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Quantum integrals and the affineness criterion
for quantum Yetter-Drinfeld m-modules

Chen Quan-guo’, Wang Shuan-hong *'

Abstract

In the paper, the quantum integrals associated to quantum Yetter-Drinfeld
m-modules are defined. We shall prove the following affineness criterion: if
there exists § = {0s : Hp — Hom(Hg-1,A)}ser a total quantum inte-
gral and the canonical map x : A ®p A — @Weﬁ H,® A, x(a®pb) =
D, e S,Y_l(j)a(b[l’a—l,y—la])b[0y0]<,17,y> ® abo,0j<0,0> is surjective. Then the
induction functor — ®p A : Up —T YD is an equivalence of categories.
The affineness criterion proven by Menini and Militaru is recovered as special
cases.

1 Introduction

The integrals for Hopf algebras were introduced in two fundamental paper: by
Larson and Sweedler in [3] for the finite cases, and by Sweedler in [5] for the infinite
cases. Then Doi [2] introduced the more general integral ( called total integral) for
H-comodule algebra A, where H is an ordinary Hopf algebra. In 2002. Menini and
Militaru [4] defined the more general concept of an integral of a threetuple (H, A, C),
where H is a Hopf algebra coacting on an algebra A and acting on a coalgebra C.
Recently, the first author defined the more general concept of integrals for Doi-Hopf
m-datums in Hopf group-coalgebra setting.

Let us note that there exists a symmetric monoidal category, the so-called Tu-
raev category, constructed by Caenepeel and De Lombaerde [1] the Hopf algebras
which are the same as Hopf m-coalgebras which appeared in the work of Turaev [6]
on homotopy quantum field theories as a generalization of ordinary Hopf algebras.
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A purely algebraic study of Hopf m-coalgebras can be found in the references Vire-
lizier [7, 8], Wang [9]-[12], and Zunino [13, 14].

In the paper, we try to introduce quantum Yetter-Drinfeld m-modules and the
concept of quantum integrals to quantum Yetter-Drinfeld m-modules as a generali-
zation of the concept of quantum integrals invented by Menini and Militaru. Then
we prove the affineness criterion for quantum Yetter-Drinfeld w-modules.

The paper is organized as follows:

In Section 2, we recall some definitions and basic results related to Hopf m-
coalgebras. In Section 3, we introduce the concept of quantum Yetter-Drinfeld
m-modules, which can be interpreted as a special Doi-Hopf m-module.

In Section 4, quantum integrals to quantum Yetter-Drinfeld m-modules are in-
troduced [See definition 4.1]. Then we prove the affineness criterion for quantum
Yetter-Drinfeld m-modules [See Theorem 4.7].

2 Preliminaries

In this section, we recall some definitions and discuss properties of Hopf 7w-coalgebras.
Most of the materials presented here can be found in [6]-[11].

Throughout this paper, we always let 7w be a finite discrete group with a neutral
element e and k a commutative ring with a unit. If a tensor product is written
without index, then it is assumed to be taken over k, that is, ® = ®. If U and
V are k-modules, Ty y : U ®V — V ® U will denote the flip map defined by
Tuyv(u®v) > vQu, forallu e U and v € V.

The m-Coalgebras. A m-coalgebra is a family of k-module C' = {C,}oen together
with a family of k-linear maps A = {Ay5 1 Ayg = Ay ® Aglapger (called a
comultiplication ) and a k-linear map € : C. — k (called a counit) such that A is
coassociative in the sense that

(Aa, @ idcy) 0 Dapy = (ide, @ Agy) 0 Aa gy, (2. 1)
for any «, 8,7 € m and
(ide, ®€) oAy e =ide, = (e @idc,) 0 Ac a, (2. 2)

for all o € 7.

Remark. (C.,A..,¢) is an ordinary coalgebra in the sense of Sweedler. Following
the Sweedler s notation for m-coalgebras, for any «, € m and ¢ € C,g, one write

Aqp(c) = c1,0) @ C(2,0)- (2. 3)
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The coassociativity axiom (2.1) gives that, for any «, 5,7 € m and ¢ € Cqpy,

C(1,a8)(1,0) @ €(1,08)(2,8) ® €(2,7) = C(1,0) @ €(1,87)(1,8) @ C(1,67)(2,7)> (2. 4)

which is written as c(1,q) ®¢(2,8) @ ¢(3,y)- Inductively, we can define c(1,4,) ®¢(2,0,) @
“Cln,ap), for any ¢ € Cajay.a,- The axiom (2.2) gives that, for any a € 7 and
c € C,,

£(c1,e))C(2,0) = € = c(1,0)E(C(2,0))- (2. 5)

The Hopf m-Coalgebras. A Hopf m-coalgebra is a m-coalgebra H = ({Hg }aenr,
A, ) together with a family of k-linear maps S = {S, : Hy — Hy-1}aer (called
an antipode) such that the following datas hold:
¢ Each H, is an algebra with multiplication m, and unit 1, € H,,
¢toralla, B em Aypande: Ho — k are algebra maps, i.e., for all c, ¢ e H,g,

’

(cc ) (1,0) ® (€€ )(2,8) = €(1,0)C(1,0) @ €(2,8)C(2,5)> (2. 6)

¢ For all a,a’ € H,,

/ ’

e(aa ) = e(a)e(a), (2. 7)
¢ For all a € m,

Mg 0 (idp, @ Sq-1) 0 Ay a1 = €lg =M 0 (Sq-1 ®idh,) 0 Ap-1 4. (2. 8)

Note that the notion of a Hopf m-coalgebra is not self-dual and that (H., me, Ac e,
e, S.) is an ordinary Hopf algebra. A Hopf w-coalgebra H is of finite type, if H, is
finite-dimensional as k-vector space, for all a € 7.

