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Abstract. We consider the perturbation bounds for the Moore-Penrose inverse of a given operator on
Hilbert space and apply these results to the relative errors of the minimum norm least squares solution of
the equation Ax = b.

1. The first section

Perturbation bounds for the Moore-Penrose inverse of matrices or operators have been investigated
in many recent papers [1, 3, 15, 17-20, 23, 24]. P. A. Wedin [24] presented some perturbation bounds for
the Moore-Penrose inverse of matrices under general unitarily invariant norm, the spectral norm and the
Frobenius norm. L. Meng and B. Zheng [16] obtained the optimal perturbation bounds for the Moore-
Penrose inverse of matrices under the Frobenius norm using singular value decomposition and these
results extended the results from [24]. C. Deng and Y. Wei [6] considered the perturbation bound for the
Moore-Penrose inverse of operators on Hilbert spaces while the perturbation bounds of linear operators on
Banach spaces have been considered in [18, 26]. In this paper, we consider the perturbation bound for the
Moore-Penrose inverse of linear operator on Hilbert space using generalized Neumman lemma.

Let H, K be Hilbert spaces and let L(H, K) be the set of all bound linear operators from H to K. The
symbols A%, r(A), R(A) and N(A) stand for the conjugate transpose, the spectral radius, the range and the
null space of A € L(H, K), respectively.

Let A € L(H, K) has a closed range. Then there is a unique operator B € L(K, H) such that

ABA = A, (1)
BAB =B, )
(AB)* = AB, 3)
(BA)" = BA.
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B is called the Moore-Penrose inverse of A and it is denoted by A.

If B satisfies the equation (1), i.e. ABA = A, then B is the {1}-inverse of A, where A{1} denotes the set of all
{1}-inverses of A. Similarly, we have the notations A{2}, A{1, 2}, A{1, 3} and A{1, 4}, etc.

Let A € L(H, K) has a closed range. Then,

(A 0] (R R(A)

A= |00 N ) (N ) @
(A7 0] ( RW R(AY)

w1 S AW ) (N ) g

where A; is invertible.
First, we state a definition which is given for Banach spaces but it can be used also for Hilbert spaces:

and

Definition 1.1. ([11]) Let X, Y and Z be Banach spaces, T € L(X, Y), A € L(X, Z) and D(T) c D(A). If for some
nonnegative constants 4 and b and every u € D(T),

lAu| < allull + bl|Tul,
then A is said to be T-bounded.

The next generalized Neumman Lemma [7] is a main tool in this paper. It is proved in [7] in the case
when X, Y are Banach spaces but it is also valid when X, Y are Hilbert spaces.

Lemma 1.2. ([7]) Let P € B(X) be such that for A1 <1, Ay <1 and every x € X,
IPx]| < Aqllxl| + AT + P)x]l.

Then A1 € (=1,1), Ay € (—1,1) and I + P is a bijective mapping. Moreover,

1-A 1+ A
<|II+ P)x|| < X
1 +/\2||x|| < |I(I + P)x|| < 1 _AZIIxII, for every x €
and
1 : ;j”yll <|I+P) 'yl < 1 t ii lyll, foreveryy e Y.

Also, we sate a useful lemma which is proved in the matrix case in [5]. The proof is similar but we will
give it for the completeness.

Lemma 1.3. Let A € L(H, K) be represented by

An An
A=
[ An Ax ]

and R(A) is closed. If Aq1 is invertible and S, (A) is a Moore-Penrose invertible, then

A+ _ Al_ll + AI11A12an (A)+11421A1_11 _A1_11A125A1% (A)+ (6)
_SAll (A) A21A1_1 SAll (A)
if and only if
N(S4,,(A)) € N(A12), R(A2z1) C R(S4,,(A)), N(Sa,,(A)) € N(Az), @)

where Sa,,(A) = Ax — A21AIfA12 is a Schur complement of A11 in A.
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Proof. R(A) is closed, so A" exists. Suppose that (7) holds. We will prove that A* is given by (6).
Denoting by T the right side of (6). From N(S4,,(A)) € N(A12), we get that Au(I — 54, (A)S4,, (A)) =0
which implies that

TA= [ 0 Sa (A)gsAn(A) ]
ie. T e Al4).
Similarly, applying R(A21) € R(Sa,,(A)), we get
(I-S4,(A)84,,(A))A2n =0 (8)
which induce that
AT = [ 0 sAn<A>gAn (A ]

ie. T € A{3}.

