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Abstract

The main purpose of the paper is to display the main structural properties
of hypercyclic and chaotic integrated C-cosine functions. The notions of hy-
percyclicity, mixing and chaoticity of an a-times integrated C-cosine function
(a > 0) are defined by using distributional techniques. We provide several
examples which justify our abstract theoretical approach.

1 Introduction and preliminaries

Let E be a complex Banach space. A linear operator T on F is said to be hypercyclic
if there exists an element € Do(T) = [,y D(T™) whose orbit {T"x : n € No}
is dense in F; T is said to be topologically transitive, resp. topologically mizing, if
for every pair of open non-empty subsets U, V' of F, there exists ng € N such that
T™(U) N V # O, resp. if for every pair of open non-empty subsets U,V of E,
there exists ng € N such that, for every n € N with n > no, T"(U) N V £ 0. A
periodic point for T is an element & € Do (T) satisfying that there exists n € N
with T"x = z. Finally, T is said to be chaotic if T is hypercyclic and the set of
periodic points of T' is dense in FE.

The organization of this paper, which continues the researches of A. Bonilla, P.
J. Miana [11] and T. Kalmes [31], is given as follows. In the second section, we
introduce and systematically analyze the class of C-distribution cosine functions
and slightly improve the results obtained in collaboration with P. J. Miana [49],
[34]-[35]. In Definition 21 and Definition 22, we introduce the notions of various
types of hypercyclicity of C-distribution cosine functions and integrated C-cosine
functions. Motivated by the study of R. deLaubenfels, H. Emamirad and K.-G.
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Grosse-Erdmann [25], we clarify in Theorem 23 the equivalent conditions for hy-
percyclicity, mixing and chaoticity of C-distribution cosine functions. In Theorem
25 and Theorem 27, we significantly improve results given in [11] and [50]. The
main objective in Theorem 33 and Theorem 35 is to provide sufficient conditions
for mixing and chaoticity of certain classes of C-distribution cosine functions. The
last two sections of the paper are devoted to the study of hypercyclic and chaotic
cosine functions generated by squares of gradient operators ([28]-[31]) and disjoint
hypercyclicity of cosine functions on weighted function spaces. The notion of sub-
space chaoticity introduced by J. Banasiak and M. Moszytiski [5] plays an important
role throughout the paper.

It is worth noting that several results established in this paper are obvious
modifications of corresponding results from the theory of hypercyclic single valued
operators. We are not primarily concerned with studying new concepts in the theory
of hypercyclicity and our main intention is, in fact, to analyze the basic properties
of a new important class of abstract second order (ill-posed) PDEs (cf. [3], [23],
[26], [32], [34]-[35], [39], [42]-[44], [49] and [56]-[57] for further information in this
direction).

Henceforth L(E) stands for the space of all continuous linear mappings from E
into E and L(E) 5 C is an injective operator which satisfies CA C AC. Recall that
the C-resolvent set of A, denoted by pc(A), is defined by

pc(A) = {)\ € C: )\ — Ais injective and (A — A)™'C € L(E)}

For a closed linear operator A, Kern(4), R(A), p(A), 0(A4) and 0,(A) denote its
kernel space, range, resolvent set, spectrum and point spectrum, respectively. By
[D(A)] we denote the Banach space D(A) equipped with the graph norm. Suppose F
is a closed subspace of E. Then the part of A in F, denoted by A, is a linear operator
defined by D(Ap) :={z € D(A) N F:Ax € F} and Apzx := Az, v € D(Ap).

Definition 1. Suppose A is a closed operator, o > 0 and 0 < 7 < oo. If there
exists a strongly continuous operator family (Cy(t))c[0,) such that:

(i) Ca(t)A C ACL(t), t € [0,7),
(i) Ca(t)C = CCy(t), t € [0,7), and

¢
(iii) for every x € F and t € [0,7): [(t — 5)Cy(s)zds € D(A) and
0

t(X
A/ t_s xds Ca(t)f—mcl',

then it is said that A is a subgenerator of a (local) a-times integrated C-cosine
function (Cu(t))iepo,r)- If 7 = o0, then it is said that (Co(t))s>0 is an exponentially
bounded, a-times integrated C-cosine function with a subgenerator A if, in addition,
there are constants M > 0 and w € R such that ||Cy(¢)|] < Me“t, t > 0.
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The set which consists of all subgenerators of (Cq(t))¢cjo,r) need not be finite
and a local a-times integrated C-cosine function need not be extendible beyond the
interval [0, 7). In this paper, we primarily consider hypercyclicity and chaoticity of
global integrated C-cosine functions. The (integral) generator A of (Ca(t))tefo,n
defined by

t

tCE
mCm = O/(t —5)Ca(s)yds, t € [0,7)}

A= {(m,y) EEBE:Cy(t)r —

is the maximal subgenerator of (Cy()):e[0,-) With respect to the set inclusion. We
refer the reader to [39] for further information concerning integrated C-cosine func-
tions and semigroups.

The Schwartz spaces of test functions D = C§°(R) and & = C*°(R) carry the
usual inductive limit topologies. The topology of the space of rapidly decreas-
ing functions S is induced by the following system of seminorms: py, (1) =:
sup, g |20 ™ (z)|, ¢ € S, m,n € Ny. By Dy we denote the subspace of D
which consists of the elements supported by [0,00). Further on, D'(E) := L(D :
E), &'(E) := L€ : E) and §'(E) := L(S : E) are the spaces of continuous lin-
ear functions D — E, £ — E and § — FE, respectively; Dy (E), E§(F) and S{(F)
are the subspaces of D'(E), £'(F) and S'(E), respectively, containing the elements
supported by [0,00). Denote by B the family of all bounded subsets of D. Put
pB(f) := sup,ep l|f(P), f € D'(E), B € B. Then pg, B € B is a seminorm on
D'(E) and the system (pp)pep defines the topology on D/(FE). The topology on
E'(E), resp., 8'(E), is defined similarly. We employ the convolution product * and
the finite convolution product *g of measurable functions ¢, % : R — C:

ox (t) = / ot — syb(s)ds, %o (t) := / o(t — s)yb(s)ds, t €R
A 0

and refer the reader to [39, Section 1.3] for the basic properties of the convolution
products * and #*q in the subspaces of scalar-valued distributions. The convolution
of vector-valued distributions is taken in the sense of [41, Proposition 1.1]:

Proposition 2. Suppose X, Y and Z are Banach spaces and b : X XY — Z
1s bilinear and continuous. Then there is a unique bilinear, separately continuous

mapping p, : DH(X) x DY(Y) — Dy(Z) such that
(S@x)x% (Tey) =S*«TQb(zx,y),

for all S,T € D} and x € X, y € Y. Moreover, this mapping is continuous.

Definition 3. ([33]) Let G € D{(L(E)) satisty CG(y) = G(p)C, ¢ € D. If G(p *¢
)C = G(p)G(W), ¢,v € D, then G is called a pre—(C — DS). If, additionally,

N(G) = [ Kern(G(p)) = {0}, then G is called a C-distribution semigroup,
p€Do
(C — DS) in short. It is said that a pre—(C' — DS) is dense if the set R(G) =
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U R(G(y)) is dense in E. A pre—(C — DS) G is said to be exponential if there
p€Dg
exists w € R such that e “'G € S{(L(E)); the shorthand (E — CDS) is used to

denote an exponential (C' — DS).

Let G be a (C — DS) and let T € &)(C), i.e., T is a scalar-valued distribution
with compact support in [0, 00). Then we define G1(T) on a subset of E by

y=G1(T)x iff G(T x p)x = G(p)y for all p € Dy.

Then G1(T) is a closed linear operator, G1(0) = I and the (infinitesimal) generator
of a (C— DS) G is defined by A := G1(—¢"). In the case C = I, there is no risk for
confusion and we do not distinguish G and G;.

Put Dy = {f € C*([0,00)) : f is compactly supported} and define £ : D —
Dy by K(p)(t) :=p(t), t >0, ¢ € D. As is known, D is an (LF) space and there
exists a linear continuous operator A : D, — D which satisfies KA = I'p, ([52]).

2 (-distribution cosine functions, almost
C-distribution cosine functions and integrated
C-cosine functions

We begin this section by recalling the following notion ([34]). Let ¢ € Dj_5 _q] be
a fixed test function satisfying [ ((¢)dt = 1. Then, with ¢ chosen in this way, we

—00

define I(p) (¢ € D) as follows

Then I(p) € D, I(¢') = ¢, %I(gp)(t) = p(t) — C(t)_T p(u)du, t € R and, for

every G € D'(L(E)), the primitive G~ of G is defined by setting G~1(p) =
~G(I(p)), ¢ € D. It is clear that G~! € D'(L(E)), (G71) =G, ie., —G71(¢') =
G(I(¢")) = G(p), ¢ € D and that suppG C [0, 00) implies suppG~* C [0, 00).

Definition 4. An element G € D{(L(E)) is called a pre—(C — DCF) iff G(p)C =
CG(p), ¢ € D and

(C = DCF) : G e ¥)C = GTH(9)G(¥) + G(p)G(¥), ¢, ¢ € D;
if, additionally,
(C — DCFy): z=y=0iff G(p)r+G (p)y=0, p €Dy,

then G is called a C-distribution cosine function, in short (C' — DCF'). A pre—(C —

DCF) G is called dense if the set R(G) := |J R(G(y)) is dense in E.
»€Dy
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Notice that (DCF) implies (] Kern(G(yp)) = {0} and (| Kern(G~1(yp)) =
{0}, and that the assumption GWEDZO){)(L(E)) implies G(p) ZW(E),D:D € D(—c0,0-
Proposition 5. ([39])

(i) Let G € D{(L(E)) and G(p)C = CClw‘r((p), ¢ € D. Then G is a pre-(C-

DCF)in E iff G = ( G —%@C’ G(; ) is a pre-(C-DS) in E @ E, where
c 0

C = ( 0 C ) Moreover, G is a (C-DS) iff G is a pre-(C-DCF) which
satisfies (C' — DCFy).

(ii) Let G € D{(L(E)) and G(p)C = CG(p), ¢ € D. Then G is a (C-DCF) iff
(DCF3) holds and

G p*14)C =G HP)G(Y) + G(p)GT(¥), ¢ € Do, ¥ € D.

Assume G is a (C — DCF) and T € &(C). Then the (infinitesimal) generator
A of G is defined by

A:=G(8") = {(:c,y) EEDE:G ¢z =G (p)y for all p € DO}.

Then A is a closed linear operator and, by the proof of [39, Lemma 3.1.6], we have
C~1AC = A.

Theorem 6. ([39])

S~
N——

(i) Let A be the generator of a (C-DCF) G. Then A C B, where A= (
€

@ » o

and B is the generator of G. Furthermore, (z,y) € A < ((g), (2))

(ii) Let G be a (C-DCF) generated by A. Then the following holds:

(a) (GW)z, GW")x +'(0)Cx) € A, € D, z € E.

(b) (G (), —G( )z —(0)Cz) € A,y € D,z € E.

(¢) G()AC AG(W), v € D.

(d) GT'(¥)AC AG™(v), ¥ € D.

(iii) A closed linear operator A is the generator of a (C-DCF) G iff for every
7 > 0 there exist an integer n, € N and a local n.-times integrated C-cosine

function (Cp(t))ieo,r) with the integral generator A. If this is the case, then
the following equality holds:

G
G

T

G(p)x = (—1)"/(,0(") (t)Cn(t)xdt, x € E, ¢ € D(_so 1)
0
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Recall that the exponential region E(a,b) (a,b > 0) is defined in [2] by E(a,b) :=
IANEC:RA >0, || < e set E%(a,b) := {N\?: )\ € E(a,b)}.

Theorem 7. Suppose a >0, b >0, a >0, M >0, E*(a,b) C pc(A), the mapping
A= ()\2—A)_1C A€ E(a b) is continuous and ||(A\2>—A)71C|| < M(1+|\)?, X €

E(a,b). Put ¢(\ f eMo(t)dt, p € D and
1
G(p)x := 5 AN (A2 — A)"ICxd\, x € E, p €D,
i
r

where T is the upwards oriented boundary of E(a,b). Then G is a (C-DCF) gene-
rated by C~1AC.

PROOF. The prescribed assumptions combined with [39, Proposition 2.1.24] imply
that there exist 3 > 0 and M; > 0 such that E(a,b) C pc(A), |[(A — A)~IC|| <
Mi(1+ AP, X e E(a b) and that the mapping A= (A=A)7C, X € E(a,b) is
continuous. Put G(¢ ( ) = 27” fgo C( )d)\, x,y € E, p € D. By [36,

Theorem 2.1], G is a (C — DS) generated by C~1AC. Using [39, Proposition 2.1.24]
Gi(p) Ga(p) )

G3( ) Gi(p) )’

2_A)"tCzd

again, one gets that, for every z,y € F and ¢ € D: G(p) = (
where G1(p)z = 5= f)«p 2—A)71Cxd), Ga(p)r = 5= [ &(
r
and Gz(p)r = 5 f(p )\2()\ — A)7IC — Clzd\, z € E, ¢ € D. The proof
)dA =

of [36, Theorem 2. 1] implies suppG C [0,00), 5 fga »(0), ¢ € D and

A()(N) = —1(p)/(\) = ¢ — f o(t)dtC(\) = B(N), A € C. Therefore, Gy = G’

and G3 =G| —d®C. By Theorem 6(i), we get that G; is a (C — DCF). Denote
by B the generator of G. Then we finally obtain

(z,y) € B & ((g) (2)) €cCrAC & (z,y) € CTLAC.