The 7-C-Comodules. Let C' = {C,}aecr be a m-coalgebra and V' a k-module.
A left m-C-comodule is a couple (V,p¥ = {p¥ }ocx), where for any a € w, pY :
V — C, ®V is a k-linear morphism, which will be called a comodule structure and
denoted by pY (v) = v<_1.4> ® V<0,0>, satisfying the following conditions:

¢ oV is coassociative in the sense that, for any «, 8 € 7, we have

(ide, @ py) o pa = (Dap @idy) o pyg,
ie.,
V<—1,a> @ V<0,0><—1,8> @ V<0,0><0,0> = V<—1,08>(1,0) @ V<—1,a8>(2,8) ® V<0,0>,
(2. 9)

for any v € V.
¢ V is counitary in the sense that

(e @idy)op! =idy,
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i.e.,

£(ve—1,e>)V<0,0> = 0. (2. 10)

The n-H-Comodule Algebras. Let H = ({Ha}aer Mas la, A, €,S) be a Hopf
m-coalgebra and A an algebra with the unit 14. A left 7-H -comodule algebra is a left
7-H-comodule (A, p? = {p2}aexr) such that the following conditions are satisfied:

pa(ab) = a< 1.a5b< 10> ® a<005b<0,05, (2. 11)
for all « € w and a,b € A and
Pa(la) = 1o ® 14, (2. 12)
for any o € 7.
Notice that A endowed with the p7' is an ordinary left H.—comodule algebra.

The w-H-Module Coalgebras. Let H = ({Hy}acn, Ma, la, A, €,5) be a Hopf
m-coalgebra and C' = ({Cy }aer, A, €) a m-coalgebra. C is called a right 7-H-module
coalgebra, if there is a family of k-linear maps - := {- : C, ® H, — C,} such that
the following conditions are satisfied:

¢ For all o € 7, C,, is a right H,—module,

¢ Forall o, € m,c € Cop, h € Hyg,

Ao plc-h)=caa) haa) @cap  hep), (2. 13)

¢ Forallce C, and h € H,, e(c- h) =¢e(c)e(h).
The T-Coalgebras. A Hopf m-coalgebra H = ({Hu }acn, Mas Lo, A, €,.5) is said to
be a T-coalgebra , if H is endowed with a family of algebra isomorphisms ¢ = {¢g :

Hy — Hgop-1}a,per (the crossing) such that each ¢ preserves the comultiplication
and the counit, i.e., for all o, 8, € m,

(95 @ ¢8) © Doy = Dpap-1,pys-1 © bp, €0 g =¢
and ¢ is multiplicative in the sense that ¢n.g = ¢4 © 3.

Let H be a T-coalgebra. Then one has that ¢¢|p., = idg., ¢51 = ¢o-1 for any
a € mand that ¢ preserves the antipode, i.e., ¢q0S5, = Sgap-10¢g, forall a, 3 € 7.

In the paper, let H = ({Ho}acrs Mas lay A, €,5) be a T-coalgebras. Suppose
that the antipode S = {S4 }aer of H is bijective, which means each S, is bijective.
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3 Quantum Yetter-Drinfeld m-modules

Let H be a Hopf m-coalgebra. A Doi-Hopf w-datum is a triple (H, A, C'), where A
is a left m- H-comodule algebra and C' a right m-H-module coalgebra.

A Doi-Hopf m-module M is a right A-module which is also a left m-C-comodule
with the coaction structure p™ = {pg/{ﬁ : Mo — Co ® Mpla,per such that the
following compatible condition holds:

M
Pa.p(M-a) =M< 105 s 10> @M0p> 000>,
for all @« € m and m € Myg,a € A.

The set of Doi-Hopf m-modules together with both a right A-module maps and
a left m-C-comodule maps will form a category of Doi-Hopf m-modules and will be
denoted by "~CU(H) s (called a Doi-Hopf w-modules category).

