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Strong intuitionistic fuzzy graphs

Muhammad Akram, Bijan Davvaz

Abstract

We introduce the notion of strong intuitionistic fuzzy graphs and investi-
gate some of their properties. We discuss some propositions of self comple-
mentary and self weak complementary strong intuitionistic fuzzy graphs. We
introduce the concept of intuitionistic fuzzy line graphs.

1 Introduction

In 1736. Euler first introduced the concept of graph theory. In the history of
mathematics, the solution given by Euler of the well known Kénigsberg bridge
problem is considered to be the first theorem of graph theory. This has now become
a subject generally regarded as a branch of combinatorics. The theory of graph is
an extremely useful tool for solving combinatorial problems in different areas such
as geometry, algebra, number theory, topology, operations research, optimization
and computer science.

In 1983. Atanassov [6] introduced the concept of intuitionistic fuzzy sets as
a generalization of fuzzy sets [31]. Atanassov added a new component(which de-
termines the degree of non-membership) in the definition of fuzzy set. The fuzzy
sets give the degree of membership of an element in a given set (and the non-
membership degree equals one minus the degree of membership), while intuitionis-
tic fuzzy sets give both a degree of membership and a degree of non-membership
which are more-or-less independent from each other, the only requirement is that
the sum of these two degrees is not greater than 1. Intuitionistic fuzzy sets have
been applied in a wide variety of fields including computer science, engineering,
mathematics, medicine, chemistry and economics [5, 13].

In 1975. Rosenfeld [27] introduced the concept of fuzzy graphs. The fuzzy
relations between fuzzy sets were also considered by Rosenfeld and he developed the
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structure of fuzzy graphs, obtaining analogs of several graph theoretical concepts.
Later on, Bhattacharya [8] gave some remarks on fuzzy graphs, and some operations
on fuzzy graphs were introduced by Mordeson and Peng [20]. The complement of
a fuzzy graph was defined by Mordeson [22] and further studied by Sunitha and
Vijayakumar [30]. Mordeson [21] introduced the notion of fuzzy line graph. Bhutani
and Rosenfeld introduced the concept of M-strong fuzzy graphs in [11] and studied
some of their properties. Akram and Dudek [2] discussed interval-valued fuzzy
graphs. Atanassov [5] introduced the concept of intuitionistic fuzzy relations and
intuitionistic fuzzy graphs, and further studied in [25]. In fact, interval-valued fuzzy
graphs and intuitionistic fuzzy graphs are two different models that extend theory
of fuzzy graph. In this article, we introduce the notion of strong intuitionistic fuzzy
graphs and investigate some of their properties. We discuss some propositions of
self complementary and self weak complementary strong intuitionistic fuzzy graphs.
We study intuitionistic fuzzy line graphs. The definitions and terminologies that
we used in this paper are standard.

2 Preliminaries

In this section, we review some definitions that are necessary in the paper.

A graph is an ordered pair G* = (V, E), where V is the set of vertices of G*
and E is the set of edges of G*. Two vertices z and y in a graph G* are said to
be adjacent in G* if {z,y} is in an edge of G* (for simplicity an edge {z,y} will be
denoted by xy). A simple graph is a graph without loops and multiple edges. A
complete graph is a simple graph in which every pair of distinct vertices is connected
by an edge. The complete graph on n vertices has n(n—1)/2 edges. We will consider
only graphs with the finite number of vertices and edges.

An isomorphism of graphs G and G5 is a bijection between the vertex sets of
G7 and G35 such that any two vertices v; and vs of G are adjacent in G7 if and only
if f(v1) and f(vg) are adjacent in G. Isomorphic graphs are denoted by G§ ~ Gj.
By a complementary graph G* of a simple graph G* we mean a graph having the
same vertices as G* and such that two vertices are adjacent in G* if and only if they
are not adjacent in G*. A simple graph that is isomorphism to its complement is
called self-complementary.

Let Gf = (V4,E1) and G5 = (Vi, E3) be two simple graphs, we can construct
several new graphs. The first construction called the Cartesian product of G7 and
G% gives a graph G x G5 = (V,E) with V =V} x V5 and

E = {(z,z2)(x,y2)|x € Vi, 22y2 € Ea} U {(x1,2)(y1,2)|t131 € E1,2 € Va, }.
The composition of graphs G} and G3 is the graph G;[G5] = (V4 x Vo, E?), where

E® = EU{(z1,22)(y1, y2)|x191 € B, w2 # y2}

and F is defined as in G} x G5. Note that G7[G5] # G5[G7].
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The union of graphs G% and G% is defined as G UG5 = (V1 U Vo, E1 U Es).