Analogously, we get ATA = Aand TAT =T,so T = A"

Conversely, if T = A%, then from (TA)* = TA we have that (8) holds which is equivalent with R(A2) C
R(S4,,(A)). Similarly, we get that the other two conditions hold. [

2. Perturbation bounds for the Moore-Penrose inverse of an operator

In this section, we will consider the perturbation bounds for the Moore-Penrose inverse of a given
operator. Let A € L(H, K) and let E € L(H, K) be the perturbation operator of A. Suppose that E is given by

| En Ewn2 | [ RAY) R R(A)
E_l Exy Ex ]( N(A) ) ( N(AY) ) ®)

Now, from (4), we have that

| Ai+Eu En | [ RAY) R R(A)
A+E_[ Ex Ezz]'(N(A)) (N(A*))'

In the following theorem, we investigate the perturbation bound of ||(A + E)* — Af|| in the case when the
Moore-Penrose of A + E exists.

Theorem 2.1. Let A, E € L(H, K) be such that A, A + E have a closed ranges and let A, E be given by (4) and (9),
respectively. Suppose that for some A1 <1,A, < 1and every x € H,

IEA] < Agllxl] + A2ll(I + EAT)x| (10)

and that S = Eoy — E1(A1 + E11) ' Eq, is a Moore-Penrose invertible. Then

A1+ ATTERSTEn AT —ATIE ST
t_ 12 21 12
(A + E) - _S+E21A—1 S+ ] (11)
if and only if N(S) € N(E12), R(E21) € R(S), N(S) € N(Ex), where A = Ay + Eq1. In this case,
1+A 0 il 1+A,,
IA+E) -ATll < 21IAT AT Enall + 2||A11||||E125+521||]
1- Al L 1- Al
1+A
o AT IERSTI + Iz S*I] + 1S
1+A 00 _ 1+A,,  _
IA+E)A +E)' - AA"|| < 1_—)§||A11|| 1+ (A7 Enll + 21— Aj ||A11||||E125*E21||]
1+A,
+2 =2 AT [IERS Il + 21Exn S| + 21IS.
1-A
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Proof. Since R(A) is closed we can suppose that A and A" are given by (4) and (5), respectively. Also, suppose

that E is given by (9). From the Moore-Penrose invertibility of the Schur complement S and by Lemma 1.3

we obtain that (A + E)' is given by (11) if and only if N(S) € N(E12), R(E21) € R(S), and N(S) C N(E).
From (10) and Lemma 1.2, we have that I + EA" is invertible and

I+E AT H=1 0
) 0} < AT + EAN ) < 1522 4y, (12)

t 1)1
AT+ EAT) ™l = H <1z /\

It implies that A; + Ey; is invertible and [|(A; + E11)7}| < 1+/‘2 ||A !||. Now, we will consider the perturbation
bound of ||(A + E)f — Af|.

Note that
oA =AM+ EnATY) T - A = —AT ERA I+ EnATY) T = —ATTERAT (13)
According to (12) and (13), we prove that
1 +A
IA7" = AT AT En AT (L + En AT < T2 1A EnlllAY
Now,
1+A
AT End !+ A7 EraS En A < T2 WAL [IAT Bl + 21 RS Exi] (14
_ 1+A _
|- A7 ES'l < 7= IS AL L (15)
and
_ 1+A _
|- A7 EaS"l < TR SIIAY L (16)
By (5),(11) and (13), we easily obtain
AT — AT+ ATTERSTEy AT —ATTE St
Tt 1 120 b1 12
(A+E)'-A [ Sty A7] gt ]
—Al_lEnA_l + A_lEuSTEzlA_l —A_1E125+
—S+E21A_l st ' (17)
From (11), (14)—(17), we have
AV + ATTERSTES AT —ATTE St
o 12 21 12
“(A + E) ” - H _S+E21A—1 S+ ] ‘
< AT+ AT ERSTEnATY | + AT EaST|| + ||STE2ATY| + ||ST|
1+A 1+A
< 2||A 1||[1 A IE S Enl|
1 -1 + + +
+ al [||E125 I+ E21S™1] + 1S (18)
and
—ATTEAT 4+ ATVERSTEn AT —ATIE ST
t_ ot 1 En 120 E£21 12
IA +E)' - A" H Sy Al gt ] ’
1+A
< TR IAT AT Bl + T 2IAT S B
1 +A
+r AT IERS T+ ||E215*||] + 11571 (19)
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Finally, we will consider the perturbation bound of projection in the following. Obviously, we have the
following result

