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Holder’s means and triangles inscribed in a semicircle
in Banach spaces
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Abstract. By the Holder’s means, we introduce two classes geometric constants for Banach spaces. We
study some geometric properties related to these constants and the stability under norm perturbations of
them.

1. Introduction

There are various ways for constructing the means between two positive numbers a and b (see for
example [4]). Among them Holder’s means (also called power means) are defined by

af + bP

M,(a,b) :( )p for p #0,

Mo(a, b) = lim My(a,b) = Vab.
p—)
In particular, the arithmetic mean A := M; and the geometric mean G := My are well-known. We should
note that Holder’s means are positively homogeneous, that is,
My(ta, tb) = tM,(a, ) (t > 0).
For two real numbers p < g,
min(a, b) < My(a, b) < My(a,b) < max(a, b),

where “=" holds only for the case a = b.

Throughout the paper assume that X is a Banach space and denote by Sx and Bx the unit sphere and
the unit ball, respectively. Let x, y are two points on the unit sphere Sx of X. Baronti, Casini and Papini [3]
defined

A1(X) = inf sup Ma(Jlx + yll, Ilx - yll),

xeSx yGSX

Ax(X) = sup Mi(jlx + yll Ilx = yll),

X,Y€Sx
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by considering the arithmetic mean of ||x + y|| and ||x — y||. Later, Alonso and Llorens-Fuster introduced
HX) = inf sup Mo(llx + v, Ix - yll),
X€Sx yESX

T(X) = sup Mo(llx + yll, Ilx — yll),

X,y€Sx

by considering the geometric mean between ||x + y|| and [|[x — yl.

Based on the idea of the above constants, we will consider Holder’s means of ||x + y|| and ||x — y|, and
therefore define two classes new geometric constants, which is more general than the above constants.
These constants are also proved to be connected with the well-known modulus of convexity and other
geometric properties. The results presented in this paper are more general than the known results about
the constants mentioned above.

2. Preliminaries

We begin this section with some definitions and notations. Recall the modulus of convexity of X is a
function 0x(€) : [0,2] — [0, 1], defined as

ox(€) = inf{l _lk er tl tx,y €8x, lIx—yll = 6}-

The number defined by
€o(X) = supie € [0,2] : 0x(e) = 0}

is called the characteristic of convexity. A space X is called uniformly convex if 0x(€) > 0 for 0 < e <2, or
equivalently ey(X) = 0.
The following constants

J(X) = sup min (llx+ yll Iix - yll),

X,YE€Sx

j(X) = 1€réf sup m1n<||x +yll, llx - yll)

Xeox yESX

were defined by Gao in [7] (see also [5]). The constant
E(X) = sup {||x +ylP+ Il - ylP : xy€Sx},

was also introduced by Gao [6] and recently studied by several authors (see [2, 8, 11]). Both J(X) and
E(X) characterize the uniform nonsquareness, that is, X is uniformly non-square if and only if J(X) < 2 or
E(X) < 8 (see[8, 9, 11]). Recall that a Banach space X is called uniformly non-square if for any x, y € Sx there
exists 6 > 0, such thateither |[x —y|l/2<1-0, or|x+yll/2<1-0.

We now define two classes constants by considering Holder’s means.

Definition 2.1. Let p be a real number and let
Hy(X) = sup My(llx + yll, Ix = yll),
X,YESx

y(X) = inf igsEMp(llx + yll, Il = yll)-

Remark 2.2. (1) V2 < J(X) < H,(X) <2forp € R.
(2) Obviously H,(X) < Hy(X) and hy(X) < hy(X) if p < g.
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3. Some properties

First let us state an identity between the modulus of convexity and Hy,(X). We know (see [1, 3]) that

Ax(X) = sup Mi(e,2(1 - 6x(e))),
€€[0,2]

T(X) = sup Mo(e, 2(1 - 5x(€)))-
€€[0,2]

We will show this fact is also true for the general cases.