The join of G and Gj is the simple graph G5 + G5 = (V1 U Vo, By U B3 U E'),
where E’ is the set of all edges joining the nodes of V; and V5. In this construction
it is assumed that V1 N Vo =0 .

Definition 1. ([31, 32]) By a fuzzy subset p on a set X is mean amap p : X — [0, 1].
Amapv: X xX — [0,1] is called a fuzzy relation on X if v(x,y) < min(u(x), u(y))
for all z,y € X. A fuzzy relation v is symmetric if v(z,y) = v(y,z) for all z,y € X.

Definition 2. ([5]) A mapping A = (ua,va) : X — [0,1] x [0,1] is called an
intuitionistic fuzzy setin X if pa(z)+va(x) <1 forall x € X, where the mappings
pa : X — [0,1] and v4 : X — [0,1] denote the degree of membership (namely
pa(z)) and the degree of non-membership (namely va(x)) of each element z € X
to A, respectively.

Definition 3. ([5]) For every two intuitionistic fuzzy sets A = (ua,v4) and B =
(up,vp) in X, we define

(AN B)(x) = (min(pa(z), pp()), max(va(z), vp(x))),
(AU B)(x) = (max(pa(z), pp(x)), min(va(z), vp(z))).

Definition 4. ([5]) Let X be a nonempty set. Then we call a mapping A =
(a,va): X x X —[0,1] x [0,1] an intuitionistic fuzzy relation on X if pa(x,y) +
va(z,y) <1 forall (z,y) € X x X.

Definition 5. ([5]) Let A = (ua,v4) and B = (up,vp) be intuitionistic fuzzy
sets on a set X. If A = (ua,va) is an intuitionistic fuzzy relation on a set X,
then A = (ua,va) is called an intuitionistic fuzzy relation on B = (up,vg) if
pa(z,y) < min(pp(x), up(y)) and va(zr,y) > max(vp(x),vp(y)) for all z, y € X.
An intuitionistic fuzzy relation A on X is called symmetric if pa(z,y) = pa(y,x)
and va(z,y) = va(y,x) for all z, y € X.

3 Strong intuitionistic fuzzy graphs
Throughout this paper, we denote G* a crisp graph, and G an intuitionistic fuzzy
graph.

Definition 6. An intuitionistic fuzzy graph with underlying set V' is defined to be
a pair G = (A4, B) where

(i) the functions pg : V. — [0,1] and v4 : V — [0,1] denote the degree of
membership and nonmembership of the element x € V', respectively such that
0<pa(x)+va(z)<lforalzeV,

(ii) the functions pup : E C VxV — [0,1]] and vg : E CV xV — [0,1] are
defined by

pe({z,y}) < min(pa(z), paly)) and ve({z,y}) > max(va(z),va(y))
such that 0 < pp({z,y}) + ve({z,y}) <1 for all {z,y} € E.
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We call A the intuitionistic fuzzy vertex set of V, B the intuitionistic fuzzy edge set
of G, respectively. Note that B is a symmetric intuitionistic fuzzy relation on A.
We use the notation xy for an element of E. Thus, G = (A, B) is an intuitionistic
graph of G* = (V, E) if

p(ey) < min(ia (@), paly) and vp(ay) > max(va(e), va(y))
for all xy € E.

We now study strong intuitionistic fuzzy graphs.

Definition 7. An intuitionistic fuzzy graph G = (A4, B) is called strong intuition-
istic fuzzy graph if

pp(zy) = min(pa(z), paly)) and  vp(zy) = max(va(z), vay)),
for all xy € E.

