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BANDS OF )-SIMPLE SEMIGROUPS

Stojan Bogdanovié, Zarko Popovié¢ and Miroslav Ciri¢

Abstract

Semigroups having a decomposition into a band of semigroups have been
studied in many papers. In the present paper we give characterizations of
various special types of bands of A- semigroups and semilattices of matrices
of A\- semigroups.

1. Introduction and preliminaries

Semigroups which can be decomposed into a band of left Archimedean semi-
groups have been studied by many authors. M. S. Putcha [17] proved a general
theorem that characterizes such semigroups. Some other characterizations in the
general case are given by S. Bogdanovi¢, M. Ciri¢ and Z. Popovié [7] and P. Protié¢
[14]. Some special decompositions of this type have been also treated in a num-
ber of papers. S. Bogdanovié¢ [1], [2], [3], P. Proti¢ [13], [14], [15], S. Bogdanovié
and M. Ciri¢ [4] and S. Bogdanovié, M. Ciri¢ and B. Novikov [6] studied bands of
left Archimedean semigroups whose related band homomorphic images belong to
several very important varieties of bands.

In this paper we give some results concerning decompositions into a band of
A-simple semigroups in the general and some special cases (Theorem 2).

Let a semigroup S be a semilattice Y of semigroups S,, o € Y, and for any
a €Y, let S, be a matrix (left zero band, right zero band) I, of semigroup S;,
i € I,. The partition of S whose components are semigroups S;, ¢ € I, where
I = Ugey Iy, will be called a semilattice-matriz (semilattice-left, semillatice-right)
decomposition of S. All band decompositions are special cases of semilattice-matrix
decompositions. The general lattice theoretical properties of semilattice-matrix
decompositions of semigroups are investigated by M. Ciri¢ and S. Bogdanovié [11]. A
semilattice of matrix of left Archimedean semigroups were studied by S. Bogdanovié
and M. Cirié [4].
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It is well known that a band of semigroups from a class I of a semigroups is a
semilattice of matrices of semigroups from K. Semilattices of matrices of A-simple
semigroups are described by Theorem 3. The characterizations of semilattices of
hereditary weakly left Archimedean semigroups are given by Theorem 5. At the
end semilattice of A-simple semigroups are described by Theorem 6.

By Z1 we denote the set of all positive integers. By S we denote a semigroup
S with identity 1.

A semigroup in which all its elements are idempotents is a band. A commutative
band is a semilattice. By B (S) we denote the class of all bands (semilattices).

Let ¢ be an arbitrary binary relation on a semigroup S. The intersection of
all transitive relations on S containing p is a transitive relation on S, denoted by
0*°. It is easy to prove that 9> = U, cz+0". The relation 9> we call the transitive
closure of p.

Let o be an arbitrary relation on a semigroup S. Then radical R(p) of g is a
relation on S defined by:

(a,b) € R(o) & (3p,q € ZT) (a?,b7) € o.

The radical R(p) was introduced by L. N. Shevrin in [19].

An equivalence relation ¢ is a left (right) congruence if for all a,b € S, a&b
implies ca & ¢b (ac& be). An equivalence £ is a congruence if it is both left and right
congruence. A congruence relation £ is a band congruence on S if S/€ is a band,
ie. ifa&a? forallacS.

Let & be an equivalence on a semigroup S. By & we define the largest congruence
relation on S contained in £. It is well-known that

§b ={(a,b) € S x S|(Va,y € Sl) (zay, zby) € £}.

For an element a of a semigroup S, the left ideal (the ideal) of S generated by
a we denote with L(a) (J(a)) and it we call the principal left ideal (the principal
ideal) of S generated by a. Also, a subsemiogroup (a) of a semigroup S generated
by one element subset {a} of S is a monogenic or a cyclic subsemigroup of S.

Let a and b be elements of a semigroup S. Then:

alb<be Ja), alib<be L(a),
a—be (eZt)alt’, a-Sbe (@neZt)alb,
and — =— N (—)"".
Also, on a semigroup S the relation 1; is defined by
aTib & (FneZh)b” e (a,b)a.