Definition 3.1. Let H be a Hopf m-coalgebra and A a k-algebra. The algebra A
is called a w-H-bicomodule algebra, if A is not only a right 7-H-comodule algebra
(A7 pA = {"p Y oex), but also a left m-H-comodule algebra (A,! p4 = {lpg}/geﬁ)
such that the following condition:

A<—1,a> ® Gc0,05[0,0] ® G<0,05[1,8] = A[0,0]<—1,a> @ 0[0,0]<0,0> D a5, (3. 1)

for any o,8 € w and a € A, where we use the standard notation rpg(a) =
@fo,0] @ af1,4]-

Definition 3.2. Let H be a T-coalgebra and (A,” p!p?) a 7-H-bicomodule
algebra. Let us fix @ € m. A quantum Yetter-Drinfeld m-module M is a right A-
module which is also a left 7-H-comodule with a comodule structure p™ = {pg/f :
M — Hg ® M }pen such that the following compatible condition holds:

M<_1,85>0<—1,6>@M<0,0>0<0,0> = Pa(@[1,0-184]) (1M:0[0,0]) <—1,6> (M a[0,0]) <0,0>
3. 2)
for any 8 € m,a € A and m € M.

Now, we can form the category VD% of quantum Yetter-Drinfeld 7m-modules
for a fixed o € 7 in which the composition of morphism of quantum Yetter-Drinfeld
m-modules is the standard composition of the underlying linear maps.
Proposition 3.3. E.q (3.2) is equivalent to the following:

PIBVI(m'a) = S@T1¢a(a[l,aflﬁfla])m<—1,,8>a[0,0]<—1,5> XM <0,0> - 4[0,0]<0,0> (3- 3)

forallme M, B €m and a € A.
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Proof. A routine check can finish the proof. For example, in fact, for any m € M,
B €mand a € A, we have

bala1,a-18a1) (M - afo,0]) <—1,8> @ (M - af,0]) <0,0>

(3.3) _
= ¢a(a[17a‘1ﬂa])sﬁ 1¢a(a[0,0][17a—1,8—1a])
M<—1,8>a[0,0][0,0)<~1,6> ® M<0,0> * A[0,0](0,0]<0,0>
= baltpe@a-1pa)Ss Pal0f1e1a-15-1a)
M<—1,6>0[0,0/<—1,8> @ M<0,0> * 3[0,0<0,0>
= balape) 2855 Palap,e)@,s-1)M<-1,8>00,01<—1,8> @ M<0,0> * A[0,0]<0,0>
(2.8)
=" Mc—1,8>0<—1,8> @ M<0,0> * 4<0,0>-
So we finish the proof. |

Example 3.4. Let H be a T-coalgebra and (A,” p4,! pA) a m- H-bicomodule algebra.
Let us fix a € . Then (4, -, {[),‘;‘},Yeﬂ) is an object of 7 YD, where the action - is
the multiplication on A and the left comodule structure p*4 = {ﬁf},ye,, is given by

ﬁ,’;‘(a) = S;lgba(a[l,a—l’y—la])a[0,0]<—1,'y> ® a[0,0]<0,0> (3. 4)

for all vy € m, a € A.

Example 3.5. Let H be a T-coalgebra with H, = H,, for a fixed @ € 7 and
for all v € w. Set lp,IY{“ =A,o: Hy, - H,® H, and Tpf“ = Aqa-1y-1a ¢
Hy — Ho @ Hy-1y-14. Then (Hy,' plfe” pHe) is a m-H-bicomodule algebra, and
(Ha, - {pX*}1ex) is an object of #YDY, where the action - is the multiplication on
H,, and the left comodule structure e = {ﬁfﬂ }yer is given by

P (a) = 87 Pala2,0-1y10))0(1.0) (1) © O(1,0)(2,0)5

forall y € m, a € H,.

Theorem 3.6. Let H be a T-coalgebra. Let us fit « € m. Then
(1) A can be made into a left m-H @ H°P-comodule algebra. The comodule
structure p = {pf A — (H® HP), ® A} is given by the following formula

Pﬁ(a) = a[0,0]<—1,y> ® S;lqba(a[l,a_l'y_la]) ® a[0,0]<0,0> > (3. 5)

forallyvem, ac A
(2) H can be turned into a right 7-H ® H°P-module coalgebra. The action of
H ® H°P on H is given by the following formula

g-(h®k)=Ekgh (3. 6)

forall g,h € Hy, k € HIP.
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Proof. (1) We shall check that pé‘ is an algebra morphism from A — (H®@H?),®A.
In fact, it is easy to see that pﬁ(lA) =1p, ® 1gor ® 14. We also have

pi?(ab) = a[0,0]<71,’y>b[0,0]<71,’y> ® Sy_l(ba (a[l,ofl'yfla]b[l,ofl'yfla])

®ajo,01<0,0>b[0,01<0,0>
= a[0,0]<—1,'y>b[0,0]<—1,'y> Y S;1¢a(b[1’a71w71a])5,;1¢a (a[l,a*h/*la])
®a[0,01<0,0>b[0,01<0,0>

= pi(a)ps (D),

for all a,b € A. In what follows, we need to prove that A is a left 7-H ® H°P-
comodule. It is sufficient to check that Eq. (2.9) and (2.10) hold. In fact, it is easy
to see that Eq. (2.10) holds. For all 41,72 € 7, a € A, we also have

and

(Aggmer ®id) o P»ém (a)

a[0,0]<—1,71v2>(1,71) @ S;lln,z¢a(@[1,a717;17;10])(1,w1) & a[0,0]<—1,7172>(2,72)
®S’?172¢06(a[1,a*172_171_1a})(2,’*{2) & ajo,01<0,0>

