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The structure of v-isologic pairs of groups

Shahram Heidarian, Ahmad Gholami, Zohreh Mohammad Abadi

Abstract
In [2], the first two authors generalized the concept of n-isoclinism to the
class of all pairs of groups. In this paper, we extend that notion to v-isologism
and study the details of this notion. In addition, it is shown that every pair
of groups is v-isologic with a quotient irreducible pair of groups. Finally, as
an application, we drive some inequalities for the Baer-invariant of a pair of
groups.

1 Introduction

In 1940, Hall [1] introduced the notion of isoclinism and then he extend it to the
notion of v-isologism with respect to a given variety v . Hekster [3] considered the
variety of nilpotent groups of class at most n and arose the concept of n-isoclinism.
In [2], the first two authors generalized the concept of n-isoclinism to the class of
all pairs of groups. In this paper, the notion of v -isologism is extended for pairs of
groups and some of its properties are presented. Our results are useful for studying
pairs of groups. This is illustrated in section 5. If v is the variety of abelian groups
or nilpotent groups of class at most n, then r-isologism coincides with isoclinism
and n-isoclinism between pairs of groups, as defined in [2] and [3].

Let F, be the free group freely generated by a countable set X = {xy,z2,...}.
Let V be a nonempty subset of F, and v be a variety of groups defined by the set
of laws V. Then the verbal subgroup and the marginal subgroup of G associated
with the variety are denoted by V(G) and V*(G), respectively. See H. Neumann
[7] for more information regarding varieties of groups.

2 Notation and preparatory results

Definition 1. Let (G, M) be a pair of groups in which M is a normal subgroup of
G. If v is a variety of groups with the set of laws V, we define

V(M,G) = (0(g1, . gy ooy ) 0(g1, --gr) v €EVim € M, g; € G,1 <0 <7),
VH(M,G) ={m e M|v(g1,.., gim, .., gr) = V(g1,...9r), Vv € V, g; € G,1 < i <1},
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If M =G, then V(M,G) = V(G) and V*(M,G) = V*(G) are ordinary verbal
and marginal subgroups of G. If v is the variety of abelian groups, then V*(M,G) =
Z(M,G) = {m € M|g~tmg = m,Vg € G} and V(M,G) = [M,G] = {[m,g]|m €
M,g € G}. In addition, if v is the variety of nilpotent groups of class at most
n, then V*(M,G) = Z,(M,G) and V(M,G) = yp+1(M,G) (see [2]). A variety
v is nilpotent, if v is contained in the variety of nilpotent groups of class at most
n, for some n > 1. If v is a nilpotent variety, then there exists n > 1 such that
V*(M,G) C Z,(M,QG) .

In the following Lemma, we present some basic properties of V(M,G) and
V*(M, @), which is useful in our investigations.

Lemma 1. If (G, M) is a pair of groups and N <G with N < M. Then
(@) V(&G - YILEON,
N N’ N ’

(b) N CV*(M,QG) if and only if V(N,G) =1;
(¢) V¥(M,G) =M if and only if V(M,G) = 1;
M G V*(M,G)N
DV (g §) 2§
(e) V(N)CV(N,G) S NNV(M,G);
(f) If [G,N] CV*(M,Q), then [V(M,G),N]| = 1. In particular
[V(M7

G M, V*(M,G)N

NNV(M,G) =1, then N CV*(M,G) and V*(

NN TN
Proof. (a), (b), (c) and (d) immediately follow from definition.

(e) Let ni,...,n, € Nandv € V. Then | o
V(N1 ey ny) = (N1, oy )v(Lngy ooy ) T (L ngy e )v(1, 1, g, np ) T

v(1, .., 1,ne_1,n)v(1, . 1,n) (1,0, 1, n,) € VN, G).
Therefore V(N) C V(N,G). Another inclusion follows from definition.