Example 1. Consider a graph G* such that V = {z,y, 2z}, F = {zy,yz, zz}. Let
A be an intuitionistic fuzzy subset of V and let B be an intuitionistic fuzzy subset
of FE defined by

x Y z Ty Yz xZ

wa | 0.2 0.3 0.1 wp | 0.2 0.1 0.1

va | 0.4 0.1 0.5 vg | 04 05 0.5
Yy z

(0.1,0.5)

(0.1,0.5)

G

The graph G is represented by the following adjacency matrix

(0.2,0.4) (0.2,0.4) (0.1,0.5)
A= (02,04) (0.3,0.1) (0.1,0.5)
(0.1,0.5) (0.1,0.5) (0.1,0.5)

By routine computations, it is easy to see that G is a strong intuitionistic fuzzy
graph of G*.
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Definition 8. Let A = (ua,va) and A" = (¢4, v4) be intuitionistic fuzzy subsets
of V1 and V and let B = (up,vg) and B’ = (u/z, vz) be intuitionistic fuzzy subsets
of F4 and Fs, respectively. The Cartesian product of two strong intuitionistic fuzzy
graphs G and G5 of the graphs G§ and G35 is denoted by G1 x Gy = (Ax A', Bx B’)
and is defined as follows:

. (1A x ply) (w1, 22) = min(pa(w1), Wy (22))
(va x V) (x1,22) = max(va(z1), vy (z2))

for all (x1,22) € V,

i) (1 X W) ((x,22)(x,y2)) = min(pa (), pg(r2y2)),
(vB x vp)((z, z2)(2,y2)) = max(va(z), vp(z2y2))

for all x € V1, for all zoys € Fo,

- (B % pg) (w1, 2) (Y1, 2)) = min(up(z1y1), Wa(2))
(v x vp)((71,2)(y1,2)) = max(vp(w1y1), V4 (2))

for all z € V5, for all x1y; € Ej.

Proposition 1. If G1 and Go are the strong intuitionistic fuzzy graphs, then Gy X
G is a strong intuitionistic fuzzy graph.

Proof. 1t is straightforward. O

Proposition 2. If G; x Gy is strong intuitionistic fuzzy graph, then at least G1 or
G2 must be strong.

Proof. Suppose that G; and Gy are not strong intuitionistic fuzzy graphs. Then
there exist x1y1 € F1 and zsys € E5 such that

KBy (xlyl) < min(MAl (x)7/’(‘A1 (y))? KB, ($1y1) < min(:U’Az ($>7MA2 (y)> (1)

VB, (33191) > maX(VA1 (x)7VA1 (y))7 VB, (l‘lyl) > maX(VA2 (x)vl/Az (y)) (2)

Assume that

1B, (T2y2) < pp, (T131) < min(pa, (1), pa, (y1)) < pa, (1) (3)
Let

E = {(z,z2)(z,y2)|x1 € Vi, 22y2 € E2} U{(x1,2)(y1,2)|2 € Vo, 191 € Er}.
Consider (x,z2)(x,y2) € E, we have

(1B, X pu,) (7, 22)(%,y2)) = min(pa, (), us, (T292))
< min(MAl (‘T)’ KA, (xQ)v HA, (y2)
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and

(MA1 X UAQ)($17$2) = min(MAl (xl)uqu(l?))’ (/’LAI X /,LAZ)(Z‘LZJQ)
= min(pa, (1), a,(y2))

Therefore,
min((pa, X f1a,)(@,22), (1A, X pa,)(@,y2)) = min(pa, (x), pa, (x2), pa, (y2))-

Hence,

(B, X B, ) (@, 22) (2, y2)) < min((pa, X pa,) (@, x2), (La, X pa,)(,y2)).
Similarly, we can easily show that

(vB, X vB,)((z,22)(x,y2)) > max((va, X va,)(x,z2),(Va, X va,)(x,y2)).
That is, G1 X G4 is not strong intuitionistic fuzzy graph, a contradiction. Hence,
this ends the proof. O
Remark 1. If G; is strong and G5 is not strong, then (G; X G2 may or may not be

strong.

Example 2. We consider the following examples:

a c (a,c) (a,d)

(0.1,0.2)

(0.4,0.2) (0.2,0.4) (0.3,0.2) (0.3,0.2)

(0.1,0.2)

b d (b, c) (b,d)

(G is strong G- is not strong G1 X G is not strong
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(0.2,0.3)

(0.2,0.3) (0.3,0.2) (0.2,0.3) (0.2,0.3)

(0.2,0.3)

b d (b, c) (b,d)

(G is strong G5 is not strong G1 x Gy is strong

We sate a nice Proposition without its proof.

