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On an integral-type operator from the Bloch space
into the Qx(p, q) space

Songxiao Li*

*Department of Mathematics, JiaYing University, 514015, Meizhou, GuangDong, China

Abstract. Let n be a positive integer, g € H(ID) and ¢ be an analytic self-map of D. The boundedness and

compactness of the integral operator (C7, Nz = foz F(p(&))g(E)dE from the Bloch and little Bloch space
into the spaces Qk(p, q) and Qko(p, 9) are characterized.

1. Introduction

Let D = {z : |z| < 1} be the unit disk of complex plane C. Denote by H(ID) the class of functions analytic
in ID. Let dA denote the normalized Lebesgue area measure in ID and g(z,4) the Green function with
logarithmic singularity at 4, i.e. g(z,4) = log m, where @,(z) = == fora € D. An f € H(ID) is said to

1-az

belong to the Bloch space, denoted by 8, if

Il = Suﬂg(l —2P)If' ()] < 0.

Under the norm ||f|lg = |f(0)| + [|flls, B is a Banach space. Let B, denote the space of all f € B satisfying
im(1 - zP)f ) =0.

This space is called the little Bloch space. Throughout this paper, the closed unit ball in 8 and B, will be
denoted by Bg and Bg, respectively.

Letp > 0,9 > =2,K: [0, 0) — [0, o0) be a nondecreasing continuous function. The space Qk(p, 4) consists
of those f € H(ID) such that (see [11, 26])

IAIF = Supf]D If'@)F(1 = 12P)'K(g(z, 2))dA(2) < 0. 1)

aeD

When p > 1, Qk(p,q) is a Banach space with the norm defined by [|fllocp,g = |f(0) + [If|l. We say that an
f € H(D) belong to the space Qko(p, q) if

lim f If @F( = 12P)K(g(z, 2))dA(z) = 0. 2)
lal=1 Jp
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Whenp = 2,g = 0, the space Qk(p, q) equals to Qk, which was studied, for example, in [3, 4, 10, 23, 25, 27-29].
If Qx(p, q) consists of just constant functions, we say that it is trivial. Qk(p, 9) is non-trivial if and only if (see
[26])

1
fo‘ (1-r?)I1K(- log r)rdr < oo. 3)

Throughout this paper, we assume that (3) is satisfied.
Let ¢ be an analytic self-map of ID. The composition operator C,, is defined by

Co()2) = f(@(2)), f € H(D).

The composition operator has been studied by many researchers on various spaces (see, e.g., [1] and the
references therein).

Let g € H(ID) and ¢ be an analytic self-map of ID. In [6], the author of this paper and Stevi¢ defined the
generalized composition operator as follows:

w&mwiﬂf@@wgmafEMszeD

The boundedness and compactness of the generalized composition operator on Zygmund spaces and Bloch
spaces were investigated in [6]. Some related results can be found, for example, in[5,7,8,13,16,17,19, 30, 31].
For related operators in n-dimensional case, see [9, 15, 18, 20-22].

Let n be a nonnegative integer, g € H(ID) and ¢ be an analytic self-map of ID. Here we study the
following integral-type operator

@@mniﬂﬂ%ﬁwwazeufemm.

Whenn =1, C&,/g is the generalized composition operator CZ. The purpose of this paper is to study the
operator C . The boundedness and compactness of the operator Cf ; from the Bloch space 8 into Qk(p, q)
and Qko(p, q) are completely characterized.

Throughout this paper, constants are denoted by C, they are positive and may differ from one occurrence
to the other. The notation A < B means that there is a positive constant C such that B/C < A < CB.

2. Main result and proof

In order to formulate our main results, we need some auxiliary results which are incorporated in the
following lemmas. The following lemma, can be proved in a standard way (see, e.g., Theorem 3.11 in [1]).