Proposition 8. Assume that £ A generate C-distribution semigroups G+ and that
A?% is closed. Then C~1A2C generates a (C-DCF) G, which is given by G(p) :=
3(G1(p) + G-(9)), 9 € D.

PROOF. Since +A generate C-distribution semigroups, it follows that, for every 7 >
0, there exists n, € N such that +A generate local n,-times integrated C-semigroups
(Sn,+(t))tepo,r)- The closedness of A? taken together with [39, Proposition 2.1.17]
imply that, for every 7 > 0, the operator A2 is a subgenerator of the local n,-
times integrated C-cosine function (3(Sy,—(t) + Sn,—(t)))ic[0,r). Keeping in mind
Theorem 6(iii), the above ensures that the operator C~1A2C' is the generator of a
(C - DCF) G.
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Theorem 9.
(i) Let A be the generator of a (C-DCF) G. Then G € D{(L(E,[D(A)])),
G * P =06 ®Cipay € Do(L([D(A)])) and P+ G = 4§ @ C € Dy(L(E)), (1)

where P:= 6" ®@ 1 —6® A € D{(L([D(A)], E)) and I denotes the inclusion
[D(A)] — E.

(i) Suppose A is a closed linear operator, G € Dy(L(E,[D(A)])), G(p)C =
CG(y), ¢ € D and (1) holds. Then G is a (C-DCF) generated by C~1AC.

(iii) Let G € D{(L(E)) and G(p)C = CG(p), ¢ € D. Then G is a (C-DCF) in
E generated by A iff G is a (C-DS) in E @ E generated by A.

PrROOF. Let X = L(E,[D(A)]), Y = L(D(A),E), Z = L(ID(A)]) and let
b: X xY — Z be defined by b(B,D) := BD, B € X, D €Y. The definition of
G * P is given by Proposition 2; the convolution P * G can be understood similarly.
Let z € D(A), k € Ny and ¢ € D. Then it is obvious that (G x (6(*) @ I))(p)z =
(—1FG(eM)a, (G + (5 & A))(p)r = (~DFG(p®) Az, (60) @ I) « G)(p) =
(=1)*G (™) and (W @A) xG)(p)z = (~1)*AG(p*)z, p € D, z € E, k € Ny.
Suppose that G is a (C — DCF') generated by A and ¢ € E. Then an appli-
cation of Theorem 6(i)(a) gives AG(p)x = G(¢")z + ¢'(0)Cx, which implies
G € DY(L(E,[D(A))])), (PxG)(p)r = G(¢")x— AG(p)z = —¢'(0)Cz and PxG =
8" ® C. We obtain G x P = ¢’ ® C|p(a) along the same lines, which completes
the proof of (i). In order to prove (ii), let us assume G € D{(L(E,[D(A)])),
Gx+xP = 0 ®Cipay and P+ G = ¢ ® C. Since suppG C [0,00), it follows
that suppG~! C [0,00) and suppG C [0,00). If x € E, then the assumptions
G+ P =0 ®Cipay and P+ G = ¢’ ® C imply G(p)Az = G(¥" )z +v¢'(0)Cx, ¢ €
D, z € D(A), AG o)z = —G(¢)xr — p(0)Cz, ¢ €D, x € E and G~ (p)Az =
—G(¢)x — p(0)Cx, ¢ € D, z € E. It is also clear that G commutes with C. Then
one can repeat literally the proof of [39, Theorem 3.1.7] with a view to obtain
that, for every 7 > 0, there exists n, € N such that A is a subgenerator of a local
(ns + 1)-times integrated C-semigroup (Sy, +1()):eo,r) Whose integral generator is

C~1AC and which satisfies G(y) (’;) = (=)t [t (1) S, 11(1) (;j)dt, z,y € E,
0

¢ € D(_oo,r)- By making use of [39, Theorem 2.1.11], we get that, for every 7 > 0,
there exists n, € N such that A is a subgenerator of a local n,-times integrated C-

cosine function (Cy, (t))ief0,r) whose integral generator is C~' AC. Furthermore, the
t

ftCnT (s)ds  [(t—8)Cy, (s)ds
0 o, , t€10,7).
Cp, (t) — o J Cn. (s)ds
0

n.!

next equality holds S,_4+1(t) =

This implies that C~'AC is the generator of a (C' — DCF) G and the proof of (ii)
is completed. The proof of (iii) can be obtained as in the case of distribution cosine
functions.
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Definition 10. A (C — DCF) G is said to be an ezxponential C-distribution cosine
function, (E — CDCF) in short, if G is an (E —CDS)in E@ E.

Theorem 11. ([34], [39])

(i) Let G be a (C-DCF). Then G is exponential iff there exists w € R such that
e G € S{(L(E)).

(ii) Let A be a closed operator. Then the following assertions are equivalent:

(a) The operator A is the generator of an (E-CDCF) in E.

(b) The operator A is the generator of an (E-CDS) in E & E.

(c) There exists n € N such that A is the generator of an exponentially
bounded n-times integrated C'-cosine function.

(d) There exist w > 0, M > 0 and k € N such that 11, = {z + iy : = >
W= 455} C p(A), [[(A=A)"1C|| < M|A[* , X € T, and that the mapping
A= (A= A)"10, X € 11, is strongly continuous.

(i) Let A be a densely defined operator and let R(C) be dense in E. If A is the

generator of an (exponential) (C-DCF) in E, then A* is the generator of an
(exponential) (C*-DCF) in E*.

(iv) If A is the generator of an (C-EDCF), then for every z € C the operator A+z
is also the generator of an (C-EDCF).

(v) Suppose +£A generate exponential C-distribution semigroups and A2 is closed.
Then C~YA2C is the generator of an (E-CDCF).

Theorem 12. ([39])
(i) Let G be a (C-DCF). Then for all (%) € R(G) there exists a unique function

T
Yy

u € CY([0,00) : E) satisfying u(0) = Cx, v'(0) = Cy and
G+ G W)y = [t v eD,
0

(ii) Let G be a (C-DCF) generated by A. Then for all x,y € D (A) there exists
a unique function u € C*([0,00) : E) satisfying u(0) = Cz, u'(0) = Cy and

Gwm+G*wm:/¢mwmwweD@
0

(i) Let G be a (C-DCF) generated by A. Then C(Dy(A)) C R(G).
(iv) Let R(C) be dense in E and let G be a (C-DCF) generated by A. Then the

following assertions are equivalent:
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In order to complete the structural theory of C-distribution cosine functions
([49], [34]-[35], [39]), one has to consider global integrated C-cosine functions with
corresponding growth order, cosine convolution products and almost C-distribution
cosine functions. The following may be of some independent interest and will not
be further investigated in sections 3-5. Assume that 79 : [0,00) — [0,00) is a
measurable function such that tlr>1(f) 7o(t) > 0 and that there exists Cy > 0 satisfying:

To(t + 5) < Coto(t)70(8), t,8 > 0 and 79(t — s) < Coo(t)10(s), 0 < s < t.

Then (L'([0,00) : 70),]|  ||=,) denotes the Banach space which consists of those
measurable functions f : [0,00) — C such that ||f]|, = [ |f(t)|70(t)dt < co. If
0

f,g € L*([0,00) : 79), define f o g(t) := Tf(s —t)g(s)ds, t > 0. Clearly, f %9 g €

L'([0,00) : 79) and fog € L'([0,00) : 79). The cosine convolution product f *. g
is defined by f *. g := %(f 0 g+ fog+ go f); the sine convolution product
by f *s g := %(f x0g — fog—go f) and the sine-cosine convolution product by
f*scg = %(f*og—fog"*‘gof)- It is obvious that f*697 f*sga f*scg € Ll([()? OO) : TO)7
resp. Dy, if f,g € L'([0,00) : 79), resp. f,g € D.

Proposition 13. ([35])
(i) Let G be a (C-DCF) generated by A. Then the following holds:

G(p *0¥)Cr = G(p)G(¥)z + AG ()G (¥)z, p, €D, z € E.

(ii) Let G € D{(L(E)) satisfy G(p)G(¢¥) = G)G(p), ¢, € D. Then the
following assertions are equivalent:

(8) G is a pre-(C-DCF) and G~ (A(fog—go f))C = G(A(f))G~}(A(g)) -
G U (A()G(A()), f.g € D-.
() GHA(S 4 9))C = GTHA)G(A()), f.g € Ds.

Definition 14. An element G € L(D : L(E)) is called an almost C-distribution
cosine function, (A — CDCF) in short, if G(f)C = CG(f), f € Dy,

(1) G(f *c9)C = G(f)G(g), f,g € Dy, and
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(i) Nyep, Kern(G(f)) = {0}.
The (infinitesimal) generator A of G is defined by
A= {(a@y) EE®E:G(f)y=G(f")z+ f(0)Cx forall fe D+}.

It can be straightforwardly proved that A is a closed linear operator which satisfies
G(NA C AG(f), G(f)r € D(A), AG(f)z = G(f")z + f/(0)Cx, f € Dy, € E
and C7TAC = A.

Theorem 15. ([35])

(i) Let G be a (C-DCF) generated by A. Then GA is an (A-CDCF) generated by
A.

(ii) Let G be a (C-DCF) generated by A. Then
G(A(f *5 9))C = AGTHA(f)G(A(9), f,9 € D4

(iii) Let G be an (A-CDCF) generated by A. Then A is the generator of a (C-DCF)
G, which is given by G(p) := G(K(¢)), ¢ € D.

(iv) Ewery (almost) C-distribution cosine function is uniquely determined by its
generator.

(v) Let A be a closed linear operator. Then A is the generator of a (C-DCF) iff
A is the generator of an (A-CDCF).

(vi) Let G be a (C-DCF). Then G(p)G () = G(¥)G(p), ¢, € D.

Let f € Dy. Then the Weyl fractional integral of order v > 0 is defined by

(WZeh)(t) == [ (s;&a)flf(s)ds, f €Dy, t > 0.1t is well known that, for every
¢

a > 0, the mapping W : D, — D, is bijective. The inverse mapping of W, “(-),
denoted by W(-), is called the Weyl fractional derivative of order o > 0. If @ € N,
then W¢f = (=1)"f™, f € D,. Furthermore, W¢W, = W for all o, €
R, where we put W9 := I. Let us recall ([49]) that the family of Bochner-Riesz
functions (R?), @ > —1, t > 0, is defined by R!(s) = %X(o,t) The Weyl
functional calculus can be applied to the functions which do not belong to the
space Dy ; for example, in the case of Bochner-Riesz functions one has Wf_‘Rf =
Rf_o‘, 04+ 1 > a > 0. Designate by ,, a > 0 the set which consists of all
nondecreasing continuous functions 7,(-) on (0,00) such that %gg t~u(t) > 0 and

that there exists a constant C, > 0 satisfying

u® o (t 4 5 — u)du < CoTo()Ta(s), 0 <t < s.

[0,t] N [s,s+t]
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The typical functions 7,(t) = t%; t%(1 + )Y (B € [0,a], B+7 > a); tPe™ (B €
[0,a], 7 > 0) belong to Q,. Suppose 7, € Q, and v > «; then the function
7, = t'"%7,, t > 0 belongs to (2,. Designate by Q" the subset of ,, a > 0 which
consists of all functions of the form 7,(t) = t®wp(¢), t > 0, where the continuous
nondecreasing function wyq : [0,00) — [0, 00) satisfies t11>1£ wo(t) > 0 and wo(t + s) <

wo(t)wo(s), t,s > 0. Suppose a > 0, 7, € Q and define
[ retfweeo
(o) = | L _weun)|dt, o e D,
0 (0)i= [ FetdsWe)at. o e D
0

Then ¢, (-) is a norm on D; and there exists a constant C, > 0 such that

Gro (04 @) < Catr, (¢)qr, (0), ©, ¢ € Dy ([49]). Let T (74, *c) denote the comple-
tion of the normed space (D4, q-,); then T (74, *.) is invariant under the cosine
convolution cosine product . and the following holds (cf. [49, Theorem 3]):

(1) T (Tas *c) = TL(EY, x.) = L'([0,00), *.), where < denotes the dense and
continuous embedding,

(i) TL(EP, %) =TI, ), B> a >0,
(ii) Ry~ € TY(Tas *¢), v > a, t > 0 and there exists C,, > 0 such that
Gr. (R} ™) < Cuat’™*74(t), t > 0.

An (A — CDCF) G is said to be of order o > 0 and growth 7, € Q, if G can be
extended to a continuous linear mapping from T¢ (74, *.) into L(E).

Theorem 16. ([49])

(i) Let A be the generator of an a-times integrated C-cosine function (Cy(t))i>0
and let ||Co(t)|| = O(14(t)), t > 0. Then the mapping G : T (74, *.) = L(E),
given by

ez —/Wa tyxdt, fe€ X (Ta, *), x € E, (2)
is a continuous algebra homomorphism satisfying:
t
1/ a— 1
/ I‘V—a Co(s)zds = G(RY Na, v>a, 2 € E
0
and

/Wff(t)ca(t)xdt—/Wif(t)/(tl_‘(j)i:)C’a(s)mdsdt,
0 0 0

forall fe€ZT "t *Ta, *c), © € E. Furthermore, the restriction of G to Dy
is an almost-distribution cosine function of order o > 0 and growth 1 with
the generator A.
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(ii) Suppose A is the generator of an (A-CDCF) G of order a > 0 and growth
Ta € Qa. Then, for every v > «, A generates a v-times integrated C-cosine
function (Cy(t))i>0 such that ||C,(8)|] < Cot¥~*14(t), t > 0 and that

_ v—a—1
x—/Wjﬁf /t °) ] Co(s)zdsdt, f €Dy, x € E.