Proposition 3. Let Gy be a strong intuitionistic fuzzy graph of G5. Then for any
intuitionistic fuzzy graph Ga of G5, Gy x Gq is strong if and only if

wa(zy) < pp(reys), val(xi) > vp(xays) for all x; € Vi and zoys € Fs.

Definition 9. Let A = (ua,v4) and A’ = (¢/4, V4) be intuitionistic fuzzy subsets of
V1 and Vs and let B = (up,vg) and B’ = (u/z, vz) be intuitionistic fuzzy subsets of
FE; and Es, respectively. The composition of two strong intuitionistic fuzzy graphs
G1 and G> of the graphs G7 and G3 is denoted by G1[G2] = (Ao A, Bo B’) and is
defined as follows:
Q) { (a o py) (w1, w2) = min(pa(z1), wy(72)),
(va o vy)(w1,72) = max(va(z1), V) (72)),

for all (x1,22) € V,

(v ovp)((x, 22)(x, y2)) = max(va(z), vp(r2y2)),

for all x € V1, for all zoys € Es,

(i) { (np o pp)((x, 22) (2, y2)) = min(pa(z), wp(r2y2)),

(i) { (1B o wp)(z1,2)(y1, 2)) = min(up(z1y1), Ws(2)),
vpovi)((z1,2)(y1,2)) = max(vp(z1y1), Vs (2)) for all z € V3,

for all x1y, € Eq,

(iv) { (1B o W) (w1, 22)(y1, y2)) = min(p)y (2), py (y2), ne(T1y1)),
(vp ovp)((z1,22)(y1,y2)) = max(vy(z2), V4 (y2), vB(T191)),

for all (z1,72)(y1,y2) € E° — E.

We state the following propositions without their proofs.
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Proposition 4. If Gy and G2 are the strong intuitionistic fuzzy graphs, then G1[Ga)
18 a strong intuitionistic fuzzy graph.

Proposition 5. If G1[G2] is strong intuitionistic fuzzy graph, then at least Gy or
G2 must be strong.

Definition 10. Let A = (14,v4) and A’ = (4, /4) be intuitionistic fuzzy subsets
of V1 and V, and let B = (up,vp) and B’ = (u'z, V}3) be intuitionistic fuzzy subsets
of Fy and FEs, respectively. The join of two intuitionistic fuzzy graphs G; and Gs
of the graphs G and G35 is denoted by G1 + Gs = (A+ A’, B+ B’) and is defined
as follows:
(0 { (1a + 1) (@) = (pa+ ply) (@),
(va + V) (@) = (va +v))(z)
ifxeViUVs,

/

(i) { (15 + wp)(wy) = (up U i) (xy) = pp(zy)
(v +vp)(wy) = (ve N vp)(zy) = vp(ry)
if xy € Fh U Es,

(vB +vp)(zy) = max(va(z), v (y))

if zy € E'.

(iii) { (1B + pp)(zy) = min(pa(z), Wy (y))

Proposition 6. If G1 and Ga are the strong intuitionistic fuzzy graphs, then G+
G is a strong intuitionistic fuzzy graph.

Definition 11. Let A = (ua,v4) and A’ = (4, /4) be intuitionistic fuzzy subsets
of V1 and V5 and let B = (up,vg) and B’ = (u/z, vj5) be intuitionistic fuzzy subsets
of F1 and F», respectively. The union of two strong intuitionistic fuzzy graphs G
and G of the graphs G5 and G5 is denoted by G; UGy = (AU A, BU B’) and is
defined as follows:

(haUpy)(@) = pa(z) if z€VinT,

(A) { (1a Upi)(@) = pa(a) if z€Von T,
(1 U piy) (@) = max(a(a), iy (2)) i € Vi Vi
(vanvy)(z) =va(z) if z€VinNy,
(B) (vanvy)(z) =vy(z) if z€VanVy,
(vanvy)(z) =min(va(z), vy (x)) if ze€VinNVa.
(hp U pp)(zy) = pup(ry) if zy € BN Es,
(C) § (uBUup)(zy) = pp(zy) if 2y e B2 Ey,
(1B U pg)(zy) = max(up(zy), pp(xy)) if zy € E1 N Es.
(v Nvg)(zy) =vp(zy) if zy € Ey O§7
(D) § wsnvp)(ey) =vp(ry) if zy e BN Ey,
(va Nvg)(zy) = min(vp(zy), vy (zy)) if zy € EqN Es.
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Remark 2. The union of two strong intuitionistic fuzzy graphs may not be a strong
intuitionistic fuzzy graph as it can be seen in the following example.