(A+EA+Ef—AA"=AA+E'+EA+E)f-AAT=A [(A +E)t - A*] +EA+E)f (20)
According to (18)~(20), we show that
(A +E)A +E)f — AAY|| = ”A [(A+B)f - AT +EA+ E)*H
< NAIIA + E)" = ATl + |IENlI(A + E)*II

I+ Azk(Ao |1+ 147 Enl +23

<
1-
1+/\2

A 24 1||||E125*E21||]

27— IAT N IS I+ 1B STl + 2117

where k(A1) = [|AT'IAI = IIAT A4 -
Therefore, we have finished the proof. [J

In the following theorem, we will give the perturbation bound of ||(A + E)" — A'|| under certain condition.
At first, we will give Theorem 2.2 and Theorem 2.3 before investigating the perturbation bound of ||(A +
E)f — AT
Theorem 2.2. Let A € L(H, K) has a closed range and let R(E) € R(A). If E, A satisfy (10), then

AT+ EAN = 1+ ATE)'At € A{1,2,3)

and
A+ EAY T < 1A
AT+ A - AT < 1 R
164+ EYAY( + EAYT = AA"l < T2 1A [ 201 + .

T1-M\

where A1 < 1,4, < 1.

Proof. Since E, A" satisfy the condition (10) and by Lemma 1.2, we obtain that (I + EA")™! exists and

1+ /\2
I+ EAH < —= 21
I+ EAT)|l < = A (21)
Let T = AT(I + EAT)™'. By Lemma 2.3 [14], we get that [ + A'E is invertible and
T=(1+A'E) A" (22)

Now, we will prove that T € (A + E)*®. So we only need to verify the equations (1), (2), (3) of four
Moore-Penrose equations. Note that
TA+ET = A'I+EAHY YA+ EAYI+EANH!
AN(I + EAHY Y AAT + EAT)(1 + EAD)!
AY(I + EAY Y0 + EANAAT(I + EAT)™!
= T

It implies that T is a {2}-inverse of A + E.
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On the other hand, by R(E) € R(A) and R(A) = R(AAT), we easily prove that
(A+E)T = (A+E)A'(I+EAH!
= (AAY+ AATEAT)(I + EAT)!
= AA'(I+EAY)(I +EANH!
= AA" (23)

Thus [(A+ E)T]" = (A+ E)T. i.e. T € (A + E){3}. According to (23), we also prove that T satisfies the first
Moore-Penrose equation as follow

(A+E)T(A+E) (A+E)AYI + EA"Y (A +E)
= AAY(A+E)
= AA'A+ AA'E

= A+E.

Therefore T € (A + E){1}. Thus, we prove that T is a element of the set (A + E){1,2,3}. From (22), we have
R(T) = R(A") and N(T) = N(A").
Also,

1+/\2

ITII = Il + ATE)"AT|| < IIA*II (24)

From (10), we have ||[EATx|| < Aq|lx]| + Azllx|| + A2||EATx||, Vx € H. Therefore,

htd

EA™Y|| < 2
I =3 P (25)
According (21) and (25), we can compute that
IT-A"l = AT+ EAT) - AT|
= A"+ EAY (I - (I +EAY)
< JATIIE + EAT)THIEAT)
1+A; /\1 + Az +
T-4, 1- IIA . (26)

In the following, we consider the perturbation bound of [|(A + E)T - AAT|. Tt easily follows that
(A+E)T - AA" = AT+ ET - AA* = A[T - A*| + ET
Therefore, from (24) and (26) we get

1+A A1+ Ay
1-A1 1-Ay

(A + E)T — AAT|| < AT — AT|| + IENITI < ———llAllIAT + IIEIIIIA*II

Thus, we have finished the proof. [
If the condition R(E) € R(A) in Theorem 2.2 is replaced by N(A) € N(E), we have the following theorem:

Theorem 2.3. Let A € L(H, K) has a closed range and let N(A) € N(E). If E, A" satisfy (10), then

AT+ EAN Y = 1+ ATE) AT € A{1,2,4)
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and
A7+ EAY ) < T2 IA 27)
AT+ AT n_1+§”?+AmAw
I(A + E)AT(I + EA) T - AAW<1+AHMH|1+AWAH|EH

T1-X0
where A1 <1, A < 1.
Proof. The proof is similar as in the Theorem 2.2. [
From Theorem 2.2 and Theorem 2.3, we obtain the perturbation bound of [|(A + EYf — Af|):
Theorem 2.4. Let A € L(H, K) has a closed range and let R(E) € R(A) and N(A) € N(E). IfE, A" satisfy (10), then

(A+E)f = ATI + EAY ! = (1 + ATE)1AT

and
<A+Efn<1+Aﬂmw (28)
1+A A+ A
1A+ B = Al < = T =0T (29)

A+ E)A + E)f — AA"| < 1 i j\\z

1+A
t 2
A | T2 A+ N,

where A1 <1, A, < 1.