(f) Let m € M, g1,..., 9, € G and n € N. Then for every v € V,
U(gla~-7gz‘m7~-~»9r)v(917~~»9r) 7n}
1

(g1, ey 9r)0(G1, ey g2, ...,gr)*lnflv(gl, ey iy ooy Gr)U(G1y ooy Gr) T

1

(

’U(TL gin, "'7n_1grn)_1 = U(gla "'7gT)’U(gla ceey @M, "'7gr)_
(91lg1,m); ey gimlgim, 0], ..., gr[gr, n])v(g1[91, 1], ooy grgr, m])
(91 s 90) T 0(G1s ooy Gy ooy G )O(G1, e i, ey G V(G5 ooy )

= 1.

So [V(M,G),N] = 1.
(9) As NNV (M,G) = 1, part (e) shows that V(N,G) = 1. Therefore (b) implies
M G 5 V*(M,G)N

that N C V*(M, G). Now by (d), V*(W’ N) ) N . If K is a subgroup
of G such that V*(%,%) = %, then K < G and V*(M,G) C K. So by (e),

V*(K,G) C V*(M,G) and by assumption V(K,G) = 1. Thus again (b) implies
M *(M,G)N
that K C V(M,G) and so V*(N,%) - % O
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In the next Theorem, we compute verbal subgroup of a group G, when G is
given as a product of its subgroups.

Theorem 1. If (G, M) is a pair of groups and H < G such that G = HM. Then
V(G) = V(H)V(M,G).

Proof. As V(M,G) C V(G) and V(H) C V(G), we have V(H) N V(M,G) C
V(G). Let m € M and = € V(H), then m™tam = z[z,m] € V(H)[V(H),M] C
V(H)V(M,G). Thus M normalizes V(H)V(M,G). As G = HM, V(M,G) 4G
and V(H) < H, we conclude that V(H)V (M, G) is a normal subgroup of G. In
addition, as V(G) = V(G,G), for every v € V and g,¢; € G, i = 1,...,r, we can
write ¢ = hm and ¢g; = h;m; with h,h; € H and m,m; € M. If bar ~ denotes
reduction modulo V(H)V (M, G), then

U(g_l, ...,g_ig, ...,gr)v(gl, ...,g})il :U( _1Tﬁ1, ceey }{Z’Iﬁl}_lm, veey _Trﬁr)v(hlml, veey h_ﬂﬁr)il
h,

=1. SoV(G) CV(H)V(M,G) and we have V(H)V (M, G) =
V(G). 0O

The following lemma is needed in the next sections.

Lemma 2. Let (G, M) be a pair of groups and H be a subgroup of G such that
G = HV*(M,G). Then the following statements hold.

(o) VX(IMNH H)=V*(M,G)NH;

(b)) VIMNH,H)=V(M,G);

(o) V*(MNH,HNV(MNHH)=V*(M,G)NV(M,G).

Proof. (a) By definition V*(M,G) C V*(MNH, H), thus V*(M,G)NH C V*(MnN
H,H). Now let me V(M NH,H). If g1, ...,9, € G, then we can write g; = h;x;
with h; € H and z; € V*(M,G), i =1,...,r and for every v € V|

V(G1yeeey §iMy ooy Gr) = O(h121, oy hizymy, oo Ry
v(ha, . hr)
= v(hlxh.. hyx;)
= v(g1s- 9r)

Therefore m € V*(M,G)NH and V*(MNH,H) CV*(M,G)NH.
(b) Since V(M N H,H) C V(M,G), we show the reverse inclusion. If m € M
and g; € G, then we can write m = hx and g; = h;x; with h,h; € H and z,z; €
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V*(M,G),i=1,...,r. Now for every v € V,

V(g1 er GiMy oy Gr)0(G1,s vy gr) = 0(hay, ooy hiih, oy hpzy)v(Ry2, oo, Ry, ) T
=v(h1, .o, hiihy oy b )v(hy, o ) 7
=h~Yo(hhihS L, bz, ..., hheh ™ Dho(hy, . hy) 7
=h"tv(hhih =L hhiy oo hho R D ho(hy, o ) 7
=v(h1, e hihy ooy B )0(Bay oy hy) 7!
eV(MNH,H).

Therefore V(M,G) CV(M NH, H).
(¢) This immediately follows from (a) and (b). O

3 Isologism between pairs of groups

In this section, we extend the notion of v-isologism, as defined in [4], to the class
of all pairs of groups and show that two pairs (G1, M1) and (Ga, M3) of groups are
v-isologic if and only if there exists a pair (G, M) of groups such that (G1, M;) and
(G2, M3) occur as factor pairs of (G, M), whereas (G, M), (G1,M1) and (Ga, Ma)
are v-isologic to each other.