Theorem 3.1. For any Banach space X,

Hy(X) = 51[1p] My(e,2(1 - 5x(e))).
€€[0,2

Proof. From the definition of 6x(€),

sup I+ yll = 2(1 = 5x(e))

x,y€Sx |lx—yll=e

for any € € [0, 2], which yields

sup Mp(e, [|x + yll) = Mp(e,Z(l - 6X(e))).

x,y€Sx Ilx—yll=e

Therefore we have

Hy(X) = sup{Mp(llx = yll, llx + yll) : x, y € Sx}

sup [My(e, llx + yll) : x,y € Sx, llx =yl = )

€€[0,2]

sup Mp(e,Z(l - 6X(e))).
€€[0,2]

This completes the proof. [J

From Theorem 3.1, one can readily get the following.
Corollary 3.2. For any Banach space X,
max (J(X), M, (€0, 2)) < Hy(X).

It was shown that a Banach space X is uniformly non-square if and only if A;(X) or T(X) < 2. So it is
readily seen that this fact is true for H,(X) whenever p < 1. Further we will show H,(X) can also characterize
uniform nonsquareness for all p € R.

Theorem 3.3. X is uniformly non-square if and only if Hy(X) < 2.

Proof. =) Assume that X is uniformly nonsquare. Then for any x, y € Sx, there exists 0 > 0, such that either
llx — yll < 2(1 - 6) or |lx + yll < 2(1 - 6). Hence

Mp(llx + yll, llx = yll) < Mp(2,2(1 = 9)).
Since x, y are arbitrary,

Hy(X) < M,y(2,2(1 - 8)) < max(2,2(1 - 8)) = 2,
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where the strict inequality follows from 2 # 2(1 — o).
&) Conversely, assume H,(X) < 2. Let 6 = 1 — (H,(X)/2). Then 6 > 0. Thus we can deduce that either

e =yl <2(1 = d) or [lx + yll < 2(1 - 0)

for any x, y € Sx. In fact if [|[x — y|| < 2(1 - 6), then we are done. If not, then form the definition of H,(X),

e+ il < (2H5X) — llx - yir)
< (2H(%) - 2 - o))"
= H,(X) = 2(1 - 9).
Therefore X is uniformly non-square. [J
The following is a necessary condition for uniform nonsquareness in terms of the constant /,,(X).

Proposition 3.4. Let p € R. Then the following are equivalent.
1. j(X)=2;
2. hy(X) = 2.

Moreover, each of above implies that X is a not-uniformly non-square infinite dimensional space. Thus h,(X) < 2
whenever X is finite dimensional.

Proof. From the inequality
JX) < hp(X) <2,

the above conditions are equivalent. Since j(X) = 2 implies that X is a not-uniformly non-square infinite
dimensional space (cf.[1, Proposition 9]), thus the rest assertion follows. [J

Finally we end this section by computing the value of H,(X) and h,(X) for the £, space. It has been
shown that in such space

J(&) =

E(z&) = max (2’,21_1”)

(see [7, 11]).

Theorem 3.5. (1) Let p < 2. Then Hy(¢,) = max(2",2'7/") for any r > 1.
(2) Let 2 < p < r. Then Hp(¢,) = 21717,

Proof. (1) From

E(¢,
1) < Hy(t) < 72572,

we know (1) holds obviously.
(2) Recall the Clarkson’s inequality

(Ibe + "+ Il = w7 < 2V (el + I1yll) =7,
which implies that

My(lx + yll, llx = ll) < My(llx + yll, llx = yll) <2177,
for any x, y € S,. Thus H,(¢,) < 21717, Since

Hy(6) 2 J(6) =271,
and then (2) holds. O
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Theorem 3.6. (1) For any Banach space, h,(X) > Mp(1,3/2).
(2) Let p <1 <r < 2. Then hy(t,) = 2'/".

Proof. (1) By Proposition 10 in [1], we know that for any x € Sy,

sup Mp(Ilx + yll, llx — yll) = Mp(1,3/2),
Y€ESx

and so (1) holds obviously.
(2) This identity follows from

J(&r) < hp(ly) < Ax(6r)

and j(£,) = A1(6,) =2V (see [3,7]). O

4. Stability under norm perturbations

We first show that “Sx” can be replaced by “Bx” in the definition of H,(X).

Theorem 4.1. For any Banach space X,

Hy(X) = sup My(llx + yll, llx = yll),

x,y€Bx

hy(X) = inf supMp(IIx +yll, llx - yll).
xeSx yeBx

Proof. Letu € Sx,v € Bx. It follows from [10, p.60] that there exist x, y € Sx, such that
llu —oll = llx = yll, llu+oll < |lx + yll.
Thus we have

My(llu = ol [fu + 2ll) < My(llx + yll, [lx = yll) < sup Mp(llx +yll, [lx = ]/II) = Hy(X),

X,y€Sx

which implies that

Hy(X) 2 sup  My(llx + yll, llx = yll).