Lemma 1. Let p > 0, g > —2 and K be a nonnegative nondecreasing function on [0, c0). Assume that ¢ is an
analytic self-map of D, g € H(D) and n is a positive integer. Then Cj, , : B — Qx(p,q) is compact if and only if
Co,q : B = Qx(p, q) is bounded and for every bounded sequence { fi} in B which converges to 0 uniformly on compact
subsets of D as k — oo, lim_,e [ICy , filly(pg) = O-

Lemma 2 Let p > 0, g > —2 and K be a nonnegative nondecreasing function on [0, c0). Assume that ¢ is an analytic

self-map of D, g € H(D) and n is a positive integer. If Cf, , : B(Bo) — Qx(p, q) is compact, then for any e > 0 there
exists a 6,0 < 6 < 1, such that for all f in Bg(Bg,),

sup IF(@@)Plg)F (1 - 2P)TK(g(z,a))dA(z) < & (4)
o lp(z)[>r

holds whenever 6 < r < 1.

Proof. We adopt the methods of [24]. We only give the proof for 8B, and the proof for 8 is similar. For
f € Bg, let fi(z) = f(sz), 0 <s < 1. Then f; € Bg, and f; — f uniformly on compact subsets of D as s — 1.
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Sin;etﬁg%g is compact, [|C§ , fs = C4, o flloxp.g — 0ass — 1. That is, for given ¢ > 0 there exists an s € (0,1)
such tha

sup [[£70(E) = 17 0GP (- EEYK G DMAR) <. ®
D
For r,0 < r < 1, using the triangle inequality and (5), we get
sup [ 1 @PI@P A - YK A

aeD
lp(z)[>r

< e+ 2N, sup f P (L~ ZPYK(g(z, a)dA().

eD
lp@)>r
Now we prove that for given ¢ > 0 and || fs(”)llﬂ0 > 0 there exists a 0 € (0, 1) such that

IFP I sup f 9P — P)YK(g( a)dAG) < ¢
a€D|(p(Z)\>7‘

whenever 6 < r < 1.
Set fi(z) = Zk € By. Since Cg,lg is compact, we get limy_,« ||C$gzk|| — 0. Thus, for given ¢ > 0 and
l| fs||’;, > ( there exists an N € IN such that

1AL -sup | (k- = n+ D) g @Pg@P (1 - 12PYK (g AE) < &

aeD
whenever k > N > n. Hence, forO <r <1,

(N---(N—n+1))p sup f PN (@) Plg@)IP (1 - 12P)K(g(z, a))dA(2)
ae D

> (N---(N-n+1) sup f N @)Plg )P (1 - 12P)TK(g(z, a))dA(2)
aE]DI(p(Z)\N’
> (N Ve D) P sup [ @A - ERYK GG A ©)
acD
lp@)>r

Therefore, for r > [N - - - (N — n + 1)]" v, we have

I, - sup f 9P - 22K (g(z, ))dAR) < e.

cD
lp@)>r

Thus we have proved that for any ¢ > 0 and for each f € Bg, there exists a 0 = 0(¢, f) such that

sup f D @E@PEP (A — Kz ))IAR) < €
o

holds whenever 6 <r < 1.

The rest of the proof can be completed by using the finite covering property of the set C, ,(Bg,) which is
relatively compact in Qk(p, q) (see, e.g., [24]), and hence we omit it. The proof of this theorem is completed.
[m]
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By modifying the proof of Theorem 3.5 of [10], we can prove the following lemma. We omit the details.

Lemma 3. Let p > 0, g > —2 and K be a nonnegative nondecreasing function on [0, 0). Assume that ¢ is an
analytic self-map of D, g € H(D) and n is a positive integer. Then C, , : B — Qgo(p, q) is compact if and only if
Co: B — Qxkol(p,q) is bounded and

lim sup f I(Co0./) @I (1 - 1zI*)7K(g(z, a))dA(z) = 0. (7)

=1 A<1

Let L : X — Y be a linear operator, where X and Y are Banach spaces. Then L is said to be weakly
compact if for every bounded sequence (x,)sen in X, (L(x4))nen has a weakly convergent subsequence, i.e.,
there is a subsequence (x,, )men such that for every A € Y*, A(L(xy,))men converges (see [2]). Let A! denote
the space of all f € H(ID) such that fD |f(2)ldA(z) < oo. From [32], we know that (B;)* = A! and (A!)" = B

We also know that A = . Since I' has the Schur property, we get the following proposition.

