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Abstract. For a commutative ring R with identity, the ideal-based zero- divisor graph, denoted by I'/(R),
is the graph whose vertices are {x € R\ I | xy € I for some y € R \ I}, and two distinct vertices x and y are
adjacent if and only if xy € I. In this paper, we investigate an annihilator ideal-based zero-divisor graph,
denoted by I' s (R), by replacing the ideal I with the annihilator ideal Ann(M) for an R-module M. We
also study the relationship between the diameter of T'4,,1)(R) and the minimal prime ideals of Ann(M). In
addition, we determine when I 4,1 (R) is complete. In particular, we prove that for a reduced R-module
M, T 4unmy(R) is a complete graph if and only if R = Z, X Z, and M = M; X M, for M; and M, nonzero
Z>-modules.

1. Introduction

The zero divisor graph of a commutative ring was introduced by 1. Beck in 1988 [8], and further studied
by D. D. Anderson and M. Naseer in 1993 [1]. However, they let all the elements of R be vertices of the graph,
and they were mainly interested in colorings. D. F. Anderson and P. S. Livingston in 1999 [2], introduced
and studied the zero-divisor graph of a commutative ring with identity, whose vertices are the nonzero
zero-divisors and x — y is an edge whenever xy = 0. Since then, the concept of zero-divisor graphs has been
studied extensively by many authors, including [3, 12, 14, 17, 18], and [19]. For recent developments on
graphs of commutative rings, see [4-6, 11], and [13].

S. P. Redmond in 2003 [18], extended the zero-divisor graph of a commutative ring to an ideal-based
zero-divisor graph of a commutative ring. For a given ideal I of R, he defined an undirected graph I';(R),
whose vertices are {a € R\ I | ab € I for some b € R \ I}, where distinct vertices a and b are adjacent if and
only if ab € I. He proved that this graph is connected with diam(I'/(R)) < 3. Moreover, the concept of the
zero-divisor graph for a ring has been extended to module theory by Sh. Ghalandarzadeh and P. Malakooti
Rad in 2009 [10]. They defined the torsion graph of an R-module M, whose vertices are the nonzero torsion
elements of M such that two distinct vertices x, y are adjacent if and only if (x : M)(y : M)M = 0. For a
reduced multiplication R-module M, they proved that, if [(M) is complemented, then S~!M is von Neumann
regular, where S = R\ Z(M). In addition, the authors in [16] have investigated the relationship between the
diameter of I'(M) and I'(R).
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Let R be a commutative ring with nonzero identity and M be a unitary R-module. In this paper, we will
investigate the annihilator ideal-based zero-divisor graph by replacing the ideal I with the ideal Ann(M) for
the R-module M. Here the annihilator ideal-based zero-divisor graph I'n,a(R) is a simple graph, whose
vertices are the set {a € R\ Ann(M) | abM = 0 for some b € R \ Ann(M)}, where distinct vertices a and b are
adjacent if and only if abM = 0, defined by Sh. Ghalandarzadeh et al. in 2011 [11]. In the first section, our
main purpose is to characterize the diameter of I's.u)(R) in terms of properties of the R-module M and
ring R. In addition, we investigate the relationship between the diameter of I'suua(R) and the minimal
prime ideals of Ann(M) over a multiplication R-module M. In the second section, we determine when
I 4nnvy(R) is complete. Also, we prove that for a reduced R-module M, I 4, (R) is a complete graph if
and only if R = Z, X Z, and M = M; X M, for M; and M, nonzero Z,-modules. This paper can be viewed
as generalizing some results in [14] for I'(R) to ' aunan(R). Also, many of the results in this research have
corresponding analogs in that study.

Let G be a simple graph and V(G) denotes the set of vertices of G. Then G is a connected graph if there is
a path between any two distinct vertices. A complete graph is a simple graph whose vertices are pairwise
adjacent; the complete graph with n vertices is denoted by K". The distance d(x, y) between connected
vertices x, y is the length of a shortest path from x to y (d(x, y) = oo if there is no such path). The diameter of
G is the supremum of the distances between vertices. The diameter is 0 if the graph consists of a single
vertex.