(0.3,0.5) (0.1,0.4)

(1 is strong Gs is strong
a b

(0.3,0.4)

G1 UGy is not strong

Problem 1. Prove or disprove that G; U Gy is a strong intuitionistic fuzzy graph
of G* if and only if G; and G4 are strong intuitionistic fuzzy graphs of G7 and G5,
respectively.

Problem 2. Prove or disprove that G; + G2 is a strong intuitionistic fuzzy graph
of G* if and only if G; and G2 are strong intuitionistic fuzzy graphs of G7 and G5,
respectively.

Definition 12. The complement of a strong intuitionistic fuzzy graph G = (A, B)
of G* = (V,E) is a strong intuitionistic fuzzy graph G = (4, B) on G*, where
A= (liy,7a) and B = (ig,vp) are defined by

(1)

v-v,
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(i)

fa(x) = pa(x),7a(z) =va(z) for all x €V,

(iii)
#—B(gjy) _ 0 if MB(‘Ty) >0,
min(pa(z), paly)) if if pg(zy) =0,

o if vp(zy) >0,
By {maX(VA(I')vVA(y)) it if vp(zy) = 0.

Remark 3. If G = (4, B) is an intuitionistic fuzzy graph of G* = (V, E). Then
from Definition 12, it follows that G is given by the intuitionistic fuzzy graph G =
(A,B) on G* = (V, E) where A = A and

75 (ay) = min(ua(e), sa (), T5(ey) = max(va(a),valy)) for all ay € B.

Thus i = pp and g = v on V where B = (up,vp) is the strongest intuitionistic
fuzzy relation on A. For any intuitionistic fuzzy graph G, G'is strong intuitionistic
fuzzy graph and G C G.

The following propositions are obvious.

Proposition 7. G = G if and only if G is a strong intuitionistic fuzzy graph.

Proposition 8. Let G = (A;, B;) be a strong intuitionistic fuzzy graph of Gf =
(Vi, E;) fori=1,2. Then the following are true:

(a) G; C

Q

2]

(b) G =

Q

i)

(¢) If Gy C Gy, then Gy C Gs.

Proposition 9. G is the smaller strong intuitionistic fuzzy graph that contains

G* = (V,E).

Definition 13. A strong intuitionistic fuzzy graph G is called self complementary

ifG~G.

Example 3. Consider a graph G* = (V| E) such that V = {a,b,c}, E = {ab, bc}.
Consider a strong intuitionistic fuzzy graph G
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c b
(0.1,0.4) @ @

(0.2,0.4) (0.1,0.4)

€]

Clearly, G=0G. Hence, G is self complementary.

Proposition 10. Let G be a self complementary strong intuitionistic fuzzy graph.

Then
> uplzy) =Y min(pa(@), pa(y)),
TEY T#Y
S vnlay) = 37 max(va(e), va(y))
TH#Y zFY

Proposition 11. Let G be a strong intuitionistic fuzzy graph. If pp(zy) = min(ua(z), pa(y))
and vp(xy) = max(va(x),va(y)) for all x, y € V, then G is self complementary.

Proof. Let G be a strong intuitionistic fuzzy graph such that up(zy) = min(pa(z), pa(y))

and vp(zy) = max(va(z),va(y)) for all x, y € V. Then G =~ G under the identity
map I : V — V. Hence, G is self complementary. O
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Proposition 12. Let G1 and G2 be strong intuitionistic fuzzy graphs. Then Gy ~
Gs if and only if G1 =~ Gs.

Proof. Assume that G; and G2 are isomorphic, there exists a bijective map f :
V1 — V5 satistying
HA, ((ﬂ) = KA, (f(x))a VA, (.’E) = VA, (f(x)) for all z € V1,

KBy (:vy) = KB, (f(m)f(y))a VB, (xy) = VB, (f(‘r)f(y)) for all xy € Ey.