Proposition 1. Let p > 0, ¢ > —2 and K be a nonnegative nondecreasing function on [0, c0). Assume that ¢ is
an analytic self-map of D, g € H(ID) and n is a positive integer. Then C , - Bo — Q(p, 9)(Qko(p, q)) is weakly
compact if and only if C3, , : By — Qk(p, 9)(Qko(p, 9)) is compact.

Proposition 2. Let p > 0, g > =2 and K be a nonnegative nondecreasing function on [0, c0). Assume that ¢ is an
analytic self-map of D, g € H(D) and n is a positive integer. Then C , : Bo — Qko(p,q) is compact if and only if
Coq 0 B — Qxolp, q) is bounded.

Proof. From Gantmacher’s theorem (see [2]), we know that an operator L : X — Y is weakly compact if and
only if L*(X™) C Y, where L™ and X" is the second adjoint of L and X respectively. From Proposition 1, we
see that C{ , : By — Qxko(p,g) is compact if and only if Cf, ,((B0)™) € Qko(p, q). Since ()™ = B, the result
follows. O

(pg(

Theorem 1. Let p > 0, g > =2 and K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D, g € H(ID) and n is a positive integer. Then the following statements are equivalent.
(i) Cglg : B — Qx(p,q) is bounded;
(ii) C;’W : By — Qx(p,q) is bounded;
(iii)
f IOV (1~ 1PYIK (e, ADAG) < . ®)
ae]D (1 | ( )| )np

Proof. (i) = (ii). 1t is obvious.
(if) = (iii). Let f € B. Set f;(z) = f(sz) for 0 < s < 1, then we get f; € By and ||fslls < ||fllp. Thus, by the
assumption for all f € 8 we have

ICE , Filloxa < ICE Il < 1T L Fle 9)
By [14], there exist two Bloch functions f; and f, satisfying

JW < |f1/(Z)| + |f2/(Z)|, z e D.

We choose g1(z) = f1(z) — zf{(0), 92(2) = fa(z) — zf,(0). By the well-known result (see [33])

=P @1+ I O = (1= 2P)If )],
we see that g1, 9, € B and

1

1=zP)2 = <197 @I +1g5 @), z€D.
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Following this rule, we see that there exist 111, h; € 8 and

1 ” .
A=Rpy < @) + 1 )|, zeD.

Replacing f in (9) by I and h; respectively and using the following elementary inequality

P +a , pe(0,1] .
(111+a2) _{ - 11(11 +ap) S ps1 a; >0, i=1,2,

we obtain that

f ( |S|$(zz)l|2)np( — [21*)K(g(z,2))dA(2)

< C f (I (sp@)F + In (sp@)P) 5" 9P (1 = |22 K(9(z, a) dA(2)
D
= C f (I(Ch g115) @F +(Cl ghas) )P ) (1 = 12P) K (g(z, 4))dA(2)
D
= C”C hlS”Q ®.9) + C”C hZSHQ ®.9)
< CICE Pl + ially) < oo (10)

hold for alla € D and s € (0, 1). This estimate and Fatou’s Lemma give (8).
(iif) = (i). By the following well-known result (see [33])

CIIfIIB
(n)
el = T ey

we see that (iif) implies (7). This completes the proof of Theorem 1. O

fes, 11)

Theorem 2. Let p > 0, g > =2 and K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D, g € H(ID) and n is a positive integer. Then the following statements are equivalent:

(i) Cy, 4+ B = Qx(p, q) is compact;

(ii) C, 5+ Bo — Qx(p, q) is compact;

(iii) C4, : Bo = Qx(p, q) is weakly compact;

(iv)
su]]}))flg(z)V’(l - |z|2)‘7K(g(z,a))dA(z) < o0 (12)
and
lim sup f ﬂ(l - 217K (g(z, a))dA(z) = 0. (13)
e J A= lp@PY” ’

lp@E)>r

Proof. (i) = (ii). It is obvious.