A ring R is called reduced if Nil(R) = 0, and an R-module M is called a reduced module if rm = 0 implies
that rM N Rm = 0, where r € R and m € M. It is clear that M is a reduced module if and only if *m = 0
for r € R, m € M implies that rm = 0. A proper submodule N of M is called a prime submodule of M,
whenever rm € N implies that m € N or v € (N : M), where r € R and m € M. A prime submodule N of
M is called a minimal prime submodule of a submodule H of M, if it contains H and there is no smaller
prime submodule with this property. A minimal prime submodule of the zero submodule is also known as
a minimal prime submodule of the module M. We recall that an R-module M is said to be a multiplication
module if for every submodule K of M, there exists an ideal I of R such that K = IM, [7]. By El-Bast and
Smith ([9], Theorem 2.5), every non-zero multiplication R-module has a maximal submodule and so has a
minimal prime submodule. The radical of an ideal I of a commutative ring R, denoted by Rad(I), is defined
as Rad(I) = {r € R|r" € I for some positive integer n}. If an ideal I of R is equal to its radical, then I is called a
radical ideal.

Throughout this paper, Nil(R) will be the ideal consisting of the nilpotent elements of R. Moreover,
Spec(M) will denote the set of the prime submodules of M, and Nil(M) := (\yespecvy N Will denote the
nilradical of M. Also, by the proof of Lemma 3.7, step 1, in [10], one can check that a multiplication
R-module M is reduced if and only if Nil(M) = 0. We shall often use (x : M) and (0 : M) = Ann(M) to denote
the residual of Rx by M and the annihilator of an R-module M, respectively. The set Z(M) := {r e R|rm =0
for some 0 # m € M} will denote the set of zero-divisors of M. As usual, the rings of integers and integers
modulo n will be denoted by Z and Z,,, respectively.

2. The diameter of 4., (R)

In this section, we investigate the relationship between the diameter of I' 4, (R) and the minimal prime
ideals of Ann(M) over a multiplication R-module M.

Lemma 2.1. If M is reduced, then I = Ann(M) is a radical ideal of R, and hence R/I is a reduced ring.

Proof. Suppose that r" € I for somen > 1, r € R. Then #"m = 0 for all m € M, and thus rm = 0 for allm € M
since M is reduced. Hence [ is a radical ideal of R. [

The following example shows that the converse of the above lemma is not true.

Example 2.2. LetR = Z and M = Z & Z,. Then Ann(M) = Ann(Z) N Ann(Z4) = 0N4Z = 0 is a radical ideal
of Z. However, M is not reduced since Ann((0,1 + 4Z)) = 4Z is not a radical ideal of Z.
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Lemma 2.3. Let M be a reduced multiplication R-module and I be an ideal of R. If I C P for some P € Min(Ann(M)),
then I C Z(M).

Proof. Let P € Min(Ann(M)) and I € P. Since M is a reduced R-module, Mp will be a reduced Rp-
module. We show that Mp has exactly one maximal submodule. Suppose that Mp has two maximal
submodules S™'H; and S™'H,; so by Theorem 2.5 [9], there exist two maximal ideals S~'h; and S™'h,, such
that S'H; = S S™'M and S™'H, = S'hpST!M. Since Rp is a local ring, S7'hy = S7'h, = S7'P and
S7'H; = S'H, = SY(PM). We know that S™(PM) is a proper submodule of S7'M; so PM # M. Also, if
S'Hyisa prime submodule of Mp, then by Corollary 2.11 [9], there is a prime ideal S~y of S7IR such that
S7'Hy = S7'hpS™'M and Ann(S~'M) C S~'hy. Since Rp is a local ring, S™'hy € S7'P. One can easily check
that hy C P and Ann(M) C hy. Since P is a minimal prime ideal of Ann(M), hy = P and hyM = PM. So Mp
has exactly one prime submodule. Therefore Nil(Mp) = S~Y(PM). Since Mp is reduced, Nil(Mp) = 0. Thus
S~Y(PM) = 0. On the other hand, I C P; hence S'(IM) = 0. Since PM # M, there is an x € M such that
x ¢ PM. Thus (a/1)(x/1) = 0 for all a € I. Hence there exists an element s € R \ P such that sax = 0. We show
thatsx # 0. If sx = 0, then s(x : M)M = 0. So s(x : M) € Ann(M) C P, which is a contradiction since s ¢ P and
x ¢ PM. Consequently, I € Z(M). O