Let (G, M) and (H, N) be pairs of groups. An homomorphism from (G, M) to
(H,N) is a homomorphism f : G — H such that f(M) C N. We say that (G, M)
and (H, N) are isomorphic and write (G, M) ~ (H, N), if f is an isomorphism and
f(M)=N.

Definition 2. Let (G, M) and (H, N) be two pairs of groups and v be a variety of
groups defined by the set of laws V. An wv-isologism between (G, M) and (H, N) is

and 8: V(M,G) —

a pair of isomorphism («, 8) with « : V- O.G) — V(N )

V (N, H), such that af and for every v € V, m € M and

V*(M,G)) - V*(N,H)
91, .., 9r € G

BW(giycos gy ey )V (g1, oy gr) 1) = v(ha, s hiny o By ) (hay oy By ) 7Y
whenever h; € a(g;V*(M,G)) and n € a(mV*(M,G)). We say that (G, M) and
(H,N) are v-isologic, if there exists an v-isologism between them. In this case we
write (G, M) ~, (H,N).

If v is the variety of abelian groups or nilpotent groups of class at most n, then
v-isologism coincides with isoclinism and n-isoclinism between pairs of groups. So
we have here a generalized notion of isoclinism and n-isoclinism between pairs of
groups. In addition, If M = G and N = H, then v-isologism between two pairs
of groups is an wv-isologism between G and H. The following Lemma gives an
equivalent condition for two pairs of groups to be v-isologic.

Lemma 3. Let (G, M) and (H, N) be two pairs of groups.Then (G, M) ~, (H,N)
if and only if there exist My < V*(M,G), Ny < V*(N,H) and isomorphisms
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G H M N
a i — N and B : V(M,G) — V(N,H) such that a(E) =N and for
everyv € V, m € M and g1,....,9. € G, B(w(g1, ..., gimy .o, o) V(g1 00y gr) L) =
(9

v(hiy ooy himty ooy o) (R, oy by )Y, wheren € a(mMy) and by € a(g;My),i =1, ...,7.
Proof. The ‘only’ part is trivial. For the another part it is sufficient to show
V*(M,G V*(N,H

that o (]\4’ )) = (N’ ) Let n € a(mM;) where m € V*(M,G), then

1 1

n € N and for every h; € H and g; € a~!(h;Ny), i = 1,...,r, it holds that
v(hl,...,hm,...,hr)

,U(hlv"'?hr)71 = 5(,0(917'“7972”%"'797")1)(91;'"’97")71) =1 Son € V*(NvH) and

V*(M,G V*(N,H
thus o (]\47 )) - (N’ ) A similar argument for a~! yields the reverse
1 1
inclusion which gives the assertion. O

Lemma 4. Let («,3) be an v-isologism between (G, M) and (H,N). Then the
followings hold.

(a) If Gy is a subgroup of G with V*(M,G) C Gy and of
then

G1 ) = H,
V*(M,G)’  V*(N,H)’

(Gl,Gl ﬂM) ~y (Hl,Hl ﬂN);
(b) If My is a normal subgroup of G with My C V(M,QG), then

o oM, oH N
My My B(My)T B(My) ™
Proof. (a) Set My = V*(Gy N M,G) and Ny = V*(H; N N,H). Then M; <

G H
V*(Gy N M,Gy) and N; < V*(H; N N,H;). Now define a : Ml - Fl and
1

_ 1
B:V(GiNM,G) — V(H NN, H;) by a(gM;) = hNy, where h € a(9Z,(M,G)
GinM, _HON o)

V7R VR

(

and B(z) = B(z). Then &,/ are isomorphism and o

Lemma 3, (G1,G1 N M) ~, (Hy, Hi N N).
_ G _ M H — N
b) Puu G = —, M = —, H =
o Glapn o vl s
. VHM,G)M, . V*(N,H)3(M, _ o
= —_— P S A S < *
we set M, M, , Ny B0A) , then M; < V*(M,G) and