@10,0)<—1,71v2>(1,71) Y S;ll (Qba(4[1,(1717;17;1(1])(277;1)) ® Qa[0,0]<—1,v1v2>(2,72)
®S’?21(¢Oé(a’[l,afl'y;l'yl_la])(1,72_1)) ® a[0,0<0,0>

a[o,0)<—1,7172>(1,m) @ S;llqba(a[l,aflfyglfy;la](2,a*17;1a)) @ a[o,0)<—1,7172>(2,72)

®57_21¢a(au,a—17;17;1a](1,a—171—1a)) © @[0,0)<0,0>

(id @ p) o p5, (a)

a[O O<-1m>® Sw balag o1, a]) ® @[0,01<0,0>[0,0]<—1,72>
S bala [0,0<0,0>[1,a~17; o ]) ® a[0,01<0,0>[0,0]<0,0>

a[O 00.0]<~1,7> ® 87, Palag 4 v ta)) @ Q[0,0][0,01<0,0> <~ 1,72>
¢a( [0,0][1,a— 15" a]) ® a[0,0][0,0]<0,0><0,0>

a[o 0][0,0] <~ 1,772 >(1,m) & S’Yl %(au,ml«,;la]) ® @[0,0][0,0]< —1,7172>(2,72)
¢a( [0,0][1,a— 175 - ]) ® ajo0,0][0,0]<0,0>

a[0,0)<~1y172>(1,71) & 5711¢a(a[1 a—ly 7ty tal(2,a-t 1‘1a)) @ a[o,0)<—1,7172>(2,72)

S’;zl(ﬁa( [1,a=lvs tyr tal(1,a 1y, a))®a[0 0]<0,0>-

So we prove that (AggHer ® id) o p'ym = (id® p%) ) pfl, for all v1,7v2 € 7.
(2) It is not hard to verify that H is a family of right H ® H°P-module. In order
to check Eq. (2.13), we do a calculation as follows:

Aaplg-(h®K)) = kaada,0ha,.q @kepdeshes
= Ja,a) (Paa) ®@ka,a) @928 - (hiezp @ keg))
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for all g,h € Hug, k € Hg% [ |

From Theorem 3.6, we can view # YD (given a fixed a € ) as the category of
Doi-Hopf m-modules associated to the Doi-Hopf m-datum (H ® H°P, A, H). Then
HY(H ® HP), =1 YDY. Moreover, @ . H,® A € YD via the following

yem™
structures
(h®a) b= S;1¢a(b[1,mlfla])hb[0,0]<—1,w> ® abjo,0]<0,0> > (3. 7)
D, Hy®A
py T (h®a) = hag) ® hep-1,) ®a, (3. 8)

for any 8,y € m, h € Hy and a,b € A.

4  The affineness criterion for quantum Yetter-
Drinfeld m-modules
In the section, quantum integrals to quantum Yetter-Drinfeld m-modules are in-

troduced. Then we prove the the affineness criterion for quantum Yetter-Drinfeld
m-modules.

Definition 4.1. Let H be a T-coalgebra and (A,” p2,! pA) a 7-H-bicomodule alge-
bra. Let us fix o in . A family of k-linear map 6 = {g : Cg — Hom(Cs-1, A)}ger
is called a quantum integral of (H, A, C), if

1) ®0(cp)(d) = 87 0al(05(c)(dqr,(35)-1)) 1017101 d(2,7)
0v5(c)(d(1,(v8)-1)) [0,0)<—1,9>
®05(c)(d(1,(v8)-1))10,01<0,0>

for all v, € m and ¢ € Cy3,d € Cg-1. A quantum integral § = {0 : Cz —
Hom(Cs-1,A)}ger is called total, if

> Os(cam)(c@s—) = e(e)la, (4. 1)
Bem

forall B € m,ce C..

Proposition 4.2. Let H = ({Hg},A,e,S) be a T-coalgebra and (A,” pA,! p?) a
mw-H-bicomodule algebra. Let us fir o in w. Assume that there exists 6 = {05 :
Cpg — Hom(Cy-1,A)}ger a total quantum integral. Then

' =Pp:A-PHs2 A

YET Be™

splits in HYDG.
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Proof. We define the map

TA:@HB®A—)A
Bem

A(@ hg ® ag) = Z a,B[O,O]<0,0>05(h[3)(S/;—11¢a(aﬁ[l,a—lﬁa])a,B[O,O]<71,B—1>)'
pern BeET
(4. 2)

Then the 74 is a left m-H-colinear retraction of p. In particular, 74 (69/3@ 15 ®
1A) = 1A and

@ hs(1,y) @ T(hge 18 ® ap)
BET

= 570a(r(ED hs ® ag),a-19-10)