'v-—a«a

(iii) Let a >0, 7o € Q" and let D(A) and R(C) be dense in E. Then the following
assertions are equivalent:

(a) The operator A is the generator of an a-times integrated C-cosine func-
tion (Co(t))i>0 such that ||Cy(t)]] = O(14(t)), t > 0.

(b) The operator A is the generator of an (A-CDCF) G of order o > 0 and
growth 1, such that G(D4) is dense in E.

The following theorem will be useful in our further work.

Theorem 17. Assume a > 0 and A is a subgenerator of a global a-times integrated
C-cosine function (Co(t))i>0. Then, for every B > «, the operator A is a subgene-
rator of a global B-times integrated C-cosine function (Cg(t))i>o0, which is given by

a

Cp(t) f S

) Cu(s)xds, x € E, t > 0. Define

G(o)r = / WK (2))(t)Ca(t)zdt, @ € E, ¢ € D. (3)

Then G is a (C-DCF) generated by C~*AC and the following equality holds: G(p)x =
J WK (@) (t)Cs(t)wdt, x € B, ¢ € D.
0

A function u(t) is said to be a mild solution of the abstract Cauchy problem
(ACPy) : /' (t) = Au(t), t >0, u(0) = x, resp.,

(ACP,) : v (t) = Au(t), t > 0, u(0) =z, u'(0) =y,
¢ ¢
if the mapping ¢ — u(t), ¢ > 0 is continuous, [u(s)ds € D(A) and A [u(s)ds =
0

0
t

u(t) —x, t > 0, resp., if the mapping ¢ — u(t), ¢ > 0 is continuous, [(t—s)u(s)ds €
0

t
D(A) and A [(t —s)u(s)ds = u(t) —x —ty, t > 0. It can be proved that there exists

0
at most one mild solution of (ACP;), resp. (ACP,), provided that there exists
a > 0 such that A is a subgenerator of a local a-times integrated C-semigroup,
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resp., a local a-times integrated C-cosine function. If mild solutions of (AC'P;) are
unique, then the solution space for A, denoted by Z(A), is defined to be the set of all
2 € E for which there exists a unique mild solution of (ACP;). In order not to put
a strain on the exposition, and to stay consistent with previously given definitions
of hypercyclicity and chaos of cosine functions ([11], [31]), we primarily consider
mild solutions of (AC'P,) with y = 0. This, however, may not be the optimal choice
and we refer the reader to [15] as well as Theorem 33, Theorem 35, Example 29,
Example 36 and Remark 34 for further information in this direction. Denote by
Z5(A) the set which consists of all z € E for which there exists such a solution. Let
m : E®FE — E and w2 : E® E — E be the projections and let G be a (C — DCF)
generated by A. Then G is a (C — DS) generated by A and the solution space Z(.A)
can be characterized by means of [37, Lemma 6]: Denote by D(G) the set of all
x € () D(G1(6:)) satisfying that the mapping t — Gy (d;)z, t > 0 is continuous; here
t>0

91(50:{((;1) (& 2)) Gi(p(-— ))( ) Gi(yp )(zi), @GDO}.Then Z(A) = D(9)
and the mild solution u(-; (Z)) of (ACPy) with initial value (;) € Z(A) is given
by wu(t; ( )) = gl(at)( ) t > 0. Assume that, for every 7 > 0, A is the integral
generator of a local n-times integrated C-cosine function (Cy, ()):e[o,r)- Then it
can be proved that the solution space Z (.A) consists of those pairs (f}) in E® E which

fulfill that, for every 7 > 0, C,_(t)x + fC’n s)yds € R(C), t € [0,7) and that the

mapping t — C~1(C,,_(t)x + f Ch, (s)yds), t € [0,7) is (n, + 1)-times continuously

differentiable. By prior arguments, one yields that = € Zy(A) iff (2) e Z(A) iff
(%) € D(G), and u(t;x) = m2(G1(6:)(°)), t > 0, where u(;z) denotes the mild

solution of (ACP,) with y = 0. Define G(8;)z := m2(G1(6:) (")), t > 0, z € Z»(A).

Proposition 18. ([37]) Assume that, for every T > 0, there exists n, € N such that
A is a subgenerator of a local n.-times integrated C-cosine function (Cp, (t))iefo,r)-
Then the solution space Zs(A) consists exactly of those vectors x € E such that,
for every T > 0, C,,_(t)z € R(C) and that the mapping t — C~1C,_(t)z, t € [0,7)
is nr-times continuously differentiable. If x € Zs(A) and t € [0,7), then G(6¢)x =
LT 071, (Ha.

Proposition 19. Let A be the generator of a (C-DCF) G and let x € Z3(A). Then
G(ét)( (A)) C Z3(A), t >0, 2G(05)G(0¢)xr = G(d¢4s)x + G(64—g)x, t,5 > 0 and

x*fg@ (H)CG(6,)zdt, ¢ € D.

PrROOF. We will only prove the d’Alambert formula 2G(05)G(0:)x = G(d4s)x +
G(d¢—s)x, t,5 > 0. Fix a t > 0 and define afterwards

u(s; G(6,)x) == % G(Srys)a + G(é‘t_s‘)m}, s> 0.

Then the mapping s — u(s; G(6;)x), s > 0 is continuous and, for every s € [0, ],
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Oj(s — r)u(r; G(0)x)dr = tofs(t + s — r)u(r; G(6¢)x)dr — Oft(t — r)u(r; G(0)x)dr +
tofs(t — s —r)u(r; G(6;)x)dr € D(A) and Af(s — r)u(r; G(6)z)dr = [G(6145)x —
] = 3[G(0p)z — 2]+ §[G(6s—s)x — 2] = 3[G(0p4s)x — 2] = u(s; G(6r)z) — G(6;)x. One

can similarly prove that A](s — ru(r; G(op)z)dr = u(s; G(0r)x) — G(01)x, s > t,
0
which completes the proof of theorem.

Assume G is a (C — DCF) generated by A and x € Z3(A). Then Proposition

19 implies C(Z2(A)) C R(G) and G(p)x € R(C), ¢ € Dy. Further on, C(Z3(A)) C
Z5(A) and G(6;)Cx = CG(6;)z, t > 0.

Proposition 20.
(i) Assume G is a (C-DCF) generated by A. Then R(G) C Z3(A).

(ii) Assume A is a closed linear operator, x € Z(A) N Z(—A), u1(:;x) and us(+; x)
are mild solutions of (ACPy) for A and —A, respectively, and u(t;z) :=
L(ur(t;z) + ua(t;z)), t > 0. If A% is closed, then u(-;x) is a mild solution

of (ACPy) for A%

Proor. We will prove only (i). Assume z € R(G) and z = G(p)y for some ¢ € Dy
and y € E. Put

1

u(t;z) == 5 |Gle(- =)y + Glo(- + 1))y + Gle(t — -))y} , 120, (4)

Using the continuity of G, one gets that u(-;z) € C([0,00) : E). Denote f(t) :=
G(p(- =)y, 9(t) := G(p(- +t))y and h(t) := G(p(t —))y, t > 0. Then f,g,h €
C2([0,00) - E), f(t) = ~G(¢'(-— D)y, 1"(t) = G(¢" (- — 1))y 4/ (£) = G-+ 1)y,
§"(t) = G (- + D)y, H'() = —G(g'{t — )y and K"(t) = G(¢"(t = )y, ¢ > 0.
The above equalities, the partial integration, the representation formula (4) and
Theorem 6(ii)(a) taken together imply:

A j(t — s)u(s;z)ds
0

=;%fe@%—$w+jcww+@w—jcw%—>m

3 Hypercyclicity and chaos for C-distribution co-
sine functions and integrated C-cosine functions

Henceforth we assume that F is a separable infinite-dimensional complex Banach
space and that S is a non-empty closed subset of C satisfying S\ {0} # 0.
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Let G be a (C — DCF). A closed linear subspace E of E is said to be G-
admissible iff G(6,)(Z>(A) N E) C Z5(A) N B, t > 0. Define Gum () (5) := (G(2)2),
z,y € E, ¢ € D. Then Gy, is a (C — DCF) in E @ E generated by A @ A,
Zo(A@® A) = Zy(A) ® Z3(A), and E @ E is Gypm-admissible provided that E is
G-admissible.

Definition 21. Let G be a (C' — DCF) and let E be G-admissible. Then it is said
that G is:

(i) E—hypercyclz;c, if there exists z € Zy(A) N E such that the set {G(5,)z : t > 0}
is dense in F,

(ii) E-chaotic, if G is E-hypercyclic and the set of E-periodic points of G, GEipET’

defined by {z € Zy(A) N E: G(dy,)x = x for some ty > 0}, is dense in E,

(iii) EN'-topologiqally transitive, if for every y,z € E and ¢ > 0, there exist v €
Z5(A) N E and t > 0 such that ||y —v|| < € and ||z — G(d:)v]| < e,

(iv) E-topologically mizing, if for every y, z € E and & > 0, there exists top > 0 such
that, for every t > tp, there exists v; € Z3(A) N FE such that ||y — v < e
and ||z — G(d)ve]| < e, t > to,

(v) E-weakly mizing, if G, is (E @ E)-topologically transitive in E & E,

(vi) E-supercyclic, if there exists z € Zy(A) N E such that its projective orbit

{cG(8;)x : c € C, t >0} is dense in F,
(vii) E-positively supercyclic, if there exists € Z3(A4) N NE such that its positive
projective orbit {¢G(d;)x : ¢ >0, t > 0} is dense in F,

(viii) Es-hypercyclic, if there exists z € Z5(A) N E such that its S-projective orbit
{cG(8t)x : ¢ € S, t > 0} is dense in E;Nany element z € Zo(A) N E which
satisfies the above property is called a Eg-hypercyclic vector of G,

(ix) Es—topologically transitive, if for every y,z € E and € > 0, there exist v €
Zy(A) N E,t>0and c € S such that ||y — v|| < e and ||z — ¢G(&)v|] < e,

(x) sub-chaotic, if there exists a G-admissible subset E such that G is E-chaotic.

In what follows, we use the fact that the notion of E-periodic points and E-
topological transitivity (Es—topological transitivity) of a (C'— DCF) G (or a (C —
DS) G, cf. [37] for the notion) can be defined even in the case that E is not
G-admissible.

Assume that there exists o > 0 such that A is the integral generator of an
a-times integrated C-cosine function (Cy(%)):>0. Put

Golp)r = / WK (2))(t)Ca(t)zdt, @ € E, ¢ € D.
0
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Then Theorem 17 implies that G, is a (C — DCF') generated by A.

Definition 22. Let E be a closed linear subspace of E. Then it is said that E is
(Co(t))s>0-admissible iff E is G ,-admissible, and that (Cy (t));>0 is E-hypercyclic iff
G, is; all other dynamical properties of (Cq(t))>0 are understood in the same sense.
Let E be (C,(t));>0-admissible; then a point z € E is said to be a E-periodic point
(ES—hypercyclic vector) of (Cy(t))i>o iff z is a E-periodic point (Es—hypercyclic
vector) of Gg.

It is clear that the notion of Es—hypercyclicity generalizes the notions of (posi-
tive) E-supercyclicity and E-hypercyclicity. In the case E = E, it is also said that
G ((Ca(t))e>0) is hypercyclic, chaotic, ..., S-hypercyclic, S-topologically transitive,
and we write Gy, instead of G Boper Using Theorem 17 again, we get that a closed
linear subspace E of E is (Cy(t))¢>o-admissible iff E is (Cs(t))s>0-admissible, and
that (Cy(t))s>0 is E-hypercyclic (E-chaotic, ..., sub-chaotic) iff (C(t))¢so is; this
is why we assume in the sequel that o € Ny. Let G; be a (C; — DCF') generated
by A, i = 1,2. Then a closed linear subspace E of E is Gi-admissible iff F is
G-admissible. Furthermore, it follows from Definition 21 that G; and G share
common dynamical properties, which can be simply reformulated in the case of
global integrated C-cosine functions.

It is easily seen that ES—hypercyclicity (Es—topological transitivity) of G implies
E N Zy(A) = E. By Proposition 19, the assumption G(8;,)z = z for some t; > 0
and x € Z3(A) implies by induction G(d¢,)"x = G(0nt,)x = x, n € N, so that the
notion of E-periodic points of G is meaningful in some sense.

Before going any further, we would like to make a general observation on in-
finitely regular S-hypercyclic vectors of cosine functions. Let (C(t));>0 be an S-
topologically transitive cosine function and let HCq(C(-)) denote the set which
consists of all S-hypercyclic vectors of (C(t));>0. Then one can prove by means of
[28, Lemma 3.1, Theorem 3.2] that HCq(C(-)) N Dy (A) is a dense subset of E.

Given t > 0 and o > 0, set

Py o= {eo € Do : suppp C (t —o,t+0), » >0, /w(S)dS = 1}-
The following theorem can be proved by making use of Proposition 19 and the proof
of [19, Theorem 4.6].
Theorem 23. ([19], [37])

(i) Assume n € Ny, A is the integral generator of an n-times integrated C-cosine

function (Cy,(t))i>0, C(E) = E and E is G, -admissible. Then the following
holds:

(a) (Cn(t))i>o0 is ES-hypercyclic iff there exists © € E such that the mapping
t = Cp(t)x, t > 0 is n-times continuously differentiable and that the set
{cLCp(t)z:c €S, t >0} is dense in E.
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(b)

(Ch(t)i>0 s Es-topologically transitive iff for everyy,z € E and e > 0,
there exist v € E, tg > 0 and ¢ € S such that the mapping t — Cy(t)v,
t > 0 is n-times continuously differentiable and that ||y — v|| < e as well
as ||z — c(c%cn(t)v)t:toH <e.