By definition of complement, we have

Fip, (vy) = min(pa, (2), pa, (y) = min(pa, (f(2)), pa, (f () = T, (f(2) f (1)),

U, (zy) = max(va, (v),va, (y) = max(va, (f(2)), va,(f () = Vb, (f(2) f(¥)),
for all zy € E,. Hence, G; = Go.
The proof of the converse part is straightforward. This completes the proof. [

Definition 14. An intuitionistic fuzzy graph graph G = (A, B) is called complete
if

pp(ry) = min(pa (@), pa(y)) and vp(zy) = min(va(z), valy),
for all xy € E.

We use the notion C,,(G) for a complete intuitionistic fuzzy graph where |V| =
m.

Definition 15. An intuitionistic fuzzy graph G = (A, B) is called bigraph if and
only if there exists intuitionistic fuzzy graphs G; = (A;, B;) fori = 1,2 of G = (A, B)
such that G = (A4, B) is the join G1 + Gy where V1 NVa = 0 and E; N Ey = 0.
An intuitionistic fuzzy bigraph is said to be complete if and only if ug(zy) > 0,
vp(zy) > 0 for all zy € E.

We use the notion C,, ,,(G) for a complete bigraph, where |V1| = m and |Vz| = n.
Proposition 13. Cp, ,(G) = Cn(G1) + Cp(Ga).
Proof. Tt is straightforward. O

Definition 16. Let G; and G2 be the strong intuitionistic fuzzy graphs. A ho-
momorphism f : G1 — Gy is a mapping f : V1 — V5 which satisfies the following
conditions:

(a) pa, (71) < pa, (f(21)), va, (1) > va, (f(21)),
(b) pp, (x1y1) < pp, (f(x1) f(1)), ve, (x1y1) > v, (f(21) f(y1))
for all 1 € Vi, z1y1 € Fy.

Definition 17. Let G; and G be strong intuitionistic fuzzy graphs. An isomor-
phism f : G1 — G5 is a bijective mapping f : V3 — Vo which satisfies the following
conditions:
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() pa,(w1) = pa, (f(21)), va, (¥1) = va, (f(z1)),
(d) ps, (x1y1) = e, (f(21)f(y1)), vB, (21y1) = vB, (f(21) f (Y1),
for all z; € Vl, T1Y1 € Fy.

Definition 18. Let G; and G5 be strong intuitionistic fuzzy graphs. Then, a weak
isomorphism f : G1 — G5 is a bijective mapping f : Vi — V5 which satisfies the
following conditions:

(e) f is homomorphism,

(f) HA, (‘Tl) = /U‘Az(f(xl))7 VA, (Il) = VA2(f(x1))a

for all z; € V3. Thus, a weak isomorphism preserves the weights of the nodes but
not necessarily the weights of the arcs.

Definition 19. Let G; and G be the strong intuitionistic fuzzy graphs. A co-weak
isomorphism f : G1 — G2 is a bijective mapping f : Vi — V5 which satisfies

(¢) f is homomorphism,

(h) p, (z1y1) = B, (f(21) f(y1)), v, (21y1) = vB, (f(21) f(y1))

for all 197 € V4. Thus a co- weak isomorphism preserves the weights of the arcs
but not necessarily the weights of the nodes.

Remark 4. 1. If G; = G5 = G, then the homomorphism f over itself is called
an endomorphism. An isomorphism f over G is called an automorphism

2. Let A = (4, v4) be a strong intuitionistic fuzzy graph with an underlying set
V. Let Aut(G) be the set of all strong intuitionistic automorphisms of G. Let
e: G — G be a map defined by e(x) = z for all x € V. Clearly, e € Aut(G).

3. If G; = G4, then the weak and co-weak isomorphisms actually become iso-
morphic.

4. If f: V; — V4 is a bijective map, then f~!: V5 — Vj is also a bijective map.
We state the following Propositions without their proofs.

Proposition 14. Let Gy and Gy be strong intuitionistic fuzzy graphs. If there is a
weak isomorphism between G1 and Go, then there is a weak isomorphism between

61 and éz .

Proposition 15. Let Gy and G2 be strong intuitionistic fuzzy graphs. If there is
a co-weak isomorphism between G1 and Gz, then then there is a homomorphism
between G1 and Gs.
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4 Intuitionistic fuzzy line graphs

In graph theory, the line graph L(G*) of a simple graph G* is another graph L(G*)
that represents the adjacencies between edges of G*. Given a graph G*, its line
graph L(G*) is a graph such that:

— each vertex of L(G*) represents an edge of G*; and

— two vertices of L(G*) are adjacent if and only if their corresponding edges
share a common endpoint (“are adjacent”) in G*.