BET

T(@ hg ® ag)[070]<_1,7> & T(@ hg ® ag)(0,01<0,0> (4. 3)
pgen BeT

for all v € w. We define now

A:EPHs A A,

Bem
@h ®a,) =T @S —1¢a Ay1,a-17a])) Py Sy=1(Ayj0,00<—1,7-15)®14)a4(0,01<0,0> -
ye™ yemw
(4. 4)
Then, for a € A, we have
(Ao p?)(a)
= @S Galap,a-17-14])0[0,0]<—1,7> @ A[0,0]<0,0>)
yem™
(4.4) -1
= @ S 71¢a Q[0,0]<0,0>[1, a—l'yoc]))sy (ba (a[l,a—l'y—la])a[0,0]<71,'y>
yeET
S -1 (a[o,o]<0,0>[0,o]<—1,7—1>) Y 1A)a[o,o]<0,0>[0,0]<0,0>
= @ S —1¢a @10,0][1,a=1ya] ))S';ld)a (a[l,ozfl'yfla])a[O,O][O,O]<71,V>
yemw
S -1 (a[o,o][o,o]<0,0><—1,frl>) ® 1A)a[o,o][0,0]<0,0><0,0>
= @ 5 1¢a a[0,0][1,a~1va] ))S;l¢a(a[l,a_l'y_la])a[O,O][O,O]<—1,e>(1,'y)
yemw
S-1(ajo,01[0,00<-1,e>(2,y-1)) ® 14)a[0,0[0,0/<0,0>
= @S 1% afL,e)(1,a-1va))) Sy ¢O¢(a[1,e](2,o¢*1'y*1a)) ® 1a)ajo,o

yemw
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= @ S a[1,e](2,a= vy 1 ) ;}1¢a(a[1,e](l,a—1wa))) ® ]-A)a’[O,O}
ye™

= @ S af1e)) (2,4-1) 5 L oa(ap,e) 1) ® 1a)ap,
yeET

= T(@LY@IA)a:

ye®™

i.e., A is still a retraction of p*. Now, for all b € 7, h, € H, and ay € A, we have

EX))

(4.4)

APy @ ay)-b)

yET
A(@ S;ld)a(b[l,a*lw*la])hvb[0,0]<71,'y> ® abo,01<0,0>)
YET
@ 5 1% b10,0]<0,0>)[1,a~ 17a]))S'y_1¢Oé(b[l,a—l'y—la])hvb[0,0]<—l,’y>
YET

Sy-1((a4b(0,01<0,05 ) [0,00<~1,7-1>) @ 1a)(a4b(0,01<0,0> ) [0,01<0,0>
@S 71¢a Ay[1,a— 1fya]b00]<00>[1oz 17(1]))

dSks
ST ba(bpa-15-10))hyb10,0)< 1,75 551 (84(0,0)< 1,4 1>
b10,01<0,0> 0, o]< 1y-15) ® La)(ay(0,01<0,0>[0,01<0,0>[0,0]<0,0> )
@S 1% 1~ 17a]0[0,0][1,a-1va]))
yemw
S;lqsa(b[l,a—l’y—la])h’yb[O,O] 0,0]<—1,7>Sy-1(ay[0,0/<=1,41>
0(0,0]0,01<0,05> < —1,7-1>) @ 14)(@[0,01<0,0>b[0,0][0,01<0,0> <0,0> )
@S 1¢a Ay[1,a— 1'yoz]b00][1(y 1'ya]))
dSks
S5 b (bp1,a-15-10) hybjo,0)[0,0/<~1,e>(1,7) -1 (A4 (0,0) <~ 1.4-1>

b10,0][0,0]<—1,e>(2,7-1)) @ 14)(@4[0,01<0,0>b[0,0[0,01<0,0>)

@S —1(775(1 y[1,a— 1'ya]b[0 0][1, oﬁl'ya]))

yem
S ba(bi1,a-15-1a)) Py Sy -1 (570,01 <—1,7-1>) @ 14)(@0,01<0,05bjo,00,0])
(6D 551 (S ba(ay11,0-17a1b1 6] (10 1va)
NET
ST e bt 2,0-17-10)) By Sy =1 (@ [0,0)<—1.4~15) © 14)(as(0,0]<0,0b[0,0])
(D 551 (5721 bala1,0-1701) 85 (571 BB el (1.0 190)
NeET

571%(5[1 (2,0 1y—1a)) My Sy =1 (ay[0,0)<—1,y-15) @ 14)(a50,01<0,0> D[0,0])
@S 1¢a Ay[1,a— 1'ya])S ( 1¢a(b[1 e])(l,'y))

iSks
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S_1¢a( 1e])(2'y_1)h Sy (ay00,00<—1,7-1>) @ La)(ay0,0<0,0>[0,0])

= @ S 1¢a w[l,a—lwa]))hvsﬂy—l (a7[0,0]<—1,7—1>) ® 1A)a'y[0,0]<0,0>b
yET
= MEPh,®a,) -0
ye™T
So we finish the proof. ]

We can define now the coinvariants of A as

B = .ACOG{)
= {ac€ A\S;l(ﬁa(a[l’afl,rla])a[0,0]<,1,,> ® ajo,01<0,0> = 1y ®a, for all vy € 7}.