(C(t))i>0 is E-chaotic iff (Cn(t))i>0 is E-hypercyclic and there exists a
dense subset of E consisting of those vectors & € E for which there exists
to > 0 such that the mapping t — C,(t)x, t > 0 is n-times continuously
differentiable and that (3= Ch, (t)x) 1=, = Cx.

dtmn n

(i) Let A be the generator of a (C-DCF) G and let E be G-admissible. Then:

(a)

G is ES—hypercyclic iff there exists xo € Zo(A) N E such that, for every
z€E and e > 0, there exist to > 0, c € S and o > 0 such that

1ecC™' Gz — al| <&, ¢ € Dy o

G is Es-topologically transitive iff for every y,z € E and ¢ > 0, there
exist to > 0, c € 5, 0 >0 and v € Z3(A) N E such that, for every
"2 S ®t0,a‘7

lly — || < e and ||z — cCT G (p)v|| < e.

G is E-chaotic iff G is E-hypercyclic and if there exists a dense set in

E of vectors x € Zy(A) N E for which there exists T > 0 such that, for
every € > 0, there exists o > 0 satisfying

|CTIG(p)r — || <&, p € Pry.

Corollary 24. Let A be the generator of a (C-DCF) G. Assume E is G-admissible
and G is Es—hypemyclic (Es-topologically transitive). Then C(E) C R(G) C

Doo(A).

The proof of following theorem follows from Proposition 19 and the fact that
the continuity of a single operator C'(¢) (¢ > 0) is not used in the proofs of [11,
Theorem 1.2, Corollary 1.3, Theorem 1.4].

Theorem 25. Let G be a (C-DCF) and let E be G-admissible.

(i) Assume that there exists a sequence (t,) of non-negative real numbers such

that

and

Xy 5= {x € Zy(A) N E: lim G(5,, )z = o}

n— oo

Xoo i = {y € E: there exists a zero sequence (up) in Zo(A) N E and

c € S\ {0} such that li_>m G(6:, )cun, = y}

are dense subsets of E. Then G is Es—topologically transitive.
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(i)

(iii)

M. Kostié
Assume that there exists a sequence (t,) of non-negative real numbers such
that the set

X, 5= {m € Z(4) N B lim G(3y,)o = lim G(6, ) = o}

n—oo
is dense in E. Then G is E-topologically transitive.

Assume that the set
Xp = {x € Z5(A) N B Jim G(6))w = o}

is dense in E. Then G is E—topologically mixing.

Remark 26.

(i)

Assume z,y € E, A\, \s € C, Az = Mz and Ay = Aoy. Then © € Z(A) N
Z5(A), the mild solution of (ACPl) is given by u(t T) = eMlz, t > 0 and the

t2n+1

mild solution of (ACP») is given by u(t; x,y) = Z Tyt - Tx+ Z T A2Y
n=0

t > 0. This implies that the condition f(\) € (A) A€ Q stated in the
formulation of [37, Theorem 11] automatically holds and that the proof of
[37, Theorem 13] can be simplified.

Let tg > 0. By the proof of Theorem 27 (cf. also [16]), we obtain that C-
distribution semigroups appearing in the formulation of [37, Theorem 11] are
(subspace) topologically mixing. With a little abuse of notation, we have that
every single operator G1(dy,) in [37, Theorem 11(i)] is topologically mixing
and has a dense set of periodic points in E, resp. the part of the operator
G1(d¢,) in the Banach space E appearing in the formulation of [37, Theorem
11(ii)] is topologically mixing in E and the set of E-periodic points of such
an operator is dense in E.

The following theorem is an important extension of [50, Theorem 2.1], [14,
Proposition 2.1], [15, Theorem 1.1] and [37, Theorem 11(i)].

Theorem 27.

(i)

Assume G is a (C-DS) generated by A, wy,ws € RU{—00,00}, w1 < we and
to > 0. If 0,(A) NiR D (iwr, dwe) N Q’ZZQ, keNand g; : (wi,w2) N 2”(@ —F
is a function which satisfies that, for every j =1,--- k, Ag;(s) = zsg]( s), s €
(w1, w2)N %, then every point in span{g;(s) : s € (wl,wg) N 2’TQ 1<j<k}
is a periodic point of G1(dy,). Assume now that f; : (w1, wa) — E is a Bochner
integrable function which satisﬁes that, for everyj =1,---, k, Af;(s) = isf;(s)

for a.e. s € (w1, wsa). Put ¢y j := fe“"sf Yds, r € R, 1 < j <k.




Hypercyclic and chaotic integrated C-cosine functions 19

(a) Assume span{f;(s):s € (wi,w2)\Q, 1 <j <k} is dense in E for every
subset Q of (w1,ws) with zero measure. Then G is topologically mizing
and G1(dy,) is topologically mixing.

(b) Put E := span{ipy ;i € R, 1 < j <k}. Then G is E-topologically miz-
ing and the part of G1(dy,) in E is topologically mizing in the Banach
space E.

(i) Assume G is a (C-DS) generated by A, to > 0, E is a closed linear subspace
of E, Ey := span{z € Z(A) : I\ € C, R\ < 0, G1(d)x = ez, t > 0},
Eo = span{z € Z(A) : IX € C, RX > 0, G1(d)x = Mz, t > 0} and
Eper = span{z € Z(A) : 3N € Q, G1(6;)x = e™ %z, t > 0}. Then the
following holds:

(a) If Eo N E is dense in E and if Eo is a dense subspace of E, then G is
E-topologically mizing; if G1(6:)(Eo NE) C E, t > 0, then the part of
G1(0t,) in E is topologically mizing in the Banach space E.

(b) If Eper N E is dense in E, then the set of E-periodic points of G is
dense in E; if, additionally, Epe, is a dense subspace of E, then the set

of all periodic points of the part of the operator G1(ds,) in E is dense in
E.

PrOOF. We will prove the assertion (i)(a). By Riemann-Lebesgue lemma and the

dominated convergence theorem, we have that | llim ¥r; = 0 and that the mapping
T|—00

r — Y, r € Ris continuous (1 < j < k). By Remark 26 and [37, Lemma 6(i)],
we obtain G1(8;)f;(s) = e f;(s) for a.e. s € (w1,wa), G1(0t)¥rj = VYrirj, t >0,
reR,1<j<kandspan{e,; : 7 € R, 1 < j <k} C D(G). Using the proof
of [50, Theorem 2.1], it can be easily seen that span{e,; : r € R, 1 < j < k} is
dense in E. So, it suffices to show that, given y,z € span{¢,j : r € R, 1 < j < k}
and € > 0 in advance, there exists tyg > 0 such that, for every ¢ > ty, there exists
¢ € Z(A) = D(G) such that:

[ly — z¢]| < e and ||z — G1(6)xe|| < e. (5)
Let y = > authry, and z = 3 By ; for some «y, 8 € C, m,7 € R and
=1 =1

1 < i;,4; < k. Then there exists to(e) > 0 such that || 3 B | < e and
=1

ﬁ—t,’z:l |

G1(0¢) > Bz, 45, = %, t > to(e). Furthermore, there exists t1(¢) > 0 such
=1 '

that [|G1(6)yll = || Do cutdr 44l < €, t > t1(e). Then (5) holds with t, =
=1

max(to(e), t1(e)) and x¢ = > Bihy, ;5 +y, t > to. The operator Gi(dy,) is ob-
=1 -

viously topologically mixing, which completes the proof.
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Remark 28.

(i) Assume the function f; : (w1,w2) — E is weakly continuous for every j =
1,- -k, to > 0 and Q is a subset of (wy,ws) with zero measure. Then

span{f;(s) : s € (wy,ws2) N %, 1<j<k}
= span{f;(s) : s € (w1,w2), 1 <j <k}

= span 'Lle{fj(S) 18 € (wr,w2) \ QF.

(ii) Let Q be a subset of (wy,ws) with zero measure, let 7 € R and let 1 < j < k.
wa .
Then ¢, ; = [ €75 f;(s)ds € span{f;(s) : s € (w1,w2) \ Q}.
w1

(iii) Assume that the mapping r — .. ;, 7 € R is an element of the space L!(R : E)
for every 7 = 1,- - - k. Then the inversion theorem for the Fourier transform
implies that there exists a subset Q of (w1, ws) with zero measure such that

span{f;(s) : s € (w1, w2) \ Q, 1 <j <k} =span{e),; :r €R, 1<j <k}

(iv) By multiplying with an appropriate scalar-valued function, we may assume
that, for every j =1,-- -, k, the function f;(-) is strongly measurable (cf. also
[50, Remark 2.4]).

The following example illustrates an application of Theorem 27(i) and can be
formulated in a more general setting.

Example 29. Assume o > 0, 7 € iR\ {0} and E :=BUC(R). After the usual
matrix reduction to a first order system, the equation Tu + uy = au,, becomes

d
—i(t) = P(D)u(t), t =0,
dt
- _.d _ 0 1 s .
where D = —i-, P(x) = [ _a,2 1 } and P(D) acts on E®E with its maximal

distributional domain. The polynomial matrix P(z) is not Petrovskii correct and
[17, Theorem 14.1] implies that there exists an injective operator C € L(E & F)
such that P(D) generates an entire C-regularized group (T(2)).cc, with R(C) dense.
Put wy = —oo and wy = 0, resp. wy = 0 and wy = +oo, if I7 > 0, resp. 7 < 0.
Then %2'“5’ € (—00,0), s € (w1,ws). Let hi(s) = cos(~(#)1/2), ha(s) =
sin(-(#)lm), s € (w1,wq) and let f € C*((0,00)) be such that the mapping
s+ fi(s) = (f(s)h;(s),isf(s)h;(s))T, s > 0 is Bochner integrable and that the

fi(s), s € (wi,wo)
0

1 y —
, s ¢ (wi,ws) belongs to the space H'(R) for j = 1,2. Put

mapping s

wa . -
Ury = [€7fi(s)ds, r € R, j = 1,2 and E = span{¢,; : v € R, j =1,2}. By
wi
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Bernstein lemma [1, Lemma 8.2.1, p. 429], Theorem 27(i)(b) and Remark 28(i)-
(iii), one gets that (T'(t))¢o is E-topologically mixing as well as that for each to > 0
the part of the operator C~'T'(to) in E is topologically mixing in £ and that the
set of E-periodic points of such an operator is dense in E.

Theorem 30. Let +A be the generators of C-distribution semigroups G+, let A? be
closed and let G(¢) = 2(G4(¢) + G_(p)), ¢ € D. Assume wy,ws € RU {—00, 00},
wi < wa, tg > 0, 0p(A) D (iwr, iwz) N 27;@, ke N and f; : (wi,w2) N % — E
satisfies Af;(s) = isf;(s), s € (wi,w2) N % (1 <j<k). Then G is a (C-DCF)
generated by C~*A%C and, for every x € span{f;(s): s € (wl,wg)ﬂ%, 1<j <k},
there exists n € N such that z is a fized point of G(dns,)-

PROOF. Clearly, Proposition 8 implies that G is a (C — DCF) generated by
C~1A%C. By Remark 26 and [37, Lemma 6(i)], one has G+ 1(0;) f;(s) = e f;(s),
t>0,s € (w,w2) N % Now it is straightforward to see that, for every z €
span{f;(s) : s € (w1,w2) N %, 1 < j < k}, there exists n € N such that
G4 1(dt, )" = x. Then, by Proposition 20(ii),

1
G(Onty)T = §(G+,1(5nto)$ + G 1(0nt,)7)

1
= §(G+71(6t0)nx + G*,l((sto)”m) = 7(3j + 3?) =Z.

Remark 31. Assume  is an open connected subset of C, which satisfies o,(A4) D
Q and intersects the imaginary axis, f : € — FE is an analytic mapping with
FfA) € Kern(A — M), A € Q, Eg = span{f(\) : A € Q}, k =1 and fi(s) = f(is),
5 € (wi,w2) N 22 where wy,wy € R and (iwy,iwy) C Q. Then [5, Lemma 2.4]

to
2mQ

implies that span{fi(s) : s € (w1,w2) N ==} is dense in E.

Lemma 32. Let A € C. Then A € a,(A) iff \2 € 0,(A); if f(A\?) an eigenvector
of A with the eigenvalue N2, then F()\) = (f(A?),A\f(A\2))T is an eigenvector of A

with the eigenvalue .

The proof of the first part of the following theorem follows immediately from
Lemma 32 and Theorem 27 while the proof of the second part of the theorem follows
from Lemma 32, [37, Theorem 11(ii)] and Remark 26.

Theorem 33.