Proposition 2.4. Let M be a reduced R-module. Then V(L guny(R)) U Ann(M) = Upemtincannmy P-

Proof. Let K := V(L) (R)) U Ann(M), and let x € Upeptinannuy P- Then there exists a Py € Min(Ann(M))
such that x € Py. First, suppose that xM = 0; so x € Ann(M). Next, assume that xM # 0. We claim that
Py = Py/Ann(M) € Min(R), where R = R/Ann(M). Assume that Py ¢ Min(R). Thus, there is a prime ideal
P, = P1/Ann(M) of R such that P; C Py. Let0 # y € Py; hence y + Ann(M) =y € P;. Thus Yy = z for some
nonzero element z of 1_30. Therefore y € Py, and so P; € Py. Hence Py = P;. Consequently, ﬁo € Min(ﬁ). We
know that x € Py € Min(R). Sox € UﬁeMin(R) P. Since M is reduced, R is a reduced ring by Lemma 2.1. Thus
UﬁeMin(E) P = Z(R), and so ¥ € Z(R). Thus xy = 0 for some 0= yE R. So xyM = 0and yM # 0. Hence x € K.
Therefore U peptin(anay P € K-

Now we show that K € Upeminannmy P- Let x € K. First, suppose that xM = 0. Thus x € U petiniannvy P-
Next, assume that xM # 0. Thus x is a vertex of the graph since x € K. Hence xyM = 0 for some
y € R\ Ann(M). Thus X € Z(R), where R = R/Ann(M) and X = x + Ann(M). Since M is reduced, x # y
and R is reduced by Lemma 2.1; so UﬁeMm( AM(M))I_3 = Z(R). Hence X € Py for some Py € Min(R). Thus
x € Py. We show that Py is a minimal prime ideal of R. If not, there exists a prime ideal P; of R such that
Ann(M) C P; C Py. So P, CDPye Min(ﬁ). Thus P; = Py. Therefore, for all z € Py, we have z = Py = P;; so
z € P1. Consequently, Py = P1. Hence Py € Min(Ann(M)), and so K € Upepminanny P- O

Theorem 2.5. Let M be a reduced multiplication R-module. If R has more than two minimal prime ideals of Ann(M)
and Ra + RB ¢ Z(M) for some a, B € V(T pnnny(R)), then diam(T annn (R)) = 3.

Proof. Let a, f be two distinct vertices of I'4nnar)(R) with Ra + RB € Z(M). First, suppose that apM # 0; so
d(a, B) # 1. If d(a, B) = 2, then there exists a vertex y such that & —y — f is a path. Thus ayM = 0 = gyM.
Accordingly, y(Ra + RB)M = 0. Since yM # 0, Ra + Rf & Z(M), which is a contradiction. We shall now
assume that d(a, f) # 2. By Theorem 2.4 [18], I 4nnm)(R) is connected with diam(I anny(R)) < 3. Therefore
d(a, B) = 3.

Next, assume that apM = 0. By Proposition 2.4 a, € Upeminanny P- Also, by Lemma 2.3, « and f
belong to two distinct minimal prime ideals of Ann(M) since Ra + R € Z(M). Suppose that P,N and Q are
distinct minimal prime ideals of Ann(M) such thata € P\ (QUN)anda € (QNN)\ P. Letx € (QNP)\ N.
We show that a(B + ax)M # 0. If a(f + ax)M = 0, then for all m € M, a(fm + axm) = a*xm = 0. Hence
a’x € Ann(M) € N. We know thatx ¢ N and N is a prime ideal of Ann(M); so a € N, which is a contradiction.
Therefore a(B + ax)M # 0. On the other hand, we have 8,x € Q. So 8+ ax € Q € Min(Ann(M)). Thus
B+ ax € Upemin(annvy P- Since a(f + ax)M # 0, we have 8 + ax ¢ Ann(M). By Proposition 2.4, f + ax is a
vertex of the graph. Also, for all y = Ra+ RS, we have y = ra + 5 = ra —sax +sax +sf = (v —sx)a +s(ax + f5)
forsomer,s € R. Thus Ra+Rp = Ra+R(B+ax). So Ra+R(B+ax) € Z(M). Similarly to the above argument,
we have d(a,  + ax) = 3. Consequently, diam(I gu,a)(R)) = 3. O
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The following example shows that the condition |Min(Ann(M))| > 2 is not superfluous.