Then B is a subalgebra of A and will be called the subalgebra of quantum coinvari-
ants.

Proposition 4.3. Let H be a T-coalgebra and (A" pA! p?) a 7-H-bicomodule
algebra, and B the subalgebra of quantum coinvariants. Let us fir « in w. Assume
that there exists = {03 : H3 — Hom(Hpg-1, A)}ger a total quantum integral. Then
B is a direct summand of as a left B-submodule.

Proof. We shall prove that there exist a well defined left trace given by the formula

t':A— B,
= TA(@ lg®a) = Z a10,01<0,0505(16) (521 ba(af1,0-1 5a] ) 00,01 <~1,5-15)
Bem pen

for all @ € A. Notice that t(a) € A°°H) for all a € A, in fact, taking hg = 15 in
Eq. (4.3), for all 8 € m, we have

17@7(@17715(@&) = S;1¢a(7(@15®a)[1,a*1v*1a])

pen BeET

T(@ lg ®a)p,o<-17> ® T(@ 1g ® a)0,01<0,0>
pen BeT

for all v € 7, i.e.,

L, ®@t'(a) = S5 dpa(t'(a)1,a-17-1a))t (@)0,0<—1,9> ® t'(a)[0,0]<0,0> -

Now, for b € B and a € A,

th(ba) = Z(ba)[0,0]<0,0>96(16)(55—11 Ba((ba)[1,6-18a1)(b0)[0,00<—1,8-1>)

gem

= Z b[o,0]<o,o>a[0,0]<0,0>05(1[3)( 1¢a(a[1 a= 15&]) 1¢o¢( 1, Q_lﬁ(,])
gen
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blo,0j<—1,6-1>@[0,0)<—1,5-1>)

= Z ba[o,o]<o,0>95(1/3)(5,§}1 (rboc(a[l,aflﬁa])a[0,0]<71,ﬁ*1>)
BET

= bt'(a).
Hence t! is a left B-module map and finally

t'(1a) = ma(@1s®@a) =D 0s(1p)(15-1) = La.

pern pen

Hence t' is a left B-module retraction of the inclusion B C A.
We finish the proof. ]

Definition 4.4. Let H be a T-coalgebra and (A,” p2,!p?) a m-H-bicomodule
algebra, and B the subalgebra of quantum coinvariants. Let us fix a in 7. Assume
that there exists 0 = {63 : Hg — Hom(Hpg-1, A)}ger a total quantum integral. The
map

t':A— B,

tl(a) = TA(@ Ip® a) = Z a[0,0]<0,0>0ﬁ(15)(S/;}1¢a(a[1,oﬁlﬂa})a[0,0]<71,5*1>)
Bem BET

for all a € A is called the (left) quantum trace associated to 6.

Now, fix an a € 7, we shall construct functors connecting # Y D% and Up. First,
if M € YD, then

M) = {m e M| p(m) =1, @m, for all y € 7}

is the right B-module of the coinvariants of M, in fact, for all v € 7, m € M)
and a € B, we have

pY(m-a) = Sy ¢al(apa-1a-1a)M<c1,3>0[0,0)<—1,2> ® M<0,0> * A[0,0]<0,0>
S}Tl(éa(a'[l,a*l)\*la])a[0,0]<71,)\> ® m - ajp,0)<0,0>

— 1ﬂ/®m~a:py(m)a.
Furthermore, we have a covariant functor
(=) H yps 5 UYp.
Now, for N € Up, N @5 A € YD via the structures

(n®p a)-a/ =n®g aa/,

pY e (n ®@p a) = ST balap,a-11-10])80.0]< 17> @ N OB A[0,0)<0,0>
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for all n € N, a, d € A and v € 7w. In this way, we have constructed a covariant
functor called the induction functor

—®p A:Up =" YDY.
We shall prove now that the above functors are an adjoint pair.

Proposition 4.5. Let H be a T-coalgebra and (4, p", p') a m-H-bicomodule al-
gebra. Then the induction functor — @5 A : Ug —H YD is a left adjoint of the
coinvariant functor (—)e(H) :H YD — Up.

Proof. the unit and the counit of the adjointness are given by

nv i N = (Nep A ny(n) =nop1a
for all N € Ug,n € N, and
Bar: MM @5 A — M, Brr(m®p a) =ma

for all M €® YyD%, m € M) and a € A. So The proof is finished. |

We are going to prove now an affineness condition for quantum Yetter-Drinfeld
m-modules. First, we need the following

Theorem 4.6. Let H = ({Hs},A,¢,S) be a T-coalgebra and (A,” pA,! p?) a 7-H-
bicomodule algebra, and B = A®H) . Let us fix o in 7. Assume that there exists
0 = {03 : H3 — Hom(Hg-1, A)}ger a total quantum integral. Then

nv i N = (Nep AW ny(n) =nop 1a

is an isomorphism of right B-modules for all N € Up.
Proof. Using the left quantum trace t' : A — B, we shall construct an inverse of
nn. We define

