⊂ GRN.



144 Svetislav M. Minčić, Ljubica S. Velimirović and Mića S. Stanković

On the other hand, if we put into (2.7) θ = 3, ω = 4 and compare the ob-
tained equation with (3.1), we obtain the 3rd kind integrability condition of
derivational equation (2.1) in the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}):

(3.3)

R
4

i
pµνBp

α = [R̃π
αµν −

∑

P

eP hπρ(Ω
1

PαµΩ
2

Pρν − Ω
2

PανΩ
1

Pρµ)]Bi
π

+
∑

P

(Ω
1

Pαµ|ν − Ω
2

Pαν|µ)N i
P .

a) Composing previous equation with HijB
j
β , we get

R
4

jpµνBj
βBp

α = R̃βαµν −
∑

P

eP (Ω
1

PαµΩ
2

Pβν − Ω
2

PανΩ
1

Pβµ),

i.e., exchanging j → i, p → j, α ↔ β, it follows that

(3.4) R̃αβµν = R
4

ijµνBi
αBj

β −
∑

P

eP (Ω
1

PαµΩ
2

Pβν − Ω
2

PανΩ
1

Pβµ),

where

(3.5) R
4

ijµν = HipR
4

p
jµν .

The equation (3.4) is Gauss equation of the 3rd in the structure
(XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}).

b) Composing (3.4) with HijN
j
Q, we obtain

R
4

ijµνN i
QBj

α = eQ(Ω
1

Qαµ|ν − Ω
2

Qαν|µ).

This is the 1st Codazzi equation of the 3rd kind in the cited structure.

3.2. On the base of (2.6) and (2.16) we have

N i
A|

3
µ|

4
ν = (N i

A|
3
µ),ν + Γi

nsN
s
A|

3
µBn

ν − Γ̃σ
µνN i

A|
3
σ − ΓS

AνN i
S |

3
µ

= N i
A,µν + Γi

pm,nNp
ABm

µ Bn
ν + Γi

pmNp
A,νBm

µ + Γi
pmNp

ABm
µ,nu

− ΓP
Aµ,νN i

P − Γ
P

AµN i
P,ν + Γi

nsN
s
A,µBn

ν + Γi
nsΓ

s
pmBn

ν Np
ABm

µ

− Γi
nsN

s
P ΓP

AµBn
ν − Γ̃σ

µνN i
A,σ − Γ̃σ

µνΓi
pmNp

ABm
σ + Γ̃σ

µνΓ
P

AσN i
P

− ΓS
AνN i

S,µ − ΓS
AνΓi

pmNp
SBm

µ + ΓS
AνΓP

SµN i
P ,

and

(3.6) N i
A|

3
µ|

4
ν −N i

A|
4
ν |
3
µ = R

4

i
pµνNp

A −RP
AµνN i

P ,
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where R
4

is given in (3.2), and R in (2.18).

By substituting into (2.15) θ = 3, ω = 4 and comparing the obtained equation
with (3.6), we obtain the 3rd kind integrability condition of derivational
equation (2.3) in the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}):

(3.11)

R
4

i
pµνNp

A = −eAhπρ(Ω
1

Aρµ|ν − Ω
2

Aρν|µ)Bi
π

+ [RP
Aµν − eAhπρ

∑

P

(Ω
1

AρµΩ
2

Pπν − Ω
2

AρνΩ
1

Pπµ)]N i
P .

a) Composing this equation with HijB
j
β one obtains the equation of the form

(3.5), that is the 1st Codazzi of the 3rd kind.
b) Composing (3.7) with HijN

j
B , we obtain the 2nd Codazzi equation of the

3rd kind in the above cited structure:

(3.8) R
4

ijµνN i
AN j

B = RABµν + eAeBhπρ(Ω
1

AρµΩ
2

Bπν − Ω
2

AρνΩ
1

Bπµ).

From exposed, the following theorems are valid.

Theorem 3.1. The 3rd kind integrability conditions of derivational equations
(2.1, 3) for (XM ⊂ GRN , with the structure (XM ⊂ GRN , ∇

θ
, θ ∈ {3, 4}), where

the connection ∇
θ

is defined in (2.6), are given:

- for tangents Bi
α by equation (3.3),

- for normals N i
A by equation (3.7).

Theorem 3.2. In the same structure (from the previous theorem) the Gauss equa-
tion of the 3rd kind for XM ⊂ GRN is given in (3.4), the 1st Codazzi equation of
the 3rd kind by (3.5), and the 2nd Codazzi equation of the 3rd kind by (3.8).
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Filoz. fak. u Nǐsu, 1(11), (1987), 69-78.
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