Example 2.6. Let R = ZXZ = M. One can easily check that M is a reduced multiplication ZxZ-module and
Ann(M) = {0}. Thus T auney(R) = T'(R). Also, we have Ra+Rp & Z(M) for a = (1,0), = (0,1) € V(L annn(R))
and Min(Ann(M)) = {0 X Z,Z x 0}. As one sees in Fig. 1, I'4u,)(R) is a complete bipartite graph, and
diam(L aunovy(R)) # 3. So the condition |[Min(Ann(M))| > 2 is not superfluous.

Figure 1: T 4, (R), where R = Zx Zand M = Z X Z.

Theorem 2.7. Let M be a reduced multiplication R-module and R + Rp € Z(M) for some a, B € V(I anne)(R)).
Then diam(T 4nn)(R)) < 2 if and only if R has exactly two minimal prime ideals of Ann(M).

Proof. Suppose that diam(I anua)(R)) < 2 and Ra + R € Z(M) for some «, f € V(L aunny(R)). By Proposition
24,0, peMin(annvy) P- Since for some a, B € V(L annu)(R)), R + RB & Z(M), by Lemma 2.3, there are at
least two distinct minimal prime ideals P and Q of Ann(M) such thata € P\ Q, f € Q \ P. By Theorem 2.5,
if R has more than two minimal prime ideals of Ann(M), then diam(I aun(R)) = 3. So R has exactly two
minimal prime ideals of Ann(M).

Conversely, suppose that P and Q are the only two minimal prime ideals of Ann(M). By Proposition 2.4,
V(I ann@n(R)) U Ann(M) = P U Q. First, assume that a, f are two vertices of the graph such that @ € P\ Q
and g € Q\ P. We show that (yepinay N = PM () QM. Let Np be a minimal prime submodule of M. By
Corollary 2.11 [9], Ny = PoM, where Py is a prime ideal of R and Ann(M) C Py. If Py is a minimal prime
ideal of Ann(M), then Ny = PM or Ny = QM. Otherwise, Ann(M) € P C Py or Ann(M) € Q € Py. Since Ny
is a minimal prime submodule of M, Ny = PM or No = QM. Thus (\yepminay N = PM () QM. By Theorem
2.4 [16], PM (1 QM = Nil(M). Since aM € PM and M € QM, apM € PM () QM. Also, since M is reduced,
Nil(M) = 0. Hence apM = 0. Thus d(a, ) = 1. Now let 7,5 be two distinct vertices of the graph. If r € P\ Q
and s € Q \ P, then by the above argument, d(r,s) = 1. Assume that r,s € P; so rf € P. Also, since f € Q\ P,
we have 1 € Q. Thus rBM € PM () QM = Nil(M) = 0. Similarly, spM = 0. Also, if r,s € Q, then similarly to
the above argument, we have raM = 0 = saM. Therefore d(r,s) = 2. It follows that diam(I s (R)) 2. O

Theorem 2.8. Let M be a multiplication R-module with Nil(M) # 0. If there are a, f € V(T annry(R)) such that
Ra + RB € Z(M), then diam(I annany(R)) = 3.

Proof. a,f € V(L annan(R)) such that Ra + RB € Z(M). So d(a, ) # 2. Suppose that apM # 0. Hence
d(a, p) # 1. Thus by Theorem 2.4 [18], diam(I anny(R)) = 3.

Next, let apM = 0. So d(a, ) = 1. Since Nil(M) # 0, there exists a nonzero element x € Nil(M). Hence
(x : M)M # 0; so gmyg # 0 for some nonzero g € (x : M), my € M. Consider the pair @ and  + ag. One can
easily show that R+ R = Ra+R(B+aq) and S+ aq is a vertex of the graph. Therefore Ra+R(B+aq) € Z(M).
If a’qmy = 0 = B2gmy, then g(Ra? + RB?)my = 0. On the other hand, (Ra? + RB?)my = (Ra + RB)*my since
aBM = 0. So g(Ra+RpB)*my = 0. Hence Ra+RpB C Z(M) since g(Ra+Rp)my # 0, which is a contradiction. Thus
without loss of generality, we may assume agmg # 0. Hence (B +aq)M # 0. Consequently, d(a, B+ aq) # 1.
Also, d(a, p + ag) # 2 since Rar + R(B + ag) € Z(M). So diam(I punay(R)) = 3. O
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3. Complete graphs

In this section, we determine when I' 4, (R) is complete. We will need the following characterization
from Theorem 2.8 [2], of when I'(R) is complete.