XESX,yEBx

On the other hand, let 1, v € Bx and assume without loss of generality that |[u|| > ||v]| > 0. Then

u

u 0 +
leall el

luall - Afeell

7

Myl = o, [l + oll) = ||u||M,,(

XESX,]/€BX

This implies that

sup  My(llx + yll lx = yll) > sup My(llx + il llx - yll)

x€Sx,yeBx X,y€Bx

and so the first identity follows. Similarly, we get the second identity. [

)s sup My (Ibx + yll Ix = yll).

375
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Recall the Banach-Mazur distance between isomorphic Banach spaces X and Y is defined as
d(X,Y) = inf(ITII- I T},

where the infimum is taken over all bicontinuous linear operators T from X onto Y. In [9] the authors
studied the relation between [(X) and J(Y) for isomorphic Banach spaces X and Y. We now study the
relation between H,(X) and H,(Y) and the idea of the following proof is taken form [9, Theorem 5].

Theorem 4.2. Let X and Y be isomorphic Banach spaces. Then

Hy(X)
XY S H,(Y) < Hy(X)d(X, Y). 1)

In particular, H,(X) = H,(Y) if X and Y are isometric.

Proof. Let x1,x, € Sx. It follows form the definition of Banach-Mazur distance that for any € > 0, there exists
an operator T from X onto Y such that

ITI-ITH] < d(X, Y)(1 + ).

Set

I T
T TATh

Thus Y1, Y2 € By and

My (Ilx1 + xall, IIx1 = x2ll) = ITUM, (T (y1 + y2)IL 1T (y1 = w2)ll)
<d(X, V)1 + e)My(llyr + yall, lyr — y2ll)
< d(X, Y)(1 +€)H,(Y),

which gives
Hy(X) <d(X, Y)(1 +e)H,(Y).
Since € is arbitrary, the left side of (1) follows. Similarly, we get the right side. [
Applying the above, one can easily get the following.
Corollary 4.3. Let X1 = (X, || |l1) and Xo = (X, || - |l2), where || - |l1 and || - ||» are two equivalent norms in X such that
all-lh <+l <Bll-1h (0 <a<p).
Then

%Hp(xl) < H,(Xy) < ng(xl).
In particular, H,(X™) = Hy(X).

References

[1] J. Alonso, E. Llorens-Fuster, Geometric mean and triangles inscribed in a semicircle in Banach spaces, J. Math. Anal. Appl. 340
(2008) 1271-1283.

[2] J. Alonso, P. Martin, PL. Papini, Wheeling around von Neumann-Jordan constant in Banach spaces, Studia Math. 188 (2008)
135-150.

[3] M. Baronti, E. Casini, PL. Papini, Triangles inscribed in semicircle, in Minkowski plane, and in normed spaces, J. Math. Anal.
Appl. 252 (2000) 121-146.



H. Cui, G. Lu / Filomat 26:2 (2012), 371-377 377

[4] J.M. Borwein, P.B. Borwein, The way of all means, Amer. Math. Monthly 94 (1987) 519-522.
[5] E.Casini, About some parameters of normed linear spaces, Atti Accad. Linzei Rend. Fis. Ser. VIII 80 (1986) 11-15.
[6] J. Gao, A Pythagorean approach in Banach spaces, J. Inequal. Appl. Art. ID 94982, (2006) 1-11.
[7] J. Gao, K.S. Lau, On two classes of Banach spaces with uniform normal structure, Studia Math. 99 (1991) 41-56.
[8] J. Gao, S. Saejung, Remarks on a Pythagorean approach in Banach Spaces, Math. Inequal. Appl. 11 (2008) 213-220.
[9] M. Kato, L. Maligranda, Y. Takahashi, On James and Jordan-von Neumann constants and the normal structure coefficient of
Banach spaces, Studia Math. 144 (2001) 275-295.
[10] J. Lindenstrauss, L. Tzafriri, Classical Banach spaces. II, Springer-Verlag, Berlin, 1979.
[11] E Wang, C. Yang, Uniform nonsquareness, uniform normal strcture and Gao’s constants, Math. Inequal. Appl. 11 (2008) 607-614.