Xt (N@p A o Ny (Y ni@a) =Y nit!(a;)
for all > . n; ®p a; € (N ®p A)CO(H). It is easy to see that yy ony = id. Let
Y,ni®pa; € (N®p A)yeelt) Then, for all v € 7,
S;1¢a(ai[1,a*1w*1a])ai[070]<—1,'y> ®n; @B Gi[0,0)<0,0> = 1y ®n; @B a;.
It follows that
n; @B G4[0,0)<0,0> @ 97*1(17*1)(Sy_l@x(ai[l,a*lfrla])ai[0,0]<71,’y>) =n; ®¥p a; @ 1a.
Now, if we multiply the last factors, we get

n; ¥p tl(ai) =n; Xp a;.
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Hence we obtain
(NN o XN)(Z n; ®p a;) = Z nit'(a;) ®p 14 = Z n; @p t'(a;)
= Z n; Qp Gi,
i
i.e., xn is an inverse of ny. |

Theorem 4.7. Let H be a T-coalgebra and (A,” pA! p*) a - H-bicomodule alge-
bra, and B = A®°H) Let us fix @ in 7. Assume that there exists § = {0 : Hs —
Hom(Hpg-1,A)}ger a total quantum integral, and the canonical map

X:A®BAH@HW®A,

yET

x(a®pb) = @S§1¢a(b[1,a71rla])b[o,o]<—1,w> ® abjo,0]<0,0> ;

yemw

for all a,b € A, is surjective. Then the induction functor — ®p A : Up =7 YD is
an equivalence of categories.
Proof. In Theorem 4.6, we have shown that, under the assumption of the existence
of a total quantum integral, the adjunction map ny : N — (N ®@p A)®°@H) is an
isomorphism for all N € Up. It remains to prove that the other adjunction map,
namely By : M) @5 A — M, By (m ®p a) = ma is an isomorphism for all
M e yDY.

Let V be a k-module. Then AQ V X YDY via the structures induced by A,
ie.,

(a®@v)b=ab® v,
P»j;‘@v(a ®v) = S';lgba(a[l,a— +=1a])@[0,0)<~1,y> @ @[0,0]<0,0> @ V,

for all a,b € A, v € V and v € 7. In particular, for V=4, A® A €l YDY via

(a®a)b=ab®a,

PAI;‘@V(@ ® a/) = S;l(ba(a[l,oz*l'y*la])a[0,0]<71,'y> ® ajo,01<0,0> ® a

for all a, a/, b e A and v € m. We will prove first that the adjunction map Bagy :
A@ Vel @p A — A®V is an isomorphism for any k-module V.
First, V® B and BRV € Up via

(Wobh =v@bh, (bov) =b ®v

forall b,b € Byv e V. Theflipmap 7:V®B — BV, T(v®b) =b®uv is an
isomorphism in Ug. On the other hand, V @ A € VDS via

(v®a)b=1v® ab,
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P¥®A(U ®a)= S’y_l(ba(a‘[l,a_l'y_la])a[0,0]<—1,'y> ® v & aj,0]<0,0>»

foralla,be A;jveVandy €n. Theflipmap7: AQV - VA, 7(a®v) =v®a
is an isomorphism in #YD%. Applying Theorem 4.6 to N=V @B = B®V, we
obtain the following isomorphisms in Up

BoV=VeB=(VeBagAd) W = (VeA)<t =g y)°t
Considering the composition of the canonical isomorphisms

(A V)*H @p A= (Ve AD e A2 VOBRQpRAXVRAZAQYV,

we have that the adjunction map Sagy for A ® V is an isomorphism. We consider
5 be the composition

A9AY Aop AL PH, @ A,
YETT
where can is the canonical surjection. As [ is surjective, B is surjective. Let us
define now
§:ARA—PH, @A,

vEm

f(a@b):(EOT)(aQ@b) = (BocanoT)(a®b)

= @ S;léba(au,aflrla])a[o7o]<—1,7> ® bajo,0)<0,0>
yET

for all a,b € A. Notice that £ is a surjective. We will prove that £ is a morphism in
HyD9. Indeed,

¢((a®b)a’) = €(aa @)
= @ 5;1¢a(a[1,mlrla])5;1%(@[1@*17*104])a[o,o]<71,w>a[o7o]<—177>
yem

®bao,01<0,0>A[0,0<0,0>
= (@ S5 balap a-14-10))0[0,01< 1> @ baj 0)<0,0>)a

ye™
= &a®b)d

and on one hand,

R CED))

D, cr HyoA —
= P © (@S'y1(/l)a(a[1,oﬁ1’y*1a])a[O,O]<71,’y>¢ba[0,0]<0,0>)