Recall that a semigroup S is left Archimedean if a BN b, for all a,b € S. A

semigroup S is weakly left Archimedean if ab LN b, for all a,b € S. A semigroup S
is hereditary weakly left Archimedean if

(Va,b € S)(3i € ZT) v* € (a,b)ab.
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A semigroup S is power-joined if for every a,b € S there exists n,m € ZT such that
a™ =bm.

For an element a of a semigroup S we introduce the following notation
Sa)={zeS|a—> 2z}, Ala)={zeS|a- >z},

An(a)={z eS| a#”x}.

On a semigroup S we define the following equivalences by
aocbe X(a) =3(), aAbe Aa) =AD),

a A, b Ay(a) =A,(0).

In [10] is proved that the relation o is the greatest semilattice congruence on a
semigroup, A is an equivalence and it is a generalization of the well-known Green’s
equivalence L.

A semigroup S is A-simple (o-simple, A\,-simple) if a\b (ao b, a X, b), for all
a,b € S. We denote by A the class of all A-simple semigroups.

2. Special bands of A-semigroups

For two classes A7 and X5 of semigroups, X; o X5 will denote the Mal’cev product
of X} and Ab, i.e. the class of all semigroups S on which there exists a congruence
o such that S/p belongs to Xy and each p-class of S which is a subsemigroup of S
belongs to A7.

By LZ we denote the variety of left zero bands.

Lemma 1.. Let S be a semigroup. Then
A=AoLZ.

Proof. Let S be a left zero band Y of A-simple semigroups S,, a € Y. Assume
a,b €S, then a € S,, b € Sg, for some a, 3 € Y, whence ab € S, 53 C Sapg = Sa-
Hence, ab,a € S,. So ab LN *°a, whence b L, >g. In a similar way it can be
prove that a —— °b. Thus a —— N (L >)~1p and by Lemma 6 [10] we have
that aAb. Therefore, S is a A-simple semigroup.

The converse follows immediately. O

Lemma 2.. [6] Let X be a class of semigroups and let By and Ba be two classes
of bands. Then
X o(ByoBy) C(XoBy)oBs.

The lattice LVB of all varieties of bands was studied by P. A. Birjukov, C. F.
Fennemore, J. A. Gerhard, M. Petrich and others. Here we use the characterization



80 Stojan Bogdanovi¢, Zarko Popovié and Miroslay Ciri¢

of LVB given by J. A. Gerhard and M. Petrich in [12]. They defined inductively
three systems of words as follows:

Ga = 2221, Hy = s, Iy = zowy20,

Gn = ann—h Hn = ann—lann—lv In = l‘nGn—lxnIn—lv

(for n > 3), and they shown that the lattice LVB can be represented by the graph
given in Figure 1.

(G3 = I3]
(G5 = H3]
[Ga = ]

Figure 1.

Theorem 1.. [6] Let V be an arbitrary variety of bands. Then

LZ, if Velo,LZ];
RB, if Ve[RZ RB;
_ ) [Ga=1, if Ve[S,[Ge=L];
LZoV= G3:I3]7 Zf VE[RN,[G;ZH;J,]],

[ N, [Gs
(Gnir = Ina], i Ve [[Gn=1n],[Gni1 = Iny1]] ,n > 2;
[Gn+1 = Hn+1] ) Zf Ve [[Gn = Hn]a [Gn+1 = Hn+l” y Z 3.



Bands of A-simple semigroups 81

Our next goal is to characterize semigroups from A o V, for an arbitrary variety
of bands V.

Theorem 2.. Let V be an arbitrary variety of bands. Then

A, if Velo,LZ];
AoRZ, if Ve[RZ,RB|;
AoV — AoS, if Ve[S, [Ge = 1L]];
T ) AoRN, if V€[RN,|Gs= Hs]];

Ao Fn = Tn} s Zf Ve Hé” :Tn]7 [GnJrl = n+1H ,n > 2;

Ao |Gy =H,|, if Vel[Gy=H,[Gns1 =Hnp]| ,n>3.

