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Polynomials of the Laguerre type

Gospava B. Djordjevié®

*University of Ni$, Faculty of Technology, 16000 Leskovac, Serbia

C,

Abstract. In this note we shall study a class of polynomials { f;7,(x)}, where c is some real number, r € INU{0},
m € IN. These polynomials are defined by the generating function. Also, for these polynomials we find
an explicit representation in the form of the hypergeometric function; some identities of the convolution
type are presented; some special cases are shown. The special cases of these polynomials are: Panda’s
polynomials [2], [4]; the generalized Laguerre polynomials [1], [6]; the Celine Fasenmyer polynomials [3].

1. Polynomials " (

nm x)

Let ¢(u) be a formal power—series expansion

Gy =) yutl", yu= bl

|
= n:

We define the polynomials f,7,(x) as

(1 -y (%) =Y fncor
n=0

We prove the following result.

C,r

Theorem 1.1. The polynomialsf,,(x) satisfy the following relations:

o (4rx)"
fn,m x) = ! (r+1)mFrm—1 XA,
where
_n m=1-n.l-c—rn rm—c—rn . (=11 @) (rm)™
A - ml ey m 7 rm 7 rm 7 (ym_l)rm—l
l-c—rn 2—c—rn rm=1-c—rn.
rm—=1"7 rm=17°"""/ rm-1 7

a R ifc+rn—rmk\ .,
X = 4n(rr)n Z(_l) k fn—mk,m(x)'
k=0
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Proof. Using (1.1) and (1.2), we find:

1- tm)—c¢((1_:1Xt ) (1 -ty Z (- 1’) ( 4x)"t Z (47’:;') t (1 — pmy=em
n=0 :

tm)r ‘ tm)rn
[ @ —c—1m\, ol o @) TR (o —r(n - k) ik
- [Z:é n! ][;‘( k )(_t ) ] N Za (=K ( k )(_1) !

m—k—-mk:=n, n—k:=n—-mk, k<[n/m])
2 m] 1)"(41*’)”"""3(”"""( c— r(n mk)) - ["/m (dr7)yr=mkexn=mk (e 4 p(n — mk))x ]
2 Z .

; par (n — mk)! k'(n — mk)!

n=0
Using the well-known equalities ([5])
(=D _ (-nk _ (DM@

T I R (Er

(a)n+k = (a)n(a + n)k/

we find that
C+r=mR) _ @it (D)™ (DR (== (<))

(Tl - mk)' B (C)r(n—mk) (” - mk)' B (1 —Cc— rn)(rm—l)k (_1)VMk(C)rn n!
~ (DA — = )y (D) Gm) ™ - A - B
(1 —c =) em-1yc 1! B (rm — 1)tm=Dk 1. C

where

A_(l—c—rn).(2—c—rn) ..... (rm—c—rn)
h m N rm N rm K
Bz(—_”).(l—") ..... (m—_l—”)
m Jx m Jk m k
(1—c—rn) (Z—C—rn) (rm—l—c—rn)
C= . U Lot St I
rm—1 Jk m—1 Jk rm—1 k
From the other side, because of the next equality,

(- ¢( "i‘i)r) Y St
n=0

it follows
n l-c—rn rm—c—rn. —n m=1-n . ()" (&) " (rm)y™
fC,?’ (4r x) 1 F 1 rm rm S mr m 7 (7’111—1)”"7]
nm\X (r+1)m T rm— l—c—rn 2—c—rn rm=1-c—rn .
rm=1"7 rm=17°"""/ rm-1 7

These are the required equalities (1.3) and (1.4).

Again, from (1.1) and (1.2), we get:

Z( —4x )ntn r (1 tm)c+rn Zf (x)t” _ (i (C J;(m)(—l)kt'ﬂk] [g f;/,’rn(x)tn]

k=0

oo [n/m]
=Y, (—1>k(c i ’”k))f;fmk,mmt".
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Hence, we get

[ lym

" n! c+r(n—mk)\ .,
X 4n(rr)n Z( 1)k( k )fn—mk,m(x)’

which yields the equality (1.5). O

2. Some special cases of f" (x)

If r =1and m > 1, then (1.3)—(1.4) become

m
fcl (_4x)” l-c-n 2—c-n m—c—n.-n 1l-n m=1-n 4x)
s — . T
. m(x) - Zum—l m m 7 ’ m ' m’ m/’' ’ m ’ (1 m)”‘
’ n! l-c—n 2—c-n m=1-c—n.
m=-17 m=-17°"""7 m-1

If m =1and r > 1, then (1.3)-(1.4) yield

n 1—c— —c—rn. (@rx)t
f ( ) (4r x) F Cr rn’ ey L Cr rn’ n, (r 1)Y 1
- r+18r-1 l—c—rn r=l—c—rn.
r-1 7°°*7 r-1 7

Forr =01in (1.2), and ¢(u) = ", we have (1 — ") “¢p(—4xt) = f o m(x)t” and hence we get the following

equalities:
e = (L= ) finot”
n=0

and also

n/m]

(= 1)k( ) £ o GO

Z( . (i( )< t"')"][ifﬁ:&(x)t"]=i
n=0

n=0 k=0 n=0 k=0
So, we get
! [n/m]
= Z( 1)"( )fn i (- 21)