(if) & (iii). It follows from Proposition 1.

(i) = (iv). Assume that Cj,, : Bp — Qk(p,q) is compact. By taking f= ,z € By we get (12). Now
we choose the function f(z) = § Y2, 2> , where m = [#22] + 1. Then by [24], we see that f € Bg. Choose a
sequence {A;} in ID which convergesto1as j — oo, and let fi(z) = f(Ajz) for j € N. Then, f; € Bg, forall j € N
and ||fills < C. Let fjo(z) = f]-(eiez). Then fjp € Bg,. Replace f by f;¢ in (2) and then integrate both sides
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with respect to 0. By Fubini’s Theorem, Parseval’s identity and the inequality 2 - - - (25 — 1 + 1) > (2F — n)",
we obtain

27
gzi f (fo 15" eie(p(z»lf’d@) 9@ (1 - 12)K(g(z, a))dA()

p(z)|>r

271
- 4P2n f f

2)|>r

p

00

Fo @ =+ DA o) O] dOIA I Ig)IP (1 - 2K (9(z, a)dA(Z)

logz

- = [ Y [2"---<2k—n+1)]"|Aj(p<z)|i“<2k-">]|Aj|"”|g(z)|"(1—|z|2)q1<<g<z,a>)dA(z)
z)|>r

4r
k=[log, n]+1
1 . k np p(2k-n) np p 2\q
T Z 2" =m)"Ajp()l IAjI"1g)P (1 = 1217)K(g(z, 2))dA(2). (14)
lp@)>r k=[log, n]+1

Let

e8]

GrH= Y, @-nrp@m,

k=[log, n]+1

Since logr > 2(r — 1) in the interval [}, 1), we get

PR S exp{2p(2k —-n)(r-1)}, re [1/ 1).

2
Hence
GO = Y. @ -ny"expl2p@* - n)r - 1)
k=[log, n]+1
= A= Y 1@ - w1 -7 expl-2p2- = m)(1 - ). (15)
k=[log, n]+1

After some calculations, we see that there exists a positive constant cy such that
n 3
G@r) = co(1—-n)7", re [Z' 1).

Therefore, for 6 < r < 1 and for sufficiently large j, (14) gives

IAI"g )P
sup

aeD (L= 1Ajp@)PR)m
lp(z)|>r

(1 - 27K (g(z, a))dA(z) < Ce.

By Fatou’s Lemma we get (13).

(iv) = (i). Assume that (12) and (13) hold. Let {f;} be a sequence in Bg which converges to 0 uniformly
on compact subsets of ID. We need to show that {C[, , f;} converges to 0 in Qk(p, q) norm. By (13) for given
& > 0 there is an 7, such that

9@
s f Ty~ K AR <«
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when 0 < ¥ < 1. Therefore, by (10) we have

fl(ngfj)’(z)lp(l — 21%)7K(g(z, a))dA(z)
D

([ + [ WPeersera-errkoeore
lp@)lsr  lp@E)>r

e +sup @) sup f 9P — PYK(g(z, a)dA(). (16)

[wl<r

IN

(1) }

(From the assumption, we see that { f also converges to 0 uniformly on compact subsets of ID by Cauchy’s

estimates. It follows that IIC(M fillokp.g) — 0 since SUP|j< | f].(")(w)lp — 0as j — oo. Thus

IC il ) = ICH Sl =0, as j— co.

By Lemma 1, C, , : 8 — Qk(p,9) is compact. O

Theorem 3. Let p > 0, g > =2 and K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D, g € H(ID) and n is a positive integer. Then the following statements are equivalent:
(i) Cy5 : Bo = Qxo(p, q) is bounded;

(ii)
&Ji“lf 9@P (1 - 2K (g(z a))dA(z) = 0 (17)
D
an
lg@)F . .
aeuaf A= lppyr KOG MAR) < e as)

Proof. (i) = (ii). Assume that Coy: By — Qko(p, q) is bounded. Then it is obvious that ot Bo — Qk(p,q)
is bounded. By Theorem 1, (18) holds. Taking f(z) = %z” and using the boundness of Co,9 : Bo = Qko(p,9),
we get (17).