Definition 20. ([21]) Let G* = (V, E) be an undirected graph, where V- = {vy, - -, v, }.
Let S; = {vi,@i1, -+ ,2iq } where z;; € E has vertex v;, i=1, 2, ---,n, j =
1,27 RN/ Let S = {51752, s ,Sn} Let T = {SZ‘SJ‘|Si,Sj € S, SiﬁSj 75 (Z),i 75 ]}
Then P(S) = (S,T) is an intersection graph and P(S) = G*. The line graph L(G*)

is by definition the intersection graph P(FE). That is, L(G*) = (Z,W) where
Z = {{z} U{ug, vtz € B ug, vy € Vi = ugvy} and W = {5,515 NSy #
0,z,y € E,x#y}, and S; = {z} U {uz, v}, z € E.

We now discuss intuitionistic fuzzy line graphs.

Definition 21. Let L(G*) = (Z, W) be a line graph of a simple graph G* = (V| E).
Let Ay = (a,,va,) and By = (up,, v, ) be intuitionistic fuzzy subsets of V' and E,
respectively. Let As = (pa,,va,) and By = (up,, VB, ) be intuitionistic fuzzy sets of

Z and W respectively. We define an intuitionistic fuzzy line graph L(G) = (As, B2)
of the intuitionistic fuzzy graph G = (A1, B1) as follows:

(1) pay(Se) = pp, (¥) = up, (usvs),
(2) v4,(S2) = vB, (z) = v, (Uzvs),
(3) pB,(S2Sy) = min(up, (z), ks, (v)),
(4) v,(S25,) = max(vs, (2), v, (1)),
for all 8,5y € Z, 5,5, € W.
Example 4. Consider a graph G* = (V, E) such that V = {v1,v9,v3,v4} and

E = {z1 = v1vg, X9 = vov3, T3 = U304, T4 = v4v1}. Let A; be an intuitionistic fuzzy
subset of V' and let B; be an intuitionistic fuzzy subset of E defined by

U1 V2 U3 V4 X1 o T3 Ty
ta, 102 04 04 0.3 e, | 0.1 03 02 0.1
va, | 05 03 05 0.2 vg, | 0.6 0.6 0.7 0.7
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U1 V2

(0.1,0.6)

(0.1,0.7) (0.3,0.6)

(0.2,0.7)

V4 U3

By routine computations, it is easy to see that G is an intuitionistic fuzzy graph.
Consider a line graph L(G*) = (Z,W) such that

Z = {811781278137814}
and
W= {Szlsxza 517255637 Sﬂ:sSﬂcu Sx4Sz1}~

Let Ay = (na,,va,) and Bs = (up,,Vs,) be intuitionistic fuzzy sets of Z and W,
respectively. Then, by routine computations, we have

'37ﬂA2 (Sxd) = 027#142 (S:C4) = 017

fay(Sey) = 0.1, 14, (Sz,) =0

= 0.6,04,(Ss,) = 0.7,04,(Sz,) = 0.7.
0
0

)
VA, (Sﬂﬂl) = 0.6, VA, (SI2)
KB, (Smsxz = 0']-7:UBQ (szsm3) =
)

) 2, 1B, (Sl’a 14) =0.1,ug, (5145901) =0.1,
VB, (Sﬂﬂlswz) = 0.6, VB, (50625303

.77 VB, (SISSJM) = 0.77 VB, (8145:1:1) =0.7.

(0.1,0.7) (0.2,0.7)

(0.1,0.7)

Sz, Szs

By routine computations, it is clear that L(G) is an intuitionistic fuzzy line graph.

The following propositions are obvious.
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Proposition 16. Every intuitionistic fuzzy line graph is a strong intuitionistic fuzzy
graph.

Proposition 17. L(G) = (Asz, Bs) is an intuitionistic fuzzy line graph correspond-
ing to intuitionistic fuzzy graph G = (A1, By).