(i) Assume A is the generator of a (C-DCF) G, tg > 0, wi,ws € RU {—00, 00},
w1 < wa, k € N and ¥(wy,wa,tg) = {—5% : 5 € (wi,w2) N %} Then the
existence of functions g; : ¥(wi,wa,ty) — E which satisfy that, for every
j=1,k, Agj(—s?) = —s%g;(—s?), s € (w1,w2) N %, implies that every
z € span{(g;(—s?),isg;(—s?))T : s € (w1, w2) N %, 1 <j <k} is a periodic
point of G1(0s,). Let fj : (—w3,—w?}) — E be a measurable function which

satisfies that, for every j = 1,-- - k, Af;j(—s?) = —s*f;(—s?) for a.e. s €
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(w1, w2). Put Fj(s) := (fj(—=s?),isfj(—s*)7T, s € (wi,wa), 1 < j < k. Let the
mapping F; : (wi,ws) = E @ E be Bochner integrable provided 1 < j < k and
w2 i
let ¢ j == [ € Fj(s)ds,r e R, 1<j<k.
w1
(a) Assume span{Fj;(s) : s € (w1,w2)\ Q, 1 < j < k} is dense in E® E
for every subset Q of (w1,ws) with zero measure. Then G is topologically
mizing and G1(dy,) is topologically mixing.
(b) Let E = spanf{Crj:r € R, 1 <j <k} ThenG is E-topologically mizing

and the part of G1(0s,) in E is topologically mizing in the Banach space
E.

Assume A is the generator of a (C-DCF) G, there exists an open connected
subset Q of C which satisfies o,(A) 2 {A* : X € Q} and Q@ N iR # 0.
Let f : {\2 : X € Q} — E be an analytic mapping satisfying f(\?) €
Kern(A — X))\ {0}, X € Q, let F(A) = (f(A),A\f(A?)", A € Q and let
E = span{F(\) : A € Q}. Then G is E-topologically mizing, the part of the
operator Gi(dt,) in E is topologically mizing in the Banach space E, the set
Gp per U dense in E and the set of all E -periodic points of the part of the

operator G1(8y,) in E is dense in E.

Remark 34.

(i)

Assume G is a (C — DCF) generated by A. Then one can prove with the
help of [39, Theorem 2.1.11], Proposition 18 and [37, Lemma 6] that = is a
periodic point of G, resp. a hypercyclic vector of G, if (3) ((2)) is a periodic
point of G, resp. a hypercyclic vector of G. Moreover, the G-admissability of
a closed linear subspace E of E implies G;(6,)({0}® E) C E® E.

Assume now F is G-admissible and (‘r) is a Es—hypercyclic vector for G. Then

Gi(3)(2) = (71 (G(6) (). £m(G1(6)(2)) ¢ >0, and
u(t) = m (g1 (6) (2 )) t > 0 is a mild solution of (ACP,). Then {cu(t) : ¢ €
(¢

S, t >0} and {cu/(t) : ¢ €S, t > 0} are dense subsets of E, which can be
simply reformulated in any of considered hypercyclic properties.

The following theorem can be rearranged by assuming that there exists o >
0 such that —A generates an exponentially bounded, analytic a-times integrated

semigroup of angle 6 € (0

s

,5) and that o,(—A) strictly lies on the imaginary axis

(cf. Theorem 27).

Theorem 35. Let 6 € (0, %) and let —A generate an analytic strongly continuous

’ 2

semigroup of angle 6. Assume n € N, a, > 0, a,—; € C, 1 < i < n, D(p(4)) =
D(A™), p(A) = 3 a; A" and n(5 — 0) < 5. Then there ezists w € R such that, for
i=0
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every a € (1, —75—), p(A) generates an entire C' = e~ @)= reqularized group
(T(t))tec. Put C(z) := 1(T(2) + T(—=2)), z € C. Then (C(t))i>0 is a C-regularized
cosine function generated by p?(A) and the mapping z — C(z), z € C is entire.

(i) Assume that there exists an open connected subset Q of C, which satisfies
op(=A) D Q, p(—Q) N iR #0, and let f : Q@ — E be an analytic mapping
satisfying f(A) € Kern(—A — X) \ {0}, A € Q.

(a) Assume that (z*, f(A)) = 0, A € Q, for some x* € E*, implies * = 0.
Then there exists a dense subspace Cper of E which satisfies Cper C
Z5(A) and that, for every to > 0 and x € Che,, there exists ng € N such

that C~1C(nnotg)z = x, n € N. In particular, the set of all periodic
points of (C(t))¢>o0 is dense in E.

(b) Assume that the supposition (x*, f(X)) + (y*,p(=A) f(A)) =0, A € Q, for
some z*,y* € E*, implies x* = y* = 0. Let

C(z) £C(S)ds
LC(z)  C(»)

So(z) == , z€C.

Then (So(2)).ec is an entire C-reqularized group generated by the oper-

ator < pQ?A) é > , (S0())e>0 is both topologically mizing and chaotic,
and for every t > 0, the operator C~1Sy(t) @ C~1Sy(t) is chaotic and
topologically mizing.

(ii) Assume that there exists an open connected subset Q of C, which satisfies
op(—=A) D Q and p(—2) N iR #Q. Let f: Q — E be an analytic mapping
satisfying f(A) € Kern(—A — A) \ {0}, A € Q. Set

E = span{(f(\),p(=\)f(\)T : A€ Q} and E := {f(\) : A € Q}.

(a) Then there exists a dense subspace Cper of E which satisfies Cper C
Zy(A) and that, for every to > 0 and x € Che,, there exists ng € N such
that C~1C(nnoto)x = x, n € N. In particular, the set of all E-periodic
points of (C(t))s>o is dense in E.

(b) Let (So(2))zec be as in (i). Then (So(2)).ec is an entire C-reqularized
group generated by ( 0 I

p*(4) 0
the set of E-periodic points of (So(t))i>o is dense in E, and R(Cy) is
dense in the Banach space E. Let t > 0 be fized and let To(t) be the part
of C™1So(t) in E. Then the operator T(t) := Ty(t) & To(t) is chaotic and
topologically mizing in the Banach space EqE.

) , (So(t))e>o0 is E-topologically mizing,

PRrROOF. We will only prove the part (b) of (ii). Notice that the mapping z — p(z),
z € C is open and that the set p(—{) is open and connected. Put Si(s) :=
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jC(r)dr j(s —r)C(r)dr

s , s > 0. By [39, Theorem 2.1.11], (S1(s))s>0 is
C(s)—C [ C(r)dr
0

0
p*(A)
is clear that the mapping s — S1(s), s > 0 can be analytically extended to the whole
complex plane, which simply implies that (Sp(2)).ec is an entire C-regularized group

generated by ( pQ?A) é ) . In order to prove that (So(s))s>0 is E-topologically

a once integrated C-semigroup generated by ( é ) . On the other hand, it

mixing and that the set of E-periodic points of (Sp(s))s>0 is dense in E, one can
- 0 1
use the equalities p*(4)f(3) = p*(=A)f(N), A € (pQ( 4) 0 ) (5700) =

p(=A)( (o )f);()\)) A € Q as well as Remark 26 and [37, Theorem 11(ii)]. Moreover,
the same argumentation shows that the single operator T'(¢), considered as an un-
bounded linear operator in the Banach space E @ E, is topologically mixing and
that the set of E @ E-periodic points of T(t) is dense in E & E. By [37, Remark
14(ii)], R(Cp) is dense in E. Therefore, it remains to be shown that the opera-
tor T'(t) is hypercyclic in the Banach space E & E. Towards this end, put Xy :=
span{(f(\),p(=A\) fFOONT : A € Q,Rp(—A) < 0}, X := span{(f(A),p(=\) f(\)T :
A€ Q Rp(—\) > 0}, Y1 = X068 Xo, Y2 1= Xoo & X,

S<Z i (5 J;(if)(k ) Z Pi (p< Zz)f z) )>

Z aie*p(*)‘i)( f

!
); BieP(=2i) (zl)fzi))> k,l e N, a; € C,
R(A)) <011 <k B ecC
h

R(p(—2;)) , 1 <4 < 1. Then it follows
%) that the operator T(t) is hypercyclic in EaE,

from [19, Theorem 2.3] (wi
as required.

In the following instructive example, we consider a class of abstract second order
differential equations which cannot be treated by integrated cosine functions.

Example 36.

(i) ([21, Example 4.12], [20, Example 2.4], [37, Example 15]) Let a,b,c > 0 and
c< % < 1. Consider the equation

Up = Qlgy + buy, + cu := —Au,
u(0,t) =0, t >0,
u(z,0) = up(x), z > 0.

Then the operator —A, with domain D(—A) = {f € W22([0,00)) : f(0) = 0},
generates an analytic strongly continuous semigroup of angle 7 in the space

E = L?([0,0)); the same assertion holds in the case when the operator —A
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acts on E = L'([0,00)) with domain D(—A) = {f € W>1([0,0)) : f(0) = 0}.

Put
b? b? b?
D= AeC:A—(c— )| <—, SN A0 RWN) <c— —
€ | (C 4(1)‘ — 4a7 \S'( )# 1 ( )—C 4[1
n .
and assume that p(z) = > a;z' is a nonconstant polynomial such that

=0
an > 0 and that p(—Q) N iR # § (this, in particular, holds if ag € iR).
An application of Theorem 35(i) gives that there exists an injective opera-
tor C' € L(E) such that p?(A) generates a global C-regularized cosine func-
tion (C'(¢))¢>0 satistying that the set of periodic points of (C(t)):>o is dense
in E. Let E := {(/x(),p(=N\)f2(-)T : X € Q}, where the function fy is de-
fined in [21, Example 4.12]. By Theorem 35(ii), we get that the induced

0
topologically mixing and that the set of all E-periodic points of (So(t))e>0
is dense in E. Herein it is worth noting that every single operator T'(¢)
(cf. the formulation of Theorem 35) is chaotic and topologically mixing in
the Banach space E & E. Using the composition property of regularized
semigroups, it simply follows that there exist z,y € E such that the set
{C~1Sy(nt) (;j) :n € Ng} is a dense subset of E. Since R(Cj) is dense in E,
one gets that {Sy(nt) (2) :n € No} is also a dense subset of E. This implies
that (So(t))¢>0 is E-hypercyclic in the sense of [37, Remark 14(i)], which
remains true in examples given in (ii) and (iv).

entire C-regularized semigroup (So(t)):>0 generated by ( pQ?A) I ) is E-

(ii) ([18]-[19]) Assume that wi, wa, Vi, w,, @, Q(B), N, h, and E possess the
same meaning as in [19, Section 5] and that Q(lnt( o)) N IR # 0.
Then +Q(B)h, = £Q(u)hy,, e~ B*)Y h, = e (-H oY hys € int(Vy,, 0, ) and
hy, € (Kern(Q(B)) \ {0}), provided Ry € (w2, w1). Let

E = span{(hy., Q(u)h,)T : p € mt(Vioy ) }-

By Theorem 30, one yields that Q?(B) is the integral generator of a global
(e’(’z2)N)(B)—regularized cosine function ((cosh(tQ(z))e’(*ZQ)N)(B))tzo
which has dense set of periodic points and satisfies that the mapping

t— (Cosh(tQ(z))e_(_Zz)N)(B)7 t > 0 can be analytically extended to the
whole complex plane. It is readily seen that the mapping p — hy,, p €
int(Vi, w,) is analytic. Owing to [37, Theorem 11(ii)], the induced entire
( (e ")(B) 0

-regularized semigroup (Sp(t ener-
0 (6_(_22)N)(B) g group (So(t))i>0 &

ated by ( Qz? B) é ) is E’—topologically mixing and the set of all E-periodic

points of (So(t))i>o is dense in E. Furthermore, the analysis given in [19,
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Theorem 5.8] can serve one to construct important examples of regular ultra-
distribution semigroups of Beurling class ([39]).

In this example we deal with the space Lg(Q, C), where Q is an open non-
empty subset of R™, p: Q — (0, 00) is a locally integrable function, m,, is the
Lebesgue measure in R™ and the norm of an element f € L5(Q2, C) is given by

1/p
| fllp := (f [f() dmn) (cf. also Section 4). In the sequel, we use the

Euclidean norm || = (23 +---+22)"/2, & = (21,---,2,) € R". Let 1 < p < oo,
o(t,x) :=etx, t eR, z €R™, a >0, p(x) :=e 1" 2 c R, E := Lh(R",C),
and (T,(¢) f)(z) :== f(p(t,x)), t € R, z € R, f € E. Owing to [29, Theorem
3.2], (Ty(t))e>0 is not a strongly continuous semigroup. Put now

(T f)(x) = (P D p(ely) teR, z € R"

and C(t) := 3(T(t) + T(—t)),t > 0. Then it is straightforward to see that
(T'(t))ter is an exponentially bounded T( )-regularized group generated by
the closure A of the operator f — Z i Bac , f € CHR™ : E) ([28]) and that

i=1
(C(t))e>0 is an exponentially bounded C(0)-regularized cosine function gen-

erated by A2. Denote by G the induced (C' — DCF) generated by A%. Then
(G(O)6) () = St 2)F((—t,2))), € = 0,1 € D, limys oo B(p(0 ) =
0, ¥ € C.(R™) and, by the dominated convergence theorem, one has

limy oo ¥((t,-)) =0, ¢ € Cc(R™). By Theorem 25(iii), we get that (C(t)):>0
is topologically mixing. In order to prove that (C(t)):>o has a dense set of
periodic points, one can assume without loss of generality that n = 1. Let
a >0, ¢ € C.(R), suppy) C [—a,a] and € > 0. Since R(C(0)) is dense in
E, it is enough to prove that there exists a sufficiently large P > 0 such

that the sequence vp(-) := > 9(-e"’) is absolutely convergent in E and
neZ
that ||y — vp|| < e. Towards this end, notice that an elementary computa-

tion shows that there exists Py > 0 such that, for every P > Py and n € N,

a nao
[ |(z)perptnP=lzl®e "dx < eP. This implies

—a
¢ — vl

< 5 [(f et = dayio + (_f ()l e gy

nGN

<(J W@Pdn)'? ¥ e s ©

neN neN

f () [Pdx) /P /(eP/P — 1) + = <&, P — +o0.