Theorem 3.1. Let R be a commutative ring. Then I'(R) is a complete graph if and only if either R = Z, X Z, or
xy =0 forall x,y € Z(R).

Theorem 3.2. Let M be a reduced R-module. Then T oy (R) is a complete (nonempty) graph if and only if
R =7y X Zyand M = My X M, for My and M, nonzero Zy-modules.

Proof. SupposethatR = Z;xZ; and M = M; XM, fornonzero Z,-modules M; and M,. ThenI = Ann(M) = 0;
so I'1(R) = T(Z, X Z») = K? is a complete, nonempty graph. Conversely, let M be a reduced R-module and
I = Ann(M). Then I is a radical ideal of R, and hence R/ is a reduced ring by Lemma 2.1 Assume that I';(R)
is nonempty and complete. Let a be a vertex of I'(R). Then a? is also a vertex since I is a radical ideal of R.
If & # a, then a® = a? - a € I since ['[(R) is complete. But then a € I since I is a radical ideal of R, which is a
contradiction. Thus a? = « for every vertex a of I'/(R). Hence R = Ra & R(1 — @). So we may assume that
R = Ry X Ry with a = (1,0) a vertex of I'}(R). Moreover, M = M; X M, for R;-modules M;, (i = 1,2). Since
a = (1,0) is a vertex of I';(R), (1,0) ¢ I. Thus (1,0)(M; X M) = M; X 0 is nonzero; so M; # 0. Moreover,
I = Ann(M) = Ann(My) X Ann(My).

Since (1, 0) is a vertex of I';(R), (a,0) = (1,0)(a, b) € I for some (a,b) € Ry X Ry \ I. Thus (a,0)(M; X M) = 0;
so aM; = 0. Hence bM; # 0 since (a,b) ¢ I. Thus M, # 0, and so (0, 1)(M; X M3) # 0. Therefore (0,1) ¢ I, but
(1,0)(0,1) = (0,0) € I; so (0,1) is also a vertex of T';(R).

We next show that (c, 0) is a vertex of I'/(R) if and only if ¢ = 1. Suppose that (c,0) is a vertex for some
c € R1\{0,1}. Thus (c,0) and (1, 0) are distinct vertices of I';(R), and thus are adjacent since I'/(R) is complete.
Hence (c,0) = (c,0)(1,0) € I, a contradiction. Similarly, (0,d) is a vertex of I'/(R) if and only if d = 1. We
show that (c,d) is a vertex of I'/(R) if and only if (c,d) = (1,0) or (c,d) = (0, 1). Suppose that (c,d) is a vertex
of I';(R) distinct from both (1,0) and (0,1). Then (c,0) = (¢,d)(1,0) € I and (0,d) = (c,d)(0,1) € I; and hence
(¢,d) = (c,0) + (0,d) € I, a contradiction. Thus |T;(R)| = 2; so I'/(R) = K2. By Corollary 2.7 [18], either (i)|I| = 1
and T'(R/I) = K?, or (ii)|I] = 2 and T(R/I) = K.

(i) Suppose that [I| = 1 and T'(R/I) = K% Then I = 0; so I'/(R) = T(R) = K>. Thus R = Z, X Z,, Zs or
Z5[x]/(x*) by Example 2.1 [2]. However, R/I = R is a reduced ring by Lemma 2.1; so R = Z, X Zo.
Since M = M; X M, and I = 0, we must have both M; and M, nonzero.

(ii) Suppose that |I| = 2 and [(R/I) = K'. Thus R/I = Z4 or Z,[x]/(x*) by Example 2.1 [2]. However, R/I
must be a reduced ring by Lemma 2.1; so neither of these cases is possible. Thus R = Z; X Z; and
M = My X M,, where each M; is a nonzero Z;-module (i = 1,2).