N; < V*(N,H). Now we deﬁneéz:M — — and 8 : V(M,G) — V(N,H) by

a(gM) = hNy, where g € G,h € a(gV*(M,G) and 3(z) = B(z). Then a,j are

_ _ L M,y N
v(h1, ooy ity ooy B )0(By, ooy by )T 1), where 7

M _
isomorphisms such that a(—=) = — and B(v(g1, ..., GiM, e, Gr)V(G1s ooy Gr) 1) =
S i R 0%
Thus by Lemma 3, the result holds. O

Lemma 5. Let (G, M) be a pair of groups. If N is a normal subgroup of G with
N < M and H is a subgroup of G, then
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(o) (HHHN M) ~, (HV*(M,G),(H N M)V*(M,G)). In particular if G =

HV*(M,G), then (H HNM) ~, (G,M). Conversely, if satisfies

V*(HNM,H)
the descending chain condition on normal subgroups and (H,H N M) ~, (G, M),
then G = HV*(M,G);
G M G M
(b) (~~) ~v ( ) )
N'N NNV(M,G) NnV(M,G)
1, then (G, M) ~, (%, ﬁ) Conversely, if V(M,G) satisfies the ascending chain
M
condition on normal subgroups and (G, M) ~, (%, N

Proof. (a) Tt is clear that V*(H N M,G) < V*(H N M,H) and the subgroup
V*((H N M)V*(M,G), HV*(M,G)) contains V*((H N M)V*(M,G),G). We put

M, =V*(HNM,G) and Ny = V*((HN M)V*(M,G),G) and define « : % —

1
HV*(M
w by a(hM;) = hNy, h € H. Then « is an isomorphism. In addition,

1
V(HNM, H) = V((HNM)V*(M,G), HV*(M,G)) so by Lemma 3, (H, HNM) ~,
(HV*(M,G),

(HNM)V*(M,G)). Conversely, let

. In particular if NNV (M, G) =

), then NNV (M,G) = 1.

H
V*(HNM,H)
condition on normal subgroups and (¢, 3) be an isologism between (G, M) and
(H,H N M). By the above we can assume that V*(M,G) C H. Let H; be a

H B H,
V*(M, G)) - V*(MNHH)
(Hy, MNHy) ~, (G,M) and G = H if and only if H = H;. Similarly, there exists a
subgroup Hs < Hj contains V*(MNH, H) such that H = H; if and only if H, = Ho.
Pursuing this process, we obtain a sequence Hy = H > Hy >,...,> V*(M N H, H)
such that (G,M) ~, (H;,M N H;), i = 1,2,... . By assumption there exists an
integer r > 0 such that H, = H,,1. So the result holds.

satisfies the descending chain

subgroup of H such that af . Now by Lemma 4(a),

(b) Tt is easy to see that the maps « :

~ M

M=—————
NNV(M,QG)
satisfies the ascending chain condition on normal subgroups. Set K = NNV (M, G).

. So by Lemma 3, the result holds. Now assume that V (M, G)

By the above there exists an isomorphism 8 : V(M,G) — V/( We con-

ey
sider a normal subgroup K; of V(M,G) such that S(K) = fl and see K =1
if and only if KX = K;. In a similar manner there exists a subgroup K, of

K
V(M,G) such that contains K; and B(K;) = % Again Ky = K if and only
1

if K = K;. Pursuing the above process and obtain a sequence of subgroups
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Ky =K <K;4,...,4V(M,G). By assumption there exists an integer s > 0 such
that Ky = Ks41. Thus NNV(M,G) = K = 1. O

Now, we are able to state and prove the main results of this section.

