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On weaker forms of relator Menger, relator Rothberger and relator
Hurewicz properties

Darko Kocev?

*University of Belgrade, Technical Faculty, 19210 Bor, Serbia

Abstract.  We introduce new selection principles in relator spaces using neighbourhoods and closures
in the same manner as it was done in [1, 11, 20] in topological spaces and prove that these properties are
weaker versions of the corresponding selection principles defined in [12]. Some properties of these selection
principles are proved.

1. Introduction and definitions

In this paper we continue the investigation of selection principles in relator spaces started in [12]. In
the second section we follow the idea of Bonanzinga, Cammaroto, Ko¢inac and Matveev (see [1]) who
used neighbourhoods of sets to define selection principles which are weaker than the known properties of
Menger, Rothberger and Hurewicz. In the third section as a motivation we used the papers [12, 20], where
weaker properties than Menger were defined by closures of sets.

We first recall the basic facts about selection principles in topological spaces (for selection principles
theory see the survey papers [15], [23], [28]).

Let A and B be collections of open covers of a topological space X. Then: (see [10, 22])

o S1(A, B) denotes the selection hypothesis that for each sequence (U, : n € IN) of elements of A there
is a sequence (V,, : n € IN) such that foreachn € N, V,, € U, and {V,, : n € N} € B.

e Sfin(A, B) denotes the selection hypothesis that for each sequence (U, : n € IN) there is a sequence
(V,, : n € N) such that for each n € IN, V,, is a finite subset of U, and |J,cn V5 is an element of B.

As usual, for a subset A of a topological space X and a collection P of subsets of X, we denote by St(A, P)
the union of all elements of  which have a nonempty intersection with A. In [13], Ko¢inac introduced star
selection principles in the following way:

Definition 1.1. Let A and 8 be collections of open covers of a topological space X. Then:

e S5](A, B) denotes the selection hypothesis that for each sequence (U, : n € IN) of elements of A one
can choose U, € U,,, n € N, such that {St(U,,, U,) : n € N} € B.
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. S}m (A, B) denotes the selection hypothesis that for each sequence (U, : n € IN) of elements of A one
can choose finite V,, ¢ U,, n € N, such that |,,.p{SEHV, U,) : V €V, } € B.

e SSi(A, B) denotes the selection hypothesis that for each sequence (U, : n € IN) of elements of A one
can choose points x, € X, n € IN, such that {St({x,}, U,) : n € N} € B.

. SS}m(?I, B) denotes the selection hypothesis that for each sequence (U, : n € IN) of elements of A
one can choose finite F, C X, n € IN, such that {St