3. Applications

In this section, we present the perturbation bound of the least squares solution of minimal norm for the
linear operator equation (see [22, Chapter 9])

Ax =b. (30)
Let A € L(H, K) has a close range and b € K. The minimum norm least squares problem is presented by
min,eyl||x|| such that ||b — Ax|| = min,eyl||b — Az|| (31)

where || - || is the norm of H or K induced by its inner product (-, ). It is well-known that x = A'b is the least
squares solution of minimal norm of (30). Let E and f be perturbed operator of A and b, respectively. Then
the equation (31) reduces to the following equation

(A+Ex=b+f (32)
and in this case equivalent problem is presented by

minyen|lx|| such that [|b+ f — (A + E)z|| = mingeq|lb + f — (A + E)zl|. (33)
Evidently, if R(A + E) is closed a unique solution of (33) is given by ¥ = (A + E)'(b + f).

Theorem 3.1. Let A, E € L(H, K) be such that A, A + E have a close ranges. Suppose that for some A1 < 1,1, <1
and every x € H,

IEATx| < Aullxll + A2l + EAT)x|
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and that S = Epy — E»1(A1 + E11)"'E1o is a Moore-Penrose invertible. Then the least square solutions of minimal

norm for equations (30) and (32) exist and

X —x 1+A 1+A
” I ” S 1z 2k(A1)[||A "Enll +1 2||A 1””E12S+E21”]
1 +A
2k(AD) [IERS'I + ||E21s*||] + 1St A
1 M
R 1+Ay + ]IIfII
P kA |1+ TR IAT E RS Exl|
141 il
+{ k) [||Eus+ I+ IE2SI] + 1Sl ”f;”

where k(A1) = AT ANl = IAT A ]| and

A1 = PpAPA, Evy = PAEPA, E1p = PAEP,, Ex = P4EP,,
Ey = P5EP%,S = Exp — Eo1 (A1 + En) 'Ena.

Proof. Since R(A) and R(A + E) are closed, it follows that x = A'b and ¥ = (A + E)'(b + f).

Note that
f-x=(A+E)'@b+f)-Ab= [(A+1—:)+ —A+]b— (A+E)'f.

Since Ax = b and according to (35), we have

114
lAx]l = |Ibll < llAllllxll, 7= < Il
Al

and

el < [[ca+ By - a1+ 1A+ B
From (18), (19) and (37), we obtain

IA

[[ca+ By - ] ot + ca + B A1

1+ A, 1+A;
1-
+{1+A2

[l — x|

IA

i [uA Enll+ 72047 1||||Eus*1521||] Il

AT ISl + ||E21s*||] + ||s*||} [l

+1+/\2
1-M\

1+A _
+ {—2||A11|| [IES* I+ IE28T11] + ||s*||} I
1-MN

_ 1+ _
1AZY [1 M ||A11||||E125+E21||] £
1-A

where A1, Eq1, E12, Ex1, E2, S are given by (34).
Applying (36), we get

[

+A
k(A [uA En + Aj||AI1||||E125+E21||]

W T 1=
1+/\
T KA [||Elzs*|| + ||E21s*||] 1S liA
BED) [l
s 2k(Al)[ A S Bl 1

A1
bl

{5

1+ BESI] + ST IA o

(34)

(35)

(36)

(37)
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where k(A1) = AT AN = AT A1
Therefore, we have finished the proof. [J

Theorem 3.2. Let A, E € L(H, K) be such that R(A) and R(A + E) are closed and let R(E) C R(A) and N(A) C N(E).
If (10) holds, then the least squares solutions of minimal norm for equations (30) and (32) exist and

1+)\2{A1+/\2 ||f||}
1-A | 1=-Ay  |1Blf

[1x —x||

BN
where k(A) = ||AYIA| is the condition number.

< k(A)

Proof. Similarly as in Theorem 3.1, we have x = A'b, x = (A + E)'(b + f) and
f-x=[A+E)' -A'lb-A+D)'f. (38)
According to the inequalities in (28), (29) and from (38), (36), we obtain

[IX — x| + + +
e s [larer-a ]||||b||+||(A+E> il
1+ Az Al + Ay + +
T A+ A
1+A2 /\1+A2 ||f||}
< k(A
O T

where k(A) = ||AT||||A]| is condition number. [J
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