Theorem 2. Let (G1,M;) and (Ga, M3) be pairs of groups. Then (G1,My) ~,
(Ga, Ms) if and only if there exists a pair (G, M) of groups and there exist normal

M
subgroups N1 and N of G with Ny C M, No C M such that (G, My) ~ ( G ),

NN
G M
7) and (GlaMl) ~v (G7M) ~v (G27M2)'

Ms) ~ (—
(GQa 2) (N2a N2

Proof. The ‘if’ part is trivial. Thus suppose that (G1, M;) ~, (G2, M) and (a, f)
is a v-isologism between them. Let G be a subgroup of G; x G5 given by

G =1{(91,92) € G1 X Ga|a(g1 V*(M1,G1)) = g2 V* (M2, G2) }

and M = GnN (Ml X MQ) Now set N1 = {(1,n2)|n2 € V*(MQ,GQ)} and N2 =
{(n1,1)[ny € V*(My,G1)}. Then N; G, N; € M and (G, M;) ~ (ﬁv ﬁ)’ (i=

1,2). In addition V/(M,G) = ((g1,6(g91))|g1 € V(M1,G1)). So NyNV(M,G) =1,
(i =1,2) and by Lemma 5(b), (G1, M1) ~, (G, M) ~, (G2, M2). 0

Theorem 3. Let v be a variety of groups and (a, ) is a v-isologism between
(G1, My) and (Go, M3). Then there exists a pair (H,N) of groups with pairs of
Gy M,

subgroups (Hy, N1) and (Ho, No) such that , ~
q P ( 1 1) ( ; 2) ([Gl,v*(Ml,Gl)]]&Gl,v*(Ml,Gl)})

Hi,\y), : : : ~

U N GG, v, GOl A VO, Gn) B(G, V- (O, G 1V (I, )

(HQ,NQ) and (Hl,Nl) ~y (H, N) ~y (HQ,NQ).

Proof. First put X = {(g1,92) € G1 X Ga|a(g1V*(M1,G1)) = g2V* (M2, G2)} and
Y = XN (M x M), Then V(V,X) = {(91,58(91))|gr € V(M1,G1)}. Now set
Z1 = {(1,n9)|n2 € V*(Ma,G3)} and Zy = {(n1,1)|n1 € V*(M;,G1)}, therefore
Z; is a normal subgroup of X, Z; <Y and Z; NV (Y, X) =1 (i = 1,2). Set
X X Y
G= 7 X VY, X) and M = 7 X VY, X"

Thus (G, M) ~, (G1,M;) ~, (X,Y). As Z1NV(X,Y) =1, X can be embedded
in G by a monomorphism ¢ : X — G define by «(z) = (¢Z;,2V (Y, X)). Let K be
the normal closure of «(Z5) in G, that is

K = u(Z)[(Z2), GI.

G
Let g1 € G; and choose g3 € G2 such that (g1, g92) € X and define f; : G; — 7 by

.. G
fi(g1) = ((91,92)Z1, (1, 1)V(Y, X)) K. Similarly, define f5 : Gy — Ve by fa(g2) =
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((91,92)Z1, (91,92)V (Y, X))K. Then f; and f5 are well-defined homomorphism. We
claim that

GV (3, 2) = T = hG)V* (3, 2) (1)
V*(Y, X) X

Lemma 1(g) shows that V*(M,G) =
and (hy, he) in X,

2 X T X) So for every (g1, 92)

((91,92)Z1, (h1,h2)V (Y, X)) K =
((91792)Z17(1 1) (Y X)) ((17 )Zlv(h1>h2)Z(Y,X> K

€ f1(G1 )%

~—

C fi(G)V( )

)

=[5
= Q

and

(g1, 92)Z1, (h1, ha)V (Y, X))K =
((91,92)Z1, (g1, 92)V (Y, X)K ((1,1)Z1, (g5 ha, g5 " haV(Y, X)) K

€ f2(G2)W C f2(G2)V*(%a %)

Thus (1) is hold. Now we show that
(a) ker(f1) = [G1, V™ (M, G1)];
(b) ker(f2) = B(V (M, G1) N[G1, V* (M1, G1)]).
To prove (a), let g1 € [Gl,V”‘(Ml,Gl)¥7 then (g1,1) € Zs. Hence
fl(gl) = ((91; 1)217 (1’ 1)V(Ya X )K
= ((gla ]-)Zlv (glv ]-)V(K X))K ((13 1)Zla (9;17 1)V(Ya X))K
- K
So g1 € ker(f1).
Conversely, let g1 € ker(f1) and choose g € G2 such that (g1,92) € X. So
((91,92) 71, (1, 1)V (Y, X)) € K and for some n; € V*(My,G;) and for some ¢; €
[G17V*(M17G1)]7

(91,92) 21, (L, HV(Y, X)) = ((n1, 1) Z1, (na, YV(Y, X))((1,1) 21, (e, DV (Y, X)).