Proof. By Lemma 1 we have that Ao LZ = A. Let V € [V1, V3], whence [Vy,Vs] is
some of the intervals of the lattice LVB from the theorem. By Theorem 1 we have
that Vo = LZ o V4, whence

AoV CAoVCAoVy=Ao(LZoV))C(AoLZ)oV; =AoV; (by Lemma 1).
Therefore, AoV; = AoV =AoVs. O

3. Semilattices of matrices of \-simple semigroups

By the well-known result of A. H. Clifford, any band of A-simple semigroups is
a semillatice of matrices of A-simple semigroups. These semigroups will be charac-
terized by the following theorem.

Theorem 3.. A semigroup S is a semilattice of matrices of A-simple semigroups
if and only if

(2) a— b = ab— b,
for every a,b € S.

Proof. Let S be a semilattice Y of matrices of A-simple semigroup S,, a € Y.
Assume that a — b, for a € S, b € Sg, a, 8 € Y. Then by Lemma 1.4 [1§]
or Lemma 9 [10] is § < «, whence b,ba € Sz and by Theorem 1 [4] we have that
ba-b— b, ie. ab— b

Conversely, since every semigroup S is a semilattice Y of semilattice indecom-
posable semigroups S, a € Y, then for a,b € S,, « € Y we have that acb (where
o is corresponding the greatest semilattice congruence on S), whence by Lemma
6 [10] a — *°b. By Lemma 9 [10] we have that a — b in S,, a € Y. From

this it follows by (2) that ab —L, >}, By Lemma 11 [10] we have that ab L, oop
in S,, @ € Y and by Theorem 1 [4] S, is a matrix of A-simple semigroups, for all
acyY. O

The next theorem gives an explanation why the notion ”hereditary weakly left
Archimedean” is used.
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Theorem 4.. The following conditions on a semigroup S are equivalent:

(i) S is hereditary weakly left Archimedean;
(ii) any subsemigroup of S is weakly left Archimedean;
(iii) 1, is a symmetric relation on S.

Proof. (i) = (ii) Let T be a subsemigroup of S. For a,b € T we have that
b € {(a,byab C Tab, for some i € Z*. Hence, T is a weakly left Archimedean
semigroup and therefore S is a hereditary weakly left Archimedean semigroup.

(ii) = (i) Assume a,b € S, then (ba, b) is a weakly left Archimedean semigroup,
whence

b € (ba,bYba - b C {a,b)ab,

for some i € ZT.

(i) = (iii) Let a,b € S such that a 1; b, i.e. b" € (a,b)a, for some n € Z*. Then
b" = za, for some x € (a,b). For x and a there exists m € ZT, y € (z,a) C (a,b)
such that a™ = yax = yb", i.e. b7 a.

(iii) = (i) Let a,b € S, then b 1, ab, whence ab 1, b, i.e. b* € (ab,b)ab C
(a,b)ab, for some i € ZT. O

T. Tamura [20] proved that in the general case a semilattices of Archimedean
semigroups are not subsemigroup closed. Here, we prove that a semilattices of
hereditary weakly Archimedean semigroups are subsemigroup closed. By the fol-
lowing theorem we generalize some results obtained in [5].

Theorem 5.. The following conditions on a semigroup S are equivalent:

(i) S is a semilattice of hereditary weakly left Archimedean semigroups;
(ii) (Va,be S)a—b = (JicZ") b € (a,b)ab;
(iii) every subsemigroup of S is a semilattice of hereditary weakly left Archimedean
semigroups.

Proof. (i) = (ii) Let S be a semilattice Y of hereditary weakly left Archimedean
semigroups So, o € Y. Assume a,b € S such that a — b. If a € S,, b € Sp for
some «, 3 € Y, then 8 < «a, whence b,ba € Sg. Now

b" € (ba, bybab C (a, byab,

for some n € Z*. Hence, (ii) holds.