This completes the proof. [J
The next example shows that the above theorem fails if we do not assume that M is a reduced R-module.

Example 3.3. Let n > 2 be an integer. By Theorem 6.1 [18], there is a ring R with a nonzero ideal I such
that I'/(R) = K". Specifically, let R = Z4y X Z, and I = 0 X Z,. Then R/I = Z,; so I'(R/I) = K!'. Thus
I''(R) = K". So for M = R/I, we have Ann(M) = I. Hence I'annany(R) = K. Forn =1, let R = M = Z4. Then
I = Ann(M) = 0; so lamnany(R) = I'(Z4) = K. So for every n > 1, there is a ring R and an R-module M such
that FAm(M)(R) = K",

Theorem 3.4. Let M be a reduced R-module. If T(R) is complete, then either I annan)(R) is complete or the vertex
sets of T aun(y(R) and I'(R) are disjoint.

Proof. Since I'(R) is complete, by Theorem 3.1, either R = Z, X Z; or xy = 0 for all x,y € Z(R). If
R = 7, X Z,, then by Theorem 3.2, I 4uum)(R) is complete. Suppose that xy = 0 for all x,y € Z(R). Let
x € V(C(R) N V(Canmman(R)). Then x* = 0; hence x*M = 0. Since M is reduced, xM = 0, which is a
contradiction. Consequently, the vertex sets of I'4,,)(R) and I'(R) are disjoint. O
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Corollary 3.5. Let M be a reduced R-module. If I'(R) is complete, then either T annay(R) is complete or Z(R)M = 0.

Corollary 3.6. Let R be a ring and M be an R-module.
(1) diam(T anny(R)) = 0 if and only if Nil(M) # 0, R is isomorphic to either Z.4 or Z5[x]/(x?), and Ann(M) = 0.

(2) diam(L aunny(R)) = 1 if and only if either (i) M is reduced, R = Zy X Z and M = My X M, for My and M,
nonzero Zp-modules, or (ii) Nil(M) # 0 and xyM = 0 for each distinct pair of vertices x and y.

Let R be a ring and M be a multiplication R-module. Suppose that there exist two distinct vertices o and p such that
Ra + RB € Z(M).

(3) diam(L auny(R)) = 2 if and only if either (i) R has exactly two minimal prime ideals of Ann(M), M is reduced,
and I anny(R) has at least three vertices, or (ii) for each distinct pair of vertices a and p, there exists a vertex
which is adjacent to both o and p.

4) diam( auny(R)) = 3 if and only if either (i) R has more than two minimal prime ideals of Ann(M) and M is
reduced, or (ii) Nil(M) # 0.

Proof. (1) By Example 2.1 [2] and by Corollary 2.7 [18].

(2) By Theorem 3.2.

(3) Suppose that diam(I’ 4uum)(R)) = 2 and there exist two distinct vertices a and g such that Ra + R ¢
Z(M). If M is reduced, then R has exactly two minimal prime ideals of Ann(M), by Theorem 2.7

Conversely, suppose that (i) holds. By Theorem 2.7, diam(I' anny(R)) < 2. Assume that diam (I g (R)) =
0. Thus by (1), Nil(M) # 0, which is a contradiction. Suppose that diam(I auna(R)) = 1. Hence by (2), either
R = 7, X Z5, or Nil(M) # 0. Since T'annm)(R) has at least three vertices and M is reduced, we have a
contradiction. Therefore diam (I annary(R)) = 2.

(4) Suppose that diam(I 4uny(R)) = 3, M is reduced, and R has exactly two minimal prime ideals of
Ann(M). By Theorem 2.7, diam(I 4uuov(R)) < 2, which is a contradiction. Now assume that P is the only
minimal prime ideal of Ann(M). By Proposition 2.4, for all vertices @ and  we have a,f € P. Thus
Ra + RB € Z(M) by Lemma 2.3, which is a contradiction. Therefore R has more than two minimal prime
ideals of Ann(M).

Conversely, if Nil(M) # 0, then diam(I anyay(R)) = 3 by Theorem 2.8. Now assume that M is reduced
and R has more than two minimal prime ideals of Ann(M). Then diam(I ann1y(R)) = 3 by Theorem 2.5. O
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