(i) = (i). Suppose that (17) and (18) hold. From Theorem 1, we see that Cf; , : By — Qx(p, q) is bounded.
To prove that Cf ; : By = Qko(p, ) is bounded, it suffices to prove that Cj, , f € Qko(p, q) for any f € By. Let

f € By. For every ¢ > 0, we can choose p € (0,1) such that | (w)|(1 - [w]*)" < ¢ forallw € D \ pﬁ. Then
by (11) we have

f|(CZ,gf)'(Z)|p(1 — 277K (g(z, a))dA(z)
D

( f + f )F PP IgEP (1 - R K (9(z, ) dA()

lp@)I>p  lp@)l<p

lg@)I” lIfll
< f A= lp@Py" —— (1 - |zI*)7K(g(z, a))dA(z) + m f lg(2)F(1 = 217K (g(z, a))dA(z),

lp@)1>p lp@)I<p
which together with the assumed conditions imply the desired result. O

Theorem 4. Let p > 0, g > =2 and K be a nonnegative nondecreasing function on [0, 00). Assume that ¢ is an
analytic self-map of D, g € H(ID) and n is a positive integer. Then the following statements are equivalent:
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(i) Coq: B — Qkolp,q) is bounded;

(ii) C3, 5 + B = Qxo(p, q) is compact;

(iii) C4,4 : Bo = Qkolp, q) is compact;

(iv) Cf, , + Bo — Qxolp, q) is weakly compact;
(v)

lg@)P ) )
|n|~1f 1 - lpE)PR)w» T (= 121 K(g(z,a)dA(z) = 0. 19)

Proof. By Proposition 2 we see that (i) < (iii). By Proposition 1 we see that (iii) < (iv). (i) = (i) is obvious.
Now we prove that (i) = (v) = (ii).

First assume that CZW : B — Qko(p,q) is bounded. From the proof of Theorem 1, we choose functions
f1, f» € B such that

ﬁ @I+ 1@, zeD. (20)

(From the assumption we get C%,g fi, C%,g f> € Qko(p, 9). Therefore, by (??) and (20) we have

a—>1f(1 P ()|2 — 121K (g(z, 2))dA(z)

IA

lim [ (1”@ + 15" (@) W) 9P (1 - 2P)K(g(z, )dAG)
]D

C lim f (A7 @@ + 15" @@ )lg@F (1 - 12K (g(z,a))dA(2)
D

IA

Clim (G @ + (Cp, o @)L = EPYK (2, MAG)
D

7

which implies the desired result.
Assume that (19) holds. Let

P
Py, 0,0,x(a) = f %(1 — 277K (g(z, a))dA(2).
D

By the assumption, we have that for every ¢ > 0, there is a t € (0,1) such that for |a| > ¢, h,40x(@) < €.
Similarly to the proof of Lemma 2.3 of [12], we see that /1, 4, k is continuous on |a| < ¢, hence is bounded on
la] < t. Therefore hyq ¢k is bounded on D. From Theorem 1, Cf , : 8 — Qk(p, q) is bounded. We first prove
that Cog 1 B = Qxolp,q)is bounded. For any f € B, by (10) we have

n ’ |g(2)|”
fD (C, £ @P (1~ [2RYK(g(z, a)dAG) < I, Df T

(1 - 2P)K(9(z, 2)dA(2), (1)
which together with (19) imply that C(’ZW : B = Qko(p,q) isbounded. Fix f € Bg. The righthand side of (21)
tends to 0, as |a| — 1 by (19). From Lemma 3, we see that Cf; ; : 8 — Qxo(p, q) is compact. The proof of the
theorem is completed. O
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