By Proposition 37 given below, we have that (C(t)):>0 is hypercyclic and that
the set HC(C/(+)) is dense in E. Proceeding in a similar way, we are in a position
to consider topologically mixing properties of perturbed wave equation us; =
Uy +2aug +a*u (a € R) in the space E = LE(R,C), where p(t) = e 1" t € R
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and a > 1 (cf. also [31, Example]). Put (Cf)(z) := e"r‘a/pf(m), feEE xe€
R. Then the operator A = % + a, considered with its maximal distributional
domain, is the integral generator of an exponentially bounded C-regularized
group (T'(t))ier, which is given by (T(t)f)(z) = e®e 1o+ f(x + 1), f €
E, t,x € R. It can be simply proved that the induced C-regularized cosine
function (C(t))¢>0 is both topologically mixing and hypercyclic, and that the
set of periodic points of (C'(¢))¢>0 is dense in E.

(iv) ([27]) It is clear that Theorem 30, Theorem 33 and Theorem 35 can be applied
to the operators considered by L. Ji and A. Weber in [27, Theorem 3.1(a),
Theorem 3.2, Corollary 3.3]. For example, if X is a symmetric space of non-
compact type (of rank one) and p > 2, then there exist a closed linear subspace
X of X (X, if the rank of X is one), a number ¢, > 0 and an injective
operator C' € L(L{(X)) such that for any ¢ > ¢, the operator (fAi(p + ¢)?
generates a global C-regularized cosine function (C(t));>0 in L{(X) which
satisfies that the set of X-periodic points of (C(t))i>0 is dense in X. By
Theorem 35(ii), we infer that there exists a closed linear subspace X of X & X
such that the induced entire C-regularized semigroup (So(t));>0 generated by

0 I'y\. 5 . - 5
( (*Ai(,p 4?0 ) is X-topologically mixing and that the set of all X-
periodic points of (So(t));>0 is dense in X.

Let (On)nen be an open base of the topology of E and let O,, # (§ for every
n € N. We need the following simple proposition.

Proposition 37. Suppose A is the integral generator of a global C-regularized
cosine function (C(t))i>0 and R(C) is dense in E. Put

T=NJcwn™

neNt>0

Then
T = {m € E : the set {C(t)x : t > 0} is dense in E} (6)

and the following holds:

(i) Let (C(t))i>0 be topologically transitive. Then T is a dense Gs-subset of E
cmd C(T) € HC(C(")). In particular, (C(t))i>o0 is hypercyclic and the set
HC(C(")) is dense in E.

(

) i
(i) Let (C(t))i>0 be hypercyclic and x € HC(C(-)). Then x € T.

PRrROOF. The proof of (6) is trivial and the proof of (ii) follows from the definition of
hypercyclic vectors of (C(t));>0, the denseness of R(C') in E and (6). Assume now
that (C(t))i>0 is topologically transitive. Let U and V be arbitrary open subsets
of E and let y,z € E and £ > 0 be such that {x € E: ||z —y|| < e} = B(y,e) CU
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and that B(Cz,e) C V. Then there exists © € Z2(A) such that ||y — z|| < € and

||z — C71C(t)z|| < €/||C||, which implies ||y — || < ¢, ||[Cz — C(t)z|| < &, and

C(t)UNV # (). Consequently, |J C(t)~1(0,,) is a dense open subset of E for every
>0

n €N and T is a dense Gg-subset of E. The inclusion C(7) C HC(C(-)) is trivial,
which completes the proof of (i).

The next example is a continuation of [37, Example 4].

Example 38. Let n € N, p(t) := ﬁ, teR, Af == f', D(A) .= {f € Cy,(R) :
f1 € Cop(®)}, By i= (Co,(R)™, D(A,) = D(A)™! and Au(fi,- - - frr) i=
(Afl + Af?vAf2 + Af37 T 7Afn + Afn+1aAfn+1)7 (fla o '7fn+1) € D(An) By the
proof of [51, Proposition 2.4] (cf. also [45, Example 8.1, 8.2]) we have that +A,,
generate global polynomially bounded n-times integrated semigroups (S, +(t)):>0
and that neither A,, nor —A,, generates a local (n — 1)-times integrated semigroup.
Denote by G4 distribution semigroups generated by +A. Then it can be easily

proved that for every i1, -, ¢p11 €D :

G+(6)(p1, - pns1)” = (1, ng1) ",

n+l—1 . .
where ;(1) = > (iﬁgpgfﬂ( +t¢), 1 < i < n+ 1. This immediately implies
§=0

the concrete representation formula for (S, +(t))i>0. Denote by G,, and (Cy(¢))¢>0
the (DCF) and global polynomially bounded n-times integrated cosine function
generated by A2. By Proposition 20(ii), we get that G, (8;)(¢1, -, oni1)? =

G0 (1, - - ona1)T + Go(6) (1, - v ons)T], £ > 0, @1, - g1 € D.

It is clear that the assumptions 0 < ¢ < n, ¢ € D and suppy C [a,b] im-

ply t'sup,eg [p(z + t)[p(z) < t* SUDzelaFt,bFt] x2"}+1 = ti((a—t)l2n+1 + (a+t)12"+1 +

(bft)12n+1 + (bH)lQnH) — 0, |[t| = oo. Keeping this and Theorem 25(iii) in mind,
it follows that G,, and (C,,(t));>0 are topologically mixing. Arguing in the same
way, we infer that G,, & G,, is also topologically mixing, which clearly implies that
G, and (C,(t))i>0 are weakly mixing. Herein it is worthwhile to note that, for
every t > 0, the operators G4 (d;) ® G+ (d;) are hypercyclic in E,=E,®E, ([19],
[37]). Before proceeding further, we would like to observe that, for every 7 > 0,
the mapping t ~— C,,(t), t € [0,7) is not strongly differentiable and that A2 cannot
be the generator of any local (n — 1)-times integrated cosine function. The exis-
tence of a positive real number Ao which belongs to the set p(4,) N p(—A4,) is
obvious and the use of [39, Proposition 2.3.13] gives that +A,, are the integral

generators of global exponentially bounded (Ag F A, ) "-regularized semigroups
t

(80,4 (t))1>0 which fulfill the equalities S,, 1 (t)z = (Ao F An)" [ (t(;‘i):;!l So,+(s)zds,
0

t > 0, z € E,. This implies that A2 is the integral generator of a topologically
mixing (Ao — An) " (Ao + A4,) ")-regularized cosine function (Cy(t))i>0, where
Co(t) = 3(So,+ )Xo + Ap) ™" 4+ So,— (£)(Ao — A,)™™), t > 0. Using Proposition 37,
one yields that G, and (C,(t))¢>0 are hypercyclic. Put Cy, := I & (Ao —A4,) (Ao +
An)in- Then %Sn,i(t)(wlv ) Sﬁn+1)T = ()\0 :FAn)nSO,i(t)(QOla Tty @n—&-l)Ty t > 0,
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©1," ", Pni1 € D, and an application of Theorem 25(iii) yields that A2 & A2 is the
generator of a global topologically mixing n-times integrated C),-cosine function

(@(t) f (=)’ )ds) ' By [39, Proposition 2.3.12] and Propo-

(n— 1)‘

sition 37, (C,(t ))t>0 is also hypercyclic. Finally, A2 @ A2 cannot be the generator
of any local (n — 1)-times integrated C,-cosine function in E,,.

4 Hypercyclic and chaotic properties of cosine
functions

Henceforth we consider hypercyclic and chaotic properties of various types of cosine
functions in the space LP(Q, p1, C), resp. Cy ,(£2,C), where 2 is an open non-empty
subset of R% p € [1,00) and p is a locally finite Borel measure on ), resp. p :
Q — (0,00) is an upper semicontinuous function ([28]). Recall that the space
LP(2, 1, C) consists of those measurable functions f : Q@ — C for which ||f]|, =

1/p
(s{ fd,u) < 00. The space Cy,,(€2, C) consists of all continuous functions f :  —

C satistying that, for every ¢ > 0, {x € Q : |f(x)|p(z) > €} is a compact subset
of Q; equipped with the norm || f|| := sup |f(z)|p(z), Co,,(€2, C) becomes a Banach
€N

space. The space C.(Q2,C) which consists of all continuous functions f : § — C
whose support is a compact subset of Q is dense in LP(§, u,C) and Cp ,(£2,C).
Since no confusion seems likely, the above spaces are also denoted by LP(Q, u),
Co,»(©2) and C.(€2). A continuous mapping ¢ : R x Q& — Q is called a semiflow
([28]-[29]) iff (0,2) =z, z € Q, p(t+ s,2) = p(t, ¢(s,2)), t,s € R, x € Q and
the mapping = — o(t,z), = € § is injective for all t € R. Denote by ¢(t,)~! the
inverse mapping of ¢(t,-), i.e., y = p(t,z) "1 iff x = p(t,y), t € R. In the sequel we
assume that, for every ¢t € R, the mapping = — (¢, ), € Q is a homeomorphism
of Q.

Let h : © — R be a continuous function. A locally finite Borel measure p on €2 is
said to be p-admissible for ¢ and h iff T'(¢) f := ef et @))drf(go(t z)),teR, z€Q
defines a strongly continuous group on LP(, u). The Cy-admissibility of (T'(t)):er
and the integral generator of cosine functlon (C(t))i>0, where C(t) := 3(T(t) +
T(—t)), t > 0, are precisely characterized in [31, Theorem 4(d)-(e)]. Using [25,
Theorem 1, Proposition 1] and the proof of [31, Corollary 2], one gets that (C(t)):>0
is S-topologically transitive iff (C(t))¢>0 is S-hypercyclic. Given a number ¢ € R, we

fth(cp(r,z))dr p
define hy(x) := e® and the Borel measures v, (B) := [ hidu, t € R,

©(—t,B)
B C Q) measurable.
The following theorem slightly improves [31, Theorem 5, Theorem 9.
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Theorem 39.

(i) Let E = LP(Q, u) and let p be p-admissible for ¢ and h. Then (a) = (b) =
(c) = (d) = (e) = (f), where:

(a) For every compact set K C Q there exist sequences (L}) and (L) of
Borel measurable subsets of K and a sequence of positive real numbers
(tn) such that for L, := L} UL, one has

lim pu(K\ L) = ILm Upt, (Ln) = lim v, _4, (L,) =0 (7)

n—so0 n—oo
and
nh};o Up,2t, (Lyy) = nLH;Q Up,~2t,, (Ly,) = 0. (8)
(b) (C(t))e>0 is weakly mizing.

+>0 @5 hypercyclic.

~— ~— ~—

t>0 15 S-hypercyclic for every closed subset S of C which satisfies

C(t))i>0 is S-hypercyclic for every (some) bounded closed subset S of
[0,00) which satisfies inf S > 0.

Furthermore, if for every compact subset K of ) one has lim (K Np(t, K)) =

|t] =00
0, the above are equivalent.

(ii) Let p be Co-admissible for p and h. Then (a) = (b) = (c) = (d) = (e) =
(f), where:

(a) For every compact set K C Q there exist sequences of positive real num-
bers (t,) and open subsets (U,}) and (U, ) of Q such that K C U,;f UU,,,

o pehen) ()
lim sup ———— = lim sup ————= =0 9
n—00 xeg h_¢, (2) n—00 xeg ht, (x) )
and
_2tn; . 2tna
lim sup M: lim sup M:o. (10)
n=o ps oo, (7) n=o0 gt hat, (%)

(b) (C(t))¢>0 is weakly mizing on Cy ,(£2).
(c) (C(t)e>0 is hypercyclic on Cy ,(2).
(d) (C())e>0 ts S-hypercyclic on Cy ,(Q) for every closed subset S of C which

satisfies S\ {0} # 0.

(e) (C(t))t=0 is S-hypercyclic on Cop ,(Q) for every (some) bounded closed
subset S of [0,00) which satisfies inf S > 0.
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Furthermore, if for every compact subset K of € one has

lim sup p(x) =0 and inf p(x) >0,
[tl =00 pep(KNnp(t,K)) reK

the above are equivalent.

PROOF. The implications (a) = (b) = (c) in (i) are consequences of [31, Theorem
5] and the implications (c¢) = (d) = (e) are trivial. Therefore, it suffices to show
that the preassumption (e) combined with the additional condition lim ¢(K N

|t] =00
(t, K)) = 0 for each compact subset K of Q implies (7)-(8). This can be obtained
by an insignificant modification of the proof of the aforementioned theorem. Let
Q O K be compact and let S be a bounded subset of [0, 00) which satisfies that
inf S > 0 and that (C(¢)):>0 is S-hypercyclic. In what follows, we consider only the
non-trivial case [ dp > 0. If the previous inequality holds, then there do not exist ¢ €
K

S and t > 0 such that —xx = ¢C(t)xk, which implies by the proof of [38, Lemma 3]
that for given € € (0,1) in advance, there exist c. € S\ {0}, t- > 0 and v, € LP(Q, u)
such that [|v. — xx|| < €2/P, ||c.C(t)ve + x k|| < €¥/P, wW(K N ¢(2t., K)) < £ and
p(K N op(=2te, K)) < e?. Set L := K N {It=ve|P <e} N{[1+c.Cte)ve|? < e},
L ={x € L: (c.T(t-)v.)(x) <e'/P —1} and LT := L.\ LZ. Then it is obvious
that w(K \ L) < 2, v, > 1 —e'?, (c.C(t)ve)r. < €'/P — 1. Employing the
same notation as in [31], it follows that for every measurable subsets A, B of Q :
oz xll < /7 and

llee(Ct) (v xm))xall < lle=(Cte)ve — e (=xx) + ' (=xx)) ]
< Jlee(C(te)ve + e 'xw)l| < lleeClte)ve + xxc|| < 7.