Hence g1 = ny and (n1c,1) € V(Y,X). Thus n; = ¢;* € [Gy,V*(M;,G1)] and
g1 € [G1,V*(M1,G1)]. This proves (a).

To prove (b), suppose go € ker(fz). Choose g1 € G; such that (g1,¢92) € X,
thus ((91,92)7Z1,(g1,92)V (Y, X)) € K and for some n; € V*(M;7,G1) and ¢; €
[leV*(Mlle)]’

((91,92) 71, (91, 92)V (Y, X)) = ((n1,1) Z1, (naca, HV (Y, X)).

Hence g1 = ny and (glcl_lnl_l,gg) eV(Y,X),s0gs = ﬁ(glcflnfl) € B(V(My,Gy)).
But as ¢ € [G1,V*(M1,G1)], it holds that

g1cl_1n1_1 = n101_1n1_1 S [Gl,V*(Ml,Gl)].
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Thus g2 € B(V (M1, G1) N [G1, V*(M1,G1)]). Conversely, let go € B(V(M1,G1) N
[G1,V*(M;,G1)]), then there exists g1 € V(My,Gy) N [G1, V*(My,G)] such that
g2 = B(g1). Therefore a(giV*(My,G1)) = B(g1)(V*(Mz, G2) = g2(V* (M2, G))
and so (g1,¢92) € X. In particular (g1,¢g2) € V(Y,X) and we have

((g1,92) 21, (91, 92)V (Y, X)) =((g1, 1) Z1, (g1, DV (Y, X))((1, 92) Z1, (1, g2)V (Y, X))
=((91, D) Z1, (91, DV(Y, X)) ((1,1)Z1, (97, DV (Y, X))
eK

So fa(g2) = 1. This proves (b).

Now set (H, N) = (%’ %) and (H;, N;) = (fi(Gy), fi(M;)), (i =1,2). Then
Gl Ml -
(G 0,6 G veon, ey = He ),
G M, )
(G v O, G NV (M, G’ BGr, V- (M, GOl NV, Gy~ )
and (Hy, Ny) ~, (H,N) ~, (Ha, N). -

4  Irreducible pairs of groups

In this section, we introduce the notion of subgroup irreducible and quotient irre-
ducible pairs of groups. We use Zorn’s lemma and show that every pair of groups
is wv-isologic with a quotient irreducible pair of groups.

Definition 3. Let (G, M) be a pair of groups. If G contains no proper subgroup H
satisfying G = HV*(M, G), then (G, M) is called subgroup irreducible with respect
to v-isologism. If the group G contains no normal subgroup N with N N M # 1
and N NV(M,G) = 1, then (G, M) is called quotient irreducible with respect to
v-isologism.

Theorem 4. Let (G, M) be a pair of groups. If V*(M,G) C V(M,QG), then (G, M)

18 subgroup irreducible and quotient irreducible with respect to v-isologism.

Proof. Let N be a normal subgroup of G such that N N V(M,G) = 1. We set
K = NNM and claim that K = 1. By Lemma 1(e), V(K,G) C KNV (M,G) C NN
V(M,G), thus K =1 and (G, M) is quotient irreducible. Now, let H be a subgroup
of G such that G = HV*(M,G). By Lemma 2(b), V(M,G) = V(M N H,H) and
hence

V*M,G)CV(M,G)=V(MNH,H)CMNHCH

Thus G = H and (G, M) is subgroup irreducible. O

Let G be a group. The Frattini subgroup ®(G) of G is defined as the intersection
of all the maximal subgroups of G. If G has no maximal subgroups one defines
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®(G) = G. In any group G, the Frattini subgroup is equal to the set of all non-
generator elements of G (see [8, Theorem 5.2.12]). If (G, M) is a pair of groups and
N is a maximal subgroup of G, then either V*(M,G) C N or V*(M,G)N = G.
Lemma 2(b) shows that in each case V(M,G) N V*(M,G) C N. So V(M,G)n
V*(M,G) C ®(Q).