YET

= D5 balapa1y-10) 1 0)0,0< 17> (10)

yeE™T

B Pa(a1,0-17-10])(2A-17)8[0,0)<— 17> (2,2~ 1y) ® ba[0,0]<0,0>

= @(S)Tigba(a[La—lw—l)\—la]))(1,A)a[0,0}<—1,)\w>(1,>\)

weT
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(S;wlﬁba( (1 u—lw—l,\—la]))(2,w)a[0,0]<—1,xw>(2,w) & ba[o,0]<0,0>
@ S5 (Balap a-rw-12-1a]) (2.0-1))@[0,0]< — 1 Aw>(1,0)
weET
R85, (Dala1,0-10-12-1a)) (Lw-1)) 20,0/ <—1,Aw> (2,w) @ DA[0,0]<0,05 5
on the other hand,
(id®€) o pﬁ‘®A( ® b)
= (id®&)(Sy ¢a(a[1 a1 -1a])@[0,0]<—1,> @ @[0,0]<0,0> ® D)
= Sy ¢a(a[1 a-1A-1a])@[0,0]<— 17> @S;ld)oé(a[0,0]<070>[1,a*1'y*1a])
yen
a0,0)<0,0>[0,0]<—1,v> & b@[0,01<0,0>[0,0]<0,0>
= 5;1(/5«1(@[1,&*1,\*1(1])a[o,o][oﬁo]<f1,>\> ® @ Sf;l(ba(a[o,o][l,a*l’y*la])
yen
[0,0][0,0]<0,0><—1,7> @ ba0,0]0,0)<0,0><0,0>
= S;1¢a(‘l[1,mlkla])a[o,o][o,o]<—1,/\w>(1,>\) 0 @ S;1¢a(a[o,0][1,mlrla])
yen
@[0,01[0,01< —1,2v>(2,7) ® ba0,0][0,0]<0,0>
= @5;1¢a(a[1,a71»rl>rla](z,or1A*la))a[o,o]<—1,>\~/>(1,,\)
yen
R85 ba(A[L,a-19-12-1a](La-17~1a)) ) A[0,0]<—1, 37> (2,7) © Dajo,01<0,0>
= @S ¢a a1,a—1y 1)\*104])(2,)\*1))a[0,0]<71,/\'y>(1,)\)
yen
®S~71¢a(G[Lmlflkla])(Lfrl))a[0,0]<—1,m>(2,y) ® bajo,0)<0,0> >
for all a,a’,b € A and \ € 7. Hence £ is a surjective morphism in HypY.

Since @ﬂ{eﬂ H, ® A is projective as a usual right A-module, where §
is a usual right A-module via

P h, @ ay)b=EEh, @asb,
yeET YyET

for all b € A. On the other hand, the map u : €
is defined by

U(@ hy®a,)= @ S;1¢a(a7[1,a71~rla])hwaw[0,0]<—1,w> ® a[0,0]<0,0>

yET yeE™T

H,®A

yET

H,9A— @, .. H,®Awhich

yemw yemw

is an isomorphism of right A-modules, where the first @Wew H, ® A has the usual
right A-module structure and the second P, , Hy ® A has the right A-module
structure given by Eq. (3.7). The A-linear inverse of u is given by u=! : D e Hy®
A= D, . Hy®A,

_1(@ h7®a7 @S 71¢a Ay[1,0-1ya] ))h S (%00]< 1y~ 1>)®a7[0 0]<0,0>+

YE™ YET
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So we obtain that ., H, ® A, with the A-module structure given by Eq.(3.7)
is still projective as a right A-module. It follows that the surjective morphism
§:A®A— @, Hy® A splits in the category of right A-modules. In particular,
¢ is a k-split epimorphism in #YDS.

Let now M € YD9. Then A® A® M € YD via the structures:

(a®@b@m)d =ad @b m,

P§4®A®M(a ®b@m) = Sy_l¢a(a[1,a— +=1a])@[0,0]<—1,y> @ @[0,0]<0,0> ® bR m

for all ¥ € 7w, a,b € A and m € M. On the other hand,
via

ven Hy@ A M e yDg

(@ hy ® ay @ my)b = @ S5 o (b1,a-1y-10]) hyblo,0)<—1,v> @ ayblo,0j<0,05 @ M,

yeT YyET

D, H @AM
pg i (@ hy @ ay @ my) = @ hy(1.8) @ hy(2,p-19) @ Ay @My, (4.5)
yeE™ ye®w

for any 8 € m,b € A. We obtain that

(id: AR A M — (PH, @ A® M

yemw

is a k-split epimorphism in 7YD4. For @ . H, ® A® M, we obtain

ye®™

fPH, A M = M,

ye™

F@hy®@ay@my) = Y myc00505(55 "8 by (a51,0-17a))

yET YyET

hvSvfl (aw<—1,»rl>))(mv<—1,7*1>)ay[o,o]<o7o>
is a k-split epimorphism in #YD%. Hence, the composition

g=fo(l®id): AQA® M — M,

gla®b®m) = Z M<0,050(55 "S- 64(b1,a-17a])

YyeETT

Sarl (b<—1,r1>))(m<—1,r1>)b[o,o]<o,0>a7

for all a,b € A, m € M, is a k-split epimorphism in #YD%. The rest of proof is
similar to [4]. [
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