(ii) = (i) Assume a,b € S. Since a — ab, then by the hypothesis a - ab T; ab,
i.e. (ab)" € (a,ab)a’b, for some n € ZT. Now by Theorem 1 [9] S is a semilattice
Y of Archimedean semigroups S,, a € Y. Further, assume a € Y, a,b € S,. Then
a — b, so by the hypothesis b" € {(a, b)ab, for some n € Z*. Therefore, S, « € Y
is an hereditary weakly left Archimedean semigroup.

(ii) = (iii) Let T be a subsemigroup of S and a,b € T such that a — b in T,
then a — b in S and by (ii), b" € (a,b)ab C Tab, for some n € Z*. Thus, T is a
semilattice of hereditary weakly left Archimedean semigroups.

(iii) = (i) This implication follows immediately. O
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A semilattices of A-simple semigroups were described in [6] and [9]. Here, by
the following theorem we give some new interesting characterizations of these semi-
groups.

Theorem 6.. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of \-simple semigroups;
(il) (Va,be S) a — b = a — <b;
(iii) (Va,b € S) a—®b = a — b
Proof. (i) = (ii) Let S be a semilattice Y of A-simple semigroups S,, a € Y.

Assume a,b € S such that a — *°b. Then by Lemma 1.4 (2) [18] (or Lemma 9
(b) [10]) a € Sq4, b € S3, for some o, € Y and 8 < «, whence ba,b € Sg. So
ba —1 *°b. Since a —— ba —— >}, we then have that a BLINESN

(ii) = (i) Let (ii) hold. By Theorem 1 [10] every semigroup S is a semilattice
Y of o-simple semigroups S,, @ € Y. Then for a,b € S,, o € Y, by Theorem
1.1 [18] we have that a—°°b, and by Lemma 1.4 (3) [18] a—>bin S,, a € Y,
whence a — *°b in S, a € Y. So by hypothesis a —L, >p and by Lemma 11 (a)
[10] @ = ®bin S,, a € Y, since a,b € So. Thus a —— ®b in Sa, a € Y, for all
a,b € S, and by Lemma 6 [10] S,, o € Y is a A-simple semigroup. Therefore, S is
a semilattice of A-simple semigroups.

(i) = (iii) Let S be a semilattice Y of A-simple semigroups S,, a € Y. Assume
a,b € S such that a—°°b. Then by Lemma 1.4 (3) [18] a,b € S, and a—°b in

S, for some a € Y, whence aAb and by Lemma 6 (iv) [10] a L,

(iii) = (i) Let (iii) hold. Since every semigroup S is a semilattice ¥ of o-simple
semigroups S, a € Y, then for a,b € S,, @ € Y, by Theorem 1.1 [18] we have that
a—=b, whence a L, <p and a(# )~ in S,. Thus a Lo (L ) =1p
and by Lemma 6 (iv) [18] S, is a A-simple semigroup.

O

Problem 1. By M we denote the class of all matrices (rectangular bands). Let
Ao MMt = (AoMF)oM, keZt.
Describe the structure of semigroups from the following classes
Ao MFFL (Ao MFT) 0B, (AoMF)oS.

The previous problem can be formulated in the same way if instead the class
A we take the class of all power-joined semigroups or the class of all \,-simple
semigroups.

4. Some remarks on \-equivalence

In this section we give some characterization of A congruence.
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Lemma 3.. The following conditions on a semigroup S are equivalent:

(i) X is a congruence;
(i) A= \°;

(iii) A is a band congruence.

Proof. This assertion follows by Lemma 2.2 [8]. O

Lemma 4.. The following conditions on a semigroup S are equivalent:

(i) A’ is a band congruence;
(i) X = R(V);
(iii) (Va € S)(Vx,y € SY) (zay,za®y) € .

Proof. (i)<(ii) This follows by Lemma 2.1 [8] and Lemma 2.3 [8].

(i)<(iii) This follows by Lemma 2.4 [8]. O
Corollary 1.. If S € Ao B, then

(Va € S)(V,y € SY) (zay, za®y) € \.

Proof. Let S be a band Y of A\-simple semigroups S,, & € Y. Assume a € S and

T,y

1]

€ S, then way, xa’y € S,, for some a € y, whence (zay, va’y) € . O

Problem 2. Is the converse of the Corollary 1 holds?
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