For ¢ = 0in (1.3) and (1.4), we get the following formula

n 1-rn rm=rn. —n m=1-n ., D" (& )" m™
0,7 (4rx) S s T T ey ; —1yrm—1
fn,m (r+1)m mErm-1| ™ i 1—;: rm:nl—rn. (1)
rm=17"""7 rm=1 7/
—4)\)" .
Forc=1,m=2and r =2, then, v, = (=4) and by (1.3) and (1.4), we get the following formula
y
n!
n =2n 1-2n 2-2n 3-2n.-n 1-n._ -1
1,2 (4x) 4 74 74 7 T/ o T/ 1232
15 () —6F 21 1-2n 2-9n. x
4 n 37 3 7/ 3 7
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Note that the generalized Laguerre polynomials are the special case of the polynomials f;,(x), that is,

LS () = fum 1 (x/4). So, we get the following representation

A 2—c—n m+l—c—n. -n m=1-n. _x"m"

c _ m 77 m T m m ’(17"1)"”1
Lﬂ,m - n! 2mEm1 2—c—n m—c—n
: m=17"""7 m-1"7

For the Laguerre polynomials qu/1 (x) = Li,(x), where

—c —xt _ . c ﬂ
(-1 exp{—l_t}—;w)n!,

the following statement holds.

Theorem 2.1. Let D = % and g € C®(—00, +00) and g(x) # 0, then

Z( 1)k( )2( )D“ “ilgDl(g) = (<1)"n.

Proof. Using the known formula ([5])
DL;(X) = DL‘;,_1(x) - Lf,_l(x)/ nx>1,

we get the following equalities:

DLi(x) = (D - 1)L¢_,(x), D’Li(x)=(D-1L% ,(x), ..., D°Li(x)=(D-1yL; ((x), n>s.

Hence, for s = n, we obtain that

—k

SIRTE)

j=0

D'L () = [Z(—l)k(’;)D"—k
k=0

Since D"L{(x) = (-=1)"n!, we get

(Tl k)Dn k] _1}Dj{g}.

n—k
Z( 1)k( )Z(Tl k)Dn —k— ] —1}D]{g} — (_1)711,1!’

j=0

which leads to (2.2). O
Depending on the chosen functions g(x) and from (2.2), we get some interesting relations.

1° For g(x) = €™, a is any rial number, and g~'(x) = ¢™™, we get

n _k n=k (1)/
Z Zl(n k— ])vzl'

j=0

2.2)
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2°If g(x) = (1 + x)*, for x > =1, a # 0, then we get

n n—k n
MJW@§:(1+@k 1 _(1+x)

— (1 —a—-nyjol(@—j+2) T an!

7

or

>§..

n n—

DA+ (e +1=D) (TS @+9) 142y
kljl(n —k — j)! a

T
(=}
-

Il

o

3° For g(x) =a*,a > 0 and a # 1, we obtain

ji}:( 1)/(Ina)"* _1
jkin =k =t

k=0 j=0

4° For g(x) = x*¢*, we have the following formula

](1ympm+1—nm1’_
2: Klitl(n — k — I — 1! =1

'iﬁlwwmmumt_ !
XN = 1)) Ia+1)

'i;(ﬂ“(MHWﬂ
G -1

5° For g(x) = x%, x > 0and x # 1, @ # 0, we obtain

n ok () T e+ ) T (@ — )2

Z k!t =
j=0

k=

O
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3. Some identities of the convolution type

Using the following equality

(1172 ((1__4;3)7) = (=" Y P,
n=0

and by (1.1) and (1.2), we get

oo [n/m]

ch/Zr(x)tn ZZ(C/z)( 1)k ;g{:ﬂ( )tn+mk —k Z Z

n=0 k=0 n=0

Hence, we get

[n/m] /2
) =Y (- 1)"( )f;f,;;,nxx).
k=0
Again, by (1.1) and (1.2), for ¢(u) = €* we find:
—4 + X F X)) O ey
(1 - tm)—cqb( (X1 (1.Xi tm)r X ) ) - an:m(xl +xy+ -
n=0

that is,

[ee]
1 — py-clspmiy. ... 1 — m)-clspimy = or
(I —t")"e (I —t7%)"e =) fumli+
n=0

hence

[Z fin (o )tn] [Z f“/“<x2)t"] [Z fu ’<xs>f"] ) i fimrn e+ X
n=0

So, we get

Y F e flr ) ) = fin a0,

i1 ++is=n

Letc=ci+---+candx=x1+---

(1 —t")” Cl_'"_ckﬂb( Sk +xk)t) va?nt T oy e

and on the other hand

(1-pmya quf’( 4(x1 - tm; xk)t) = [Z fyf%(xl)t"]..-

Z for)... jfi‘;f;;(xk)J #

) [
n=0 \i1++i=n

(3.1)
(C/z)( LD AN €T
(32)
)P,
+x5)t",
(33)

+ xi, then we have, at, on the one side

+ xp)t",
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Hence we get the following formula

Z filmer) - filr ) = fa T (e e ). (3.4)
i1+ +1k n
Ifx;=xy=-=x5= g, then (3.3) becomes
Yo Shss) ) = fi), (3.5)
i1+-+ig=n

where s is a natural number.

For r = 0in (1.2), and ¢(u) = ", we have (1 — ") “¢p(—4xt) = Y C;,%(x)t”, whence we get

e = (1- t"“)Cme(x

and also

. o o oo [n/m]
y, e 2( )(—t'”)" Y g |=Y Z<—1>k(zi)fn o
n=0

n=0 k=0

So, we get

[n/m]
- )t (i)t 36

For ¢ = 0in (1.3) and (1.4), we get the following formula

n 1-rn rm—rn. —n m=1-n . (D" @) "m"
fO,r (4r x) 1y )a 1| s Tam T mr T m (rm—T)ym-1
n,m (r+1)ymLrm— 1-rn rm=1-rn .
rm=17"""7 rm=1 7/
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