This yields €2 > 27Pc?(vp 4 (Le) 4 vp,—t.(Lc)), which by arbitrariness of € implies
(7). Furthermore, |c.| hvftg(g(gi) > 11— 2 € o(te, LD), |c| Zfe((i)) > 1 — gl/p,
x € p(—te, LT), and the following holds:
(1= /P)Pup 20 (LT)
<ot () () du()

o(=2te,L)
= 2p+1||CE(C(ts)U;r)X¢(72tE,Lj) — (cC(te)v+ XK)Xgp(ths,Lj) + XKﬂap(72t€,L§r)H
< 2%PH1(2e2 4 (K N (=2, L1))) < 23F1e2,
The estimate (1 — &'/P)Pu, o, (L7) < 23(P+1e2 can be proved analogously, which
completes the proof of (i). The proof of (ii) is similar and therefore omitted.

Remark 40.

(i) The careful examination of the proof of [31, Theorem 5] implies that the

condition | }im w(K Ne(t,K)) =0, for every compact subset K of 2, can be
t|—o0
neglected from the formulation of [31, Corollary 8]. Assume now that, for ev-

ery compact subset K of {2, one has in}“{ p(x) > 0; then we get by means of the
fAS
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proofs of [31, Theorem 9] and [29, Theorem 4.11] that the hypercyclicity of
cosine function (Cy(t))i>0 in Co ,(£2) implies the hypercyclicity of (T, (t))¢>0
in CO,/)(Q)-

(ii) It is well known that there exists a non-hypercyclic strongly continuous semi-
group (T,())¢>0 induced by semiflow which additionally satisfies that
(Ty(t))e>0 is positively supercyclic (cf. [29] and [40] for further information).
Therefore, Theorem 39 might be surprising.

The characterizations of hypercyclicity and mixing can be simplified in the case
that Q C R. More precisely, for every xg € €2, the semiflow ¢(-,z¢) can be given as
the unique solution of the initial value problem @ = F(x), 2(0) = z(, where F is
locally Lipschitz continuous vector field on 2. For the sake of simplicity, we focus
our attention to the case when F' is continuously differentiable, which implies that
the mapping z — (¢, x), © € Q is continuously differentiable for every fixed ¢t € R.
By the proofs of [31, Theorem 12, Theorem 15], we have the following.

Theorem 41. Let Q@ C R, let F be continuously differentiable and let the lo-
cally finite p-admissible measure p has a positive Lebesgue density p, resp., let p be
a positive function Cy-admissible for F and h. Then the following assertions are
equivalent:

(a) (C(t))e>o0 is hypercyclic on LP(Q, i), resp. Co p(S2).

(b) (C(t))¢>0 is S-hypercyclic on LP(2, i), resp. Co ,(Q), for every closed subset
S of C which satisfies S\ {0} # 0.

(c) (C(t))i>0 s S-hypercyclic on LP(Q, ), resp. Co.,(Q2), for every (some) bounded
closed subset S of [0,00) which satisfies inf S > 0.
In the subsequent theorems we analyze chaoticity of cosine functions on weighted
function spaces.

Theorem 42. Assume Q C R? is open and p is a positive function on Q that is

Cy-admissible for ¢ and h. Assume further that, for every compact set K of €1, there

exists tr > 0 such that o(t, K) N K =0, t > tx and in}f{p(x) > 0. Then, the
[AS

following are equivalent:
(a) (C(t))i=0 is chaotic on Cp ,(£2).
(b) The set of periodic points of (C(t))i>0 is dense in Cp ,(€2).

(¢) For every every compact set K there exists P > 0 such that

lim  sup @)
N0 pep(nP,K) th(@(_npa m)) N0 gep(—nP,K)

(d) (T(t))e=0 is chaotic on Cy ,(£2).
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(e) (T'(—t))e>0 ts chaotic on Cy ,(£2).

PRrROOF. The equivalence relation (d) < (e) follows from [21, Theorem 2.5] and the
fact that (T'(t))¢>0 and (T'(—t))+>0 have the same set of periodic points, while the
equivalence of (c), (d) and (e) follows from [29, Theorem 5.7]; notice also that (c)
implies the hypercyclicity of (C(¢))¢>0 in (a) since the assertion (i) of [31, Theorem
9] holds with ¢, = nP and U,” = U,; = Q. Since every periodic point of (T'(t));>0
is also a periodic point of (C(t)):>0, we obtain that (c¢) and (d) together imply (a).
The implication (a) = (b) is trivial and it remains to be proved the implication (b)
= (c). Towards this end, assume K is a compact subset of 2, Uk is a relatively
compact, open neighborhood of K, t > 0 and, for every s > t, ¢(s,Ux) N Ux = 0.
Let f € C.(Q) be such that f(z) =1,z € K, f(z) > 0, z € Q and f(z) = 0,
x € Q\Ug. Let € € (O,;glf( p(x)/2) and let v be a real-valued P-periodic point

of (C(t))i>0 with € > ||f — v||. Then v(x) > 1/2, € K. Using induction and the
composition property of cosine functions, one gets that C(nP)v = v, n € N so that
one can assume P > t. Taking into account the equalities

20(¢) = hup(2)0(p(nP,2)) + h_np(2)o(p(~nP.a)), n€N, z€Q (1)

and h(z)hs(p(t, z)) = higs(x), v € Q, t, s € R, it follows inductively that, for every
reQandneZ:

hnp(z)v(p(nP,x)) = nhp(z)o(p(P x)) — (n — Lv(z), (12)
h_np(x)v(p(—nP,x)) = —nhp(z)v(p(P,z)) + (n + 1)v(z), (13)

and
b @ulp(-nP,)) = mh_p(@)o(o(—Pa) — (- Dole).  (14)

Put a, := sup h,p(x)|v(e(nP,x))|, n € Z. Without loss of generality, we may
reK

assume that max(ai,a—_1) = a1. Clearly, (11) implies a; > ag. By taking supremum
on both sides of (12), we get

1
an2na17(n71)a02a12a0>§,nEN. (15)

4):

There exist two possibilities. The first one is a3 = ap, which implies by (1
x) >

a—n >na_y — (n—1)ag > a_y > ap > 3, n € N; then sup lv(z)|p(
z€p(—nPUk)

ple(=nPb.x))

s [o(@)lp(@) > sup AFEAED = 4 sup hp(p(-nP.x)p(p(~nP.2),

z€p(—nP,K) zeK
sup  |v(z)|p(x) = sup [v(e(nP,z))|p(p(nP,z)) > 3 sup %@?)) and the
zeo(nP,Uk) reK zeK
proof in this case completes an application of [29, Lemma 5.6]. The second one is
a1 > ag and the proof in this case is quite similar; as a matter of fact, (15) implies
an > 3, n € N and we obtain from (13) that a_, > na; — (n+1)ag = +00, n — 0o
and that there exists no(K) € N such that a_, > 1, n > no(K). This completes
the proof.
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Concerning the chaoticity of (C(¢))¢>0 in LP (2, 11), we have the following simple
observation. Assume that there exists a closed u-zero subset N of € such that
o(t,N) = N, t > 0 and that for every compact subset K of Q@ \ N and sufficiently
large ¢, one has ¢(t, K) N K = (. By [29, Theorem 5.3, Remark 5.4] and the proof
of [31, Theorem 5], it follows that the chaoticity of (T'(t));>0 implies the chaoticity
of (C(t))e>o0- It is not clear whether the converse statement holds.

Let the spaces Lb(R) and Cp ,(R) possess the same meaning as in [21]. Arguing

in a similar way, we get that the condition ‘llim (t) = 0 is equivalent to say
t|—o0

that the cosine function (C(t));>0, given by (C(t)f)(z) := 2(f(z +t) + f(z — 1)),
feCy,R),t>0,z €R,is chaotic in Cp ,(R). This enables one to simply construct
an example of hypercyclic cosine function (C(t))¢>o that is not chaotic. Put, for
example, p(t) := e~ (tFDcos(n(jtI+1)+1 "+ « R and notice that p is an admissible
weight function which satisfies |tlim (t) # 0 ([53]). Hence, (C(t)):>0 is not chaotic

| =00
in Cp ,(R). The hypercyclicity of (C(t))¢>o follows from the fact that there exists a
sequence (t,) of positive real numbers which satisfies

lim p(ty,) = lim p(—t,) = lim p(2t,) = lim p(—2t,) =0.
n—oo

n—oo n— 00 n—oo

In the following theorem we consider necessary and sufficient conditions for the
chaoticity of cosine function (C(t))i>0, (C(t)f)(x) = 3(f(z +t) + f(z — 1)), t > 0,
z € R, in the space Lb(R).

Theorem 43. Assume that p : R — (0,00) is measurable and that there exist
M > 1 and w € R such that p(x) < Me*!!lp(x 4 t), x,t € R. Then (T(t))ier is a
Co-group in Lg(R) and the following assertions are equivalent.

(a) (C(t))t>0 is chaotic on LH(R).
(b) The set of periodic points of (C(t))i>o0 is dense in LH(R).

(¢c) For every e > 0 there exists P > 0 such that

Z p(nP) < e. (16)

nezZ\{0}

(d) (T'(t))i>0 is chaotic on Lb(R).

(e) (T(=t))t>0 is chaotic on LH(R).

PRrROOF. The implication (a) = (b) is trivial, the equivalence of (c¢) and (d) follows
from [39, Theorem 2], and the equivalence of (d) and (e) follows from [21, Theorem
2.5] and the fact that (T'(t)):>0 and (T'(—t));>0 have the same set of periodic points.
Since every periodic point of (T(t))¢>0 is also a periodic point of (C(¢))¢>0, (c) and
(d) taken together imply (a) by [11, Theorem 1.1, 2.2]. Therefore, it remains to be
proved the implication (b) = (c). Let € > 0 be fixed, let @ > 0 and let z € C.(R)
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be such that ||z|| = f |z(z)[Pp(x)dz)/P = 1, z > 0 and supp(z) C [0, 0]. Then

there exist P > 0 and a real-valued P-periodic point v of (C(t))i>0 such that
0+nP
||z —v|| < e. Denote a, := [ |2v(z)|Pdz, n € Z. By the proof of Theorem 42,
—0+nP
we have C(nP)v =v and 2v(z +nP) =v(xz+ (n+ 1)P)+v(z + (n—1)P), z € R,
n € Z, which implies

0 0 0
2 / |2v(x +nP)|Pdx < /|2v(x +(n+1)P)Pdz+ / [2v(x + (n —1)P)|Pdz, n € Z,
—0 —0 —0
ie.,
20y, < apy1+ ap-1, n € Z. (17)

We may assume without loss of generality that P > 20 and a; = max(a1,a_1).
Then a; > agp and an induction argument combined with (17) shows that:

an+1 > (n+1)a; — nag, a, —ag > n(a; —ag) and apt1 > an, n € Ng.  (18)
We first consider the case a; = ag. Then a_; > ag and, by (17), a_(pq1) > a_p >
a_1, n € N. Since jq[21’p\2z(x)|p — |2v(x)|P]p(x)dx < f [22(x) — 2v(x)|Pp(z)dz <
(2e)P, we get from7[021, Lemma 4.2] that there exist m;(9> 0 and M; > 0 such that,

for every o € R, myp(c — 0) < p(t) < Mip(o + 0), and that ag = f [2v(x)|Pdx >

]\/flp(e) f 120(2)[Pp(2)dr > 37 p(9)2(1 — ¢P). Therefore, we have the following:

0+nP

> ¥ [ [20@Pp@)de> Y mup(—0+nPa,
n€Z\{0} —8+nP ne€Z\{0}

> > mup(=0+nPag > > mip(- 9+nP)M 0(9) 2(1 —¢P),
neZ\{0} neZ\{0}
which immediately implies by a straightforward computation (16). Assume now
ay > ag. Then (18) implies hIJIrl a, = +0o and the existence of an integer ng € N
n—-+4oo

such that 2'~Pa,, > ag. Using again the proof of Theorem 42, we obtain v(x —
nnoP) 4+ (n+ 1)v(x) = nv(x + noP), x ER, n € Z,

207 1(12v(z — nnoP) [P + (n + 1)P|2v(2)|P) > nP|2v(x 4+ noP)[?
and after integration
A—nny > 217PnPa,, — (n + 1)Pag — +00, n — +oo.

This enables one to conclude that there exists n; € N such that a_,,, > ap >

mZ(l —¢P), n > ny. Hence,
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O+nnon, P
(2e)P > X I 2v@)Pe(z)de = 3 map(—0 + nnoni P)anngn,
n€Z\{0} —0+nnon, P n€Z\{0}
> > mup(=0+nnoniPlag > Y mip(—=0+nnoniP) 5oy ( ) 2(1 —eP).
neZ\{0} neZ\{0}

By choosing appropriate constants, the above estimate yields (16) with ngni P,
which complets the proof of theorem.