Theorem 5. Let (G, M) be a pair of groups. If (G, M) is subgroup irreducible with
respect to v-isologism, then V*(M,G) < ®(G). The converse holds if
V*(M,G)

V*(M,G)NV(M,G) is finitely generated.

Proof. Let g € V*(M,G). We claim that g is a non-generator of G. If G = (g, X),
for some subset X of G and H = (X), then G = HV*(M,G). As (G, M) is subgroup
irreducible, G = H. Thus g is a non-generator and so g € ®(G). Thus V*(M,G) <
V*(M,G)

®(G). Conversely, let V- (M, G) NV (M, G)
X1y ey Ty € V¥(M, Q) such that V*(M,G) = (x1,..2,)(V*(M,G) NV (M,G). If
G = HV*(M,G) with H < G, then by Lemma 2(c), V*(M,G) N V(M,G) =
VIMNH,H)NV*(MnNH,H). Since z1, ..., x, are non-generator, we have

be finitely generated. Then there exist

G=HV*(M,G) = H{zy,...,z,)(V(M,G)NV(M,QG))
= Hlzy, .z (V(MNHH)NV(MNH, H))
H.
So (G, M) is subgroup irreducible. O

Definition 4. Let (G, M) be a pair of groups, then subgroup generated by all the
minimal normal subgroups N of G with N N M # 1 is called socle of (G, M).

Now we state the main results of this section.

Theorem 6. If (G, M) quotient irreducible with respect to v -isologism, then socle

. o Z(M,G)
M M
of (G, M) is contained in V(M,G) and Z00,.G) NV (M.G)

v is a nilpotent variety, then the converse holds.

s a torsion group. If

Proof. First let (G, M) be quotient irreducible with respect to v-isologism. If N is
a minimal normal subgroup of G with NN M # 1, then NNV (M,G) # 1 and as N
is minimal subgroup, N C V(M, G). Thus socle of (G, M) is contained in V (M, G).
(Mg()l\ég()M gy et T = (x). As T C Z(M,G), T is
a normal subgroup of G, and TN M # 1. Therefore TNV (M,G) # 1. Hence there
exists integer k > 1 such that z* € V(M,G). So ¥ =1 and 7 is a torsion element
Of Z(M7 G)
Z(M,G)NV(M,G)

Z(M,G)
(G M) and e e A V(M. G

If z # 1 is an element of 7

. Conversely, let v be nilpotent, V (M, G) contains socle of

be a torsion group. Suppose that N is a normal
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subgroup of G such that NNV (M,G)=1. Set S=MNN and T = SNZ(M,QG).
If T'# 1, then

T _T(Z(M,G)NV(M,G)) _ Z(M,G)

I L O NVILG) = ZOLG)NVOLG) = ZO0LG) NV (M, G)

Thus T is a torsion group. Now choose x € T', x # 1 with minimal order. Then
(x) is a minimal normal subgroup of G. So by assumption (z) C V(M,G). This
contradicts with TN V(M,G) = 1, therefore T' = 1. So for any integer n > 1,
SNZ,(M,G) =1 (see [2, Lemma 2.5]). In addition, Lemma 1 shows that S C
V*(M,G). As v is nilpotent, there exists an integer k > 1 such that V*(M,G) C
Zy(M,G), so S C Z(M,G) and MNN = S = 1. Thus (G, M) is quotient
irreducible with respect to v-isologism. O

Theorem 7. Let (G, M) be a pair of groups. Then there exists a normal subgroup
G M G
N of G with N C M, such that (G, M) ~, ( and (

—,—) and (—, —) s quotient
, o e NN N W) e
irreducible with respect to v-isologism.

Proof. Let S={N: N<G,N CM and NNV(M,G)=1}. Then S is partially
ordered by inclusion. If {Ny}aer is a chain in S, then |J,.; N, is an upper bound
in §. So by Zorn’s lemma there exists a normal subgroup N in which maximal in S.

As NNV (M,G) =1, it follows from Lemma 2(b) that (G, M) ~, (G M T

N’ﬁ) Let N
M G

T
be a normal subgroup of % such that i N V(N, —) =1. We claim that T € S.