Proposition 18. L(G) = (A, B2) is an intuitionistic fuzzy line graph of some
intuitionistic fuzzy graph G = (A1, B1) if and only if

1B, (SeSy) = min(pa, (Sz), 1a,(Sy)) for all Sy, Sy € W,
VB, (SzSy) = max(va,(Sz),va,(Sy)) for all Sy, S, € W.

Proof. Assume that pp,(S;S,) = min(pa, (Sz), fta,(Sy)) for all S,, S, € W. We
define pa, () = pa,(S;) for all z € E. Then

KB,y (sty) - min(:uA2 (Sfb)v HA, (Sy)) = min(/‘Az (l‘), KAy (y))a
VB, (S2Sy) = max(va, (Sz), va,(Sy)) = max(va,(z),va, (y)).
An intuitionistic fuzzy set A1 = (ua,,va,) that yields that the property
ps, (wy) < min(pa, (z), pa, (y)),

vB, (vy) = max(va, (x),va, (y))

will suffice.
The converse part is obvious. O

Proposition 19. If L(G) is an intuitionistic fuzzy line graph of intuitionistic fuzzy
graph G. Then L(G*) is the line graph of G*.

Proof. Since G = (A1, By) is an intuitionistic fuzzy graph and L(G) is an intuition-
istic fuzzy line graph,

1A, (Sz) = pp, (®), va,(Sz) =vp,(x) forallz e E
andso S, € Z < x € E. Also
118, (S2Sy) = min(pp, (), ks, (¥)),
vB, (82 5y) = max(vp, (z),vs, (y))
for all 5,5, € W, and so
W ={5,5,15: NSy, #0,z,y € E,x #y}.
This completes the proof. U

Not all graphs are line graphs of some graphs. The following result tell us
when an intuitionistic fuzzy graph is an intuitionistic fuzzy line graph of some
intuitionistic fuzzy graph.
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Proposition 20. L(G) = (As, By) is an intuitionistic fuzzy line graph if and only
if L(G*) = (Z,W) is a line graph and

wp, (uwv) = min(pa, (), pa, (v)) for all uv € W,
vp, (uww) = max(va, (u),va,(v)) for all uv € W.

Proof. Follows from Propositions 18 and 19. O

We sate the following results without their proofs.

Theorem 1. Let L(G) = (Ag, By) be the intuitionistic fuzzy line graph corre-
sponding to intuitionistic fuzzy graph G = (A1, B1). Suppose that G* = (V, E)
is connected. Then there exists a week isomorphism of L(G) onto G if and only
if G* is a cyclic and for allv € V, x € E, pa,(v) = up, (x), va,(v) = vp,(x),
i.e., Ay = (ma,,va,) and By = (up,,vp,) are constant functions on V and E,
respectively, taking on the same value.

Theorem 2. Let L(G) = (Ag, Ba) be the intuitionistic fuzzy line graph corre-
sponding to intuitionistic fuzzy graph G = (A1, By). Suppose that G* = (V, E) is
connected. If f is a weak isomorphism of G onto L(G), then f is an isomorphism.

Theorem 3. Let G and H be intuitionistic fuzzy graphs of G* and H*, respectively,
such that G* and H* are connected. Let L(G) and L(H) be the intuitionistic fuzzy
line graphs corresponding to G and H, respectively. Suppose that it is not the case
that one of G* and H* is complete graph Ks and other is bipartite complete graph
Ky 3. If L(G) and L(H) are isomorphic, then G and H are line-isomorphic.

5 Conclusions

An intuitionistic fuzzy set is a generalization of the notion of a fuzzy set. Intuition-
istic fuzzy models give more precision, flexibility and compatibility to the system as
compared to the classic and fuzzy models. We have introduced the concepts of (i)
strong intuitionistic fuzzy graphs, (ii) intuitionistic fuzzy line graphs, and have pre-
sented some of their properties in this paper. It is clear that the most of these results
can be simply extended to (S, T)-fuzzy graphs, where S and T are given imaginable
triangular norms. The obtained results can be applied in various areas of engineer-
ing, computer science: artificial intelligence, signal processing, pattern recognition,
robotics, computer networks, expert systems, and medical diagnosis. Our future
plan to extend our research of fuzzification to (1) Bipolar fuzzy hypergraphs; (2)
Intuitionistic fuzzy hypergraphs; (3) Vague hypergraphs; (4) Interval-valued hyper-
graphs; (5) Soft fuzzy hypergraphs.
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