Let h : R — C be bounded and continuous. Then it is well known that the

semigroup solution of the equation u; = ug + h(z)u, u(0,z) = f(z), t > 0 is given
T4t
h(s)ds
by (T'(t)f)(z) :==e [ e éf(;v +1),t >0, z € R. If the solution can be extended

to the whole real axis, then one can consider hypercyclic properties of the equation
Ut = Ugg + M)y + 2 (h(2)) + 2 (2)u, w(0,2) = fi(z), ue(0,2) = fo(z), t > 0,
x € R. Assume, more generally, g : R x R — C is continuous, there exist M > 1
and w € R such that |g(x,t)] < Me*"l 2.t € R and the following conditions hold:

H1) g(z,t+ s) = g(x,t)g(z + t,s), z,t,s € R,
H2) g(x,0) =1, z € R,
H3) g(z,t) #0, z,t € R and

(
(
(
(H4) g(z,t) = gfﬁ’éfif)’ z,t €R.

Put p(t) := FICBI] (0 o tER, pi(t) == p'(t), t € R, i € Ny and g;(z,t) := ¢’ (x,t), z,t €
R, j € No. Let E; be either L5 (R) or G ,, (R) and let (T}(t) f)(z) = g;(z, 1) f(z+1),
x,t €R, f € E;. By [38, Lemma 21, Theorem 23] we have that, for every i € Ny, p;
is an admissible weight function and that (7}(¢)):>0 is a strongly continuous group
in F;. By the proof of [38, Theorem 23], the cosine function (C;(t))¢>0, given by
(C;(t) f) (@) := 2 (g;(z,t) fx +t) + gj(z, —t) f(x — 1)), x,t €R, f € E; is chaotic in
E; iff the cosine function (C;(t));>0, given by (C;(t)f)(z) := $(f(z+1t) + f(z — 1)),
z,t € R, f € Eiy;ischaoticin F;; ;. Assume i+5 > 0; then Theorem 42-Theorem 43

imply that the chaoticity of (C}j(t))¢>0 in Cy p, (R) is equivalent with ‘ llim lg(0,t)] =
- t|—o0
oo and that the chaoticity of (C;(t))i>0 in L} (R) is equivalent to say that for every

e > 0 there exists P > 0 such that Y. |g(0,nP)|~77 <.
neZN{0}

5 Disjoint hypercyclicity of C-distribution cosine
functions

In the following definition we intend to limit ourselves specifically to the analysis of
disjoint hypercyclicity and disjoint topological transitivity of C-distribution cosine
functions ([8], [10], [40]).

Definition 44. Let n € N, n > 2 and let G; be a (C; — DCF) generated by A;,
t=1,2,---,n. Then it is said that G;, : = 1,2, -, n are:
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(i) disjoint hypercyclic, in short d-hypercyclic, if there exists © € Zy(A;) N---N
Z5(Ay,) such that {(G1(6¢)x, -+, Gn(d)x) : t >0} = E™. An element € E
which satisfies the above equality is called a d-hypercyclic vector associated
to Gl, GQ,' sy Gn,

(ii) disjoint topologically transitive, in short d-topologically transitive, if for any
open non-empty subsets Vy, V1, -+, V,, of E, there exist t > 0 and € Z2(A1)N
-+ +N Zy(Ap) such that z € Vo N G1(8;) "2 (VA) N - - N Gr(8:) (V).

It is clear that the preceding definition can be reformulated in the case of frac-
tionally integrated C-cosine functions in Banach spaces and that d-hypercyclicity
(d-topological transitivity) of (C; — DCF)’s G;, i = 1,2,- - -,n implies that, for
every i,j € {1,2,---,n} with ¢ # j, there exists ¢t > 0 such that G;(6;) # G;(d;). If
(Ci(t))e>0, @ = 1,2,- - -,n are cosine functions, then the proof of [10, Proposition
2.3] yields that d-topological transitivity of (C;(t))¢>0, ¢ = 1,2,- - -,n implies d-
hypercyclicity of (C;(t))i>0, 1 < i <n and that the set of all d-hypercyclic vectors
associated to (C;(t))i>0, 1 <4 < n is a dense Gg-subset of E.

The main objective in the subsequent theorem is to clarify sufficient condi-
tions for d-topological transitivity of cosine functions on a class of weighted func-
tion spaces. An alternative proof of this theorem can be obtained by using d-
Hypercyclicity Criterion from [10].

Theorem 45. Suppose 2 C R? is open, p € [1,00), n € N\ {1}, ¢; : [0,00) xQ — Q
is a semiflow for all i = 1,2,- -+ n, p: @ — (0,00) is an upper semicontinuous
function and p is a locally finite Borel measure on ).

(i) Suppose E = Cy ,(2), p is Co-admissible for ¢; and h.;, 1 <i<n and

(Co. 1)) = 5 (hesO) f@ilt ) + hoea(VF (i1, )

foranyt >0, f € FEand 1 < i < n. If for every compact subset K C €
there exist a sequence (t) of non-negative real numbers and sequences (U,j:i)
and (Uk_z) of open subsets of 1 such that, for everyi € {1,---,n} and k € N,
KQU,IZ. U Uk_ﬂ. and:

(a)

p(pi(—tk, x)) p(pi(ty, x))

lim sup = lim sup =0
k—o0 zeK h—tk,i(l‘) k—oozek htk,i(x) ’
(b)
(=9t (2t
b P20 L pete)
k=00 e kU, h_oti(2) k=0 peknuf, hot,i(@)

(¢c) For everyi,j€{l,---,n} withi#j:

lem (Aijrk + Biji + Ciji + Diji) = 0,
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uhere: hag (o0t 05 (1,221 (i 05 (—ta.2))
ty, .1 i\ P s T i\ DA s L
Ajji = sup etk hk,tk,j(pz;p A,
z€KNU,
h—t,,i (@i (tr, 05 (—tk, itk (—tk,
Bk i= sup 1,1 (i (trops ( hft?;izgw (b0 (—tw r)))7
J;EKﬂU,;j
hey,i(pi(—te,;(tk, i(—tk,p5 (T,
Cijk == sup 1,1 (P (—ths0y ( th)j)zigw (Zti,py (i)
zeKNU;,
bty i(pi (e, (tk,@))) p(@i(tr o5 (Ek,2)))
Diji == sup =ty i (i (tho s h:l:j(xf;sa (tr i (@ :
zGKﬁU,:r’j !
then the cosine functions (Cy,(t))>0, ¢ =1,2,---,n are d-topologically tran-
sitive.

(i) Suppose X = LP(Q,u) and p is p-admissible for ¢; and h.;, 1 < i < n. If
for every compact subset K C Q there exist a sequence (tg) od non-negative
real numbers and sequences of Borel measurable subsets (L;;"l) and (Ly ;) of

K such that for Ly ; := L ki ULy, the following holds:
(a) klgrolo w(K \ Lg;) = kli_}rgo Up.t, (Lki) = klgrolo Up —t, (L) =0, 1 <i<mn,
(b) klirrgo I/p,gtk(L;;i) = klirgo Vp,—2t, (L ;) =0, 1 <i<mn, and

(¢) For everyi,je{l,---,n} withi#j:

Jim J h, i (@)hi, ;(piltr, x))dp = 0,
@i (=t (—ti, L))

kli{zlo f hfk z( )h‘pit;€ ](‘p’b(tka x))d/i =0,
wil=tie;(te Ly ;)

Jim I Py (@R, (pi(—ty,x))dp = 0,
@i(ti, i (—te, L )

Hmo [ R, (R (et )= O,

‘Pi(tk»‘Pj (tk‘wLJ;j))

then the cosine functions (Cy,(t))i>0, © = 1,2,---,n are d-topologically tran-
sitive.

PRrOOF. We will prove only the first part of theorem. Let € > 0, u, vy, -, v, € C.(Q)
and K = suppu Usuppv; U---Usuppu,. Then there exist a sequence (t) of non-
negative real numbers and sequences (U ,j ;) and (U,_,) of open subsets of (2 satisfying

that, for every i € {1,---,n}, K C U,:fi U Uy, and that (a)-(c) hold. Further on,
for every i € {1,---,n} and k € N, there exist non-negative C'°°-functions z/J,:—LZ such
that suppw;ﬁi C U,j,i, suppty ; € Uy ; and ¢1;i($) + w;i(l') =2, x € K. Define, for
every k € N, a function wy, : 2 — C by setting

WE ‘= Uu

+Z[htk i(Jvilpilte, )y ; (pilte, -)) +h—tk,i(')vi(%(*tk,'))%b;ii(sﬁi(*tkv))]

=1
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Clearly, w, € C.(92), k € N and it is enough to prove that there exists k € N such
that:
max(||wy —ull, [|Co, (tr)wr —v1ll,- -+ [[Co,, (tr)wr — vnl]) <e. (19)

By definition of wy, we easily infer that:

IIWkUISZﬂono[ sup  hyyi(w)p(z) + sup h—tk,z(x)p(:r)]
i=1

€ (—tr,K) z€p; (tg,K)

Set, foreverymeﬂ keNandlSz,an.
aiak(ﬂf) = @ (tr, @ilte, ),

bl]k(m) J(tkawz( lk, @ ))7
cljk(x) 90]( tka@z(tk, ))
dljk(w) 90]( k7<pl( bk, ))a

Air(x) = Y 1si<n [Py i (@) hey (@i (Ee, 2))vj (aije (@)Y (aije (@),

Bip(x) = Yrsizn [hep i () hay 5 (0i (=i, )05 (i (2))7 (igie ()],

Cir(2) = orsizn by i(@)hosy 5 (0ilth, 2))vj (ciji(x)) 7 i(cijr(2))] and

Dy (x) = Zl?;in [hety i(@)hoty j (Pi—tr, )0 (dijr(2)] (dijr(2))).

A straightforward computation shows that, for every x € Q. k e Nand 1 <i < n:
2(Cy, (tr)wr — vi) ()

= [P ,i(@)u(pi(te, ©)) + heyyi(@)u(pi(—tk, )]

+[hot i (2)vi (i (2tk, )Yy (9i(2tk, 2))

Fhoopi(2)vi(i (=2t )0 (i (=2t 7))

By virtue of (a)-(b), we get the following estimates:

SUD | oy i (@) (b, @) + gy i (@uli (s x))’p(x)

plpi(—tk, x)) p(pi(—tk, x))
< |lu]|oo | SUp ———F—= + sup ————F=|, k€N 21
< Jlul Le}i hoa(@)  sen (@) ] 2y

and

’hztk,i(y)vz(w(%k, Y)Wk (0 2tk 9)) + hooty i (W) vi(0i(—2tk, )05 (i (=2, )

2[v1loo plod=2t) | pleiChr)

sup
p(y) [xeKmUhi h‘*?tk,i(x) weKnU;i h2tk:7i(x)

SinceOSz/Jki’i < 2 on K we obtain that for every x € Q, ke Nand 1 <i<n:

,keN, yeQ. (22)

2||v;
| A (2)|+|Bir ()| 4| Cir (@) |+ | D ()| < Z W(Aijk‘f’Bijk‘i‘Cijk‘FDijk).
1<j<n
JF#i

(23)
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Taking into account (23) and (c), we get that for 1 <i < n:

lim sup (|4 (2)| + [ Bas (2)] + |Cua ()| + | Dis)] ) o) = 0. (24

k—00 zcQ)

The proof of theorem now follows from (20)-(22) and (24).

Example 46. ([40]) Suppose a;; > 0,1 < i < n, 1 < j < m, and for every
i,j € {1,2,---,n} with ¢ # j there exists [ € {1,---,m} such that a; # aj. Let
le,q>%,Q=(O 00)™, resp. Q = R™ and h(x) =1, t € R, x € Q. Define
wi : RxQ—Qi=1,2---nand p:Q — (0,00) by:

a1t ai'm.txm) and

@i(taxla"'ﬁﬂm) = (6 Ty, €

1
p(iﬂl,"'7$m) = Wa tER, T = (‘Th"'axm) € Q.

Let p be the measure on 2 with Lebesgue density p. Then one can simply verify
with the help of [31, Theorem 4] that (T}, (t))icr is a strongly continuous group
in ZP(Q, p) (Co,p(2)), 1 < i < n. Suppose first Q = (0,00)™. Let K = [a1,b1] X

- X [@m,bm] be a compact subset of Q, let LJr =Ly, = K, k € N and let
(tr) be a sequence of positive real numbers such that hm tr = 0o. Proceeding as

in [40, Example 3(iii)], one can simply check that the condltlons (a)-(c) stated
in the formulation of Theorem 45(ii) hold, which implies that the induced cosine
functions (Cy, (t))e>0, (Cp, (£))i>0,- -, (Cyp, (t))¢>0, are d-topologically transitive in
LP(9Q, ). The above assertion remains true in the case that 2 = R, which follows
from Theorem 45(ii) by choosing an appropriate sequence (L;i = Ly, = Ly) of
measurable subsets of K satisfying 0 ¢ Ly, k € N. By [29, Theorem 3.7], we have
that, for every i = 1,2,-- -, n, (T, (t))t>0 is a non-hypercyclic strongly continuous
semigroup in Cy ,(2). With Remark 40(i) in view, we obtain that (C,,(t)):>0 is a
non-hypercyclic cosine function in Cj ,(£2), which implies that (Cy, (t))e>0, 1 <@ <
n, cannot be d-hypercyclic in Cy ,(£2).

We conclude the paper with the observation that the analysis given in Example
36(iii) and [40, Example 3(i)] may be applied in construction of d-topologically
transitive C-regularized semigroups and C-regularized cosine functions.
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