It follows from Lemma 1(a) that TNV (M,G) < N. As NNV (M,G) = 1, we have
TNV(M,G) =1and so T € §. But N is maximal in S and therefore T = N.

M
Hence N = 1 and ( N M) is quotient irreducible with respect to v-isologism. O

5 An application to the Baer-invariant of a pair of
groups

In this section, we use Lemma 5(b) and give some inequalities for the Baer-invariant
of a pair of groups.

Let 1 — R — F — G — 1 be a free presentation of the group G and let
N ~ S/R for a suitable normal subgroup S of the free group F. Then the Baer-
invariant of a pair (G, M) of groups with respect to the variety v, denoted by v
M(G, M), to be

RNV(S,F)
V(R,F)

It is a routine exercise to check that v M (G, M) is an abelian group and that it
is independent of the choice of the free presentation of G. A variety v is called a

Schur-Baer variety if, for any group G for which the marginal factor group m
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is finite, then the verbal subgroup V(G) is also finite. In [6], Moghaddam et al.
proved that for finite groups G, v M (G, M) is finite, with respect to the Schur-
Baer variety v. Therefore throughout this section we assume that v is a variety of
groups, which enjoys the Schur-Baer property .

Lemma 6. Let N be a normal subgroup of G contained in M, then the following
sequence is eract.

1—)I/M(G,N)—>I/M(G,M)—>I/M(%, NOVIM, &)

M
N T VNG

Proof. See [5]. O

Corollary 1. Let (G, M) be a pair of finite groups and N a normal subgroup of G

contained in M. If (G, M) ~, ( , then
G M
ﬁ?ﬁ)h

NN
(a) [vM(G, M)|=lv M(G, N)||v M(

(b) d(wM( ) < dwM(G, M));

M
"N
(¢) e(vM (=, %)) divides e( vM (G, M)),
where e(X) and d(X) are the exponent and the minimal number of generators of
the group X, respectively.

z|lQ=|a

Proof. Lemma 5(b) shows that N N V(M,G) = 1, so by Lemma 6 the following
sequence is exact
G M

1—vM(G,N) — vM(G,M) —)VM(N,W) —

Now the results are easily deduced. O

References

[1] P. Hall, The classification of prime-power groups, J. Reine Angew. Math. 182
(1940) 130-141.

[2] Sh. Heidarian, A. Gholami, On n-isoclinic pairs of groups, Algebra Colloquium
(to appear).

[3] N.S. Hekster, On the structure of n-isoclinism classes of groups, J. Pure Appl.
Algebra 40 (1986) 63-85.

[4] N.S. Hekster, Varieties of groups and isologism, J. Aust. Math. Soc. (Ser. A)
46 (1989) 22-60.

[5] M.R.R. Moghaddam, A.R. Salemkar, Some inequalities for the Baer-invariant
of a pair of finite groups, Indag. Math. 18 (2007) 73-82.

[6] M.R.R. Moghaddam, A.R. Salemkar, M.R. Rismanchian, Some properties of
ultra Hall and Schur pairs, Arch. Math. (Basel) 78 (2002) 104-109.



The structure of v-isologic pairs of groups 79

[7] H. Neumann, Varieties of groups, Springer, Berlin, 1976.

[8] D.J.S. Robinson, A course in the theory of groups, Graduate Text in Mathe-
matics, Springer, Berlin, 1982.

[9] A.R. Salemkar, F. Saeedi, T. Karimi, The structure of isoclinism classes of
pairs of groups, Southeast Asian Bull. Math. 31 (2007) 1173-1182.

Shahram Heidarian:
Islamic Azad University, Shahrekord Branch, Shahrekord, Iran
FE-mail: heidarian@kashanu.ac.ir
Ahmad Gholami: Department of Mathematics, Faculty of Science, University
of Qom, P. O. Box 37161-46611 Qom,Iran
E-mail: a.gholami@qom.ac.ir, gholami@kashanu.ac.ir
Zohreh Mohammad Abadi:

Department of Mathematics, Faculty of Science, University of Kashan, Kashan,Iran
E-mail: zohreh326@yahoo.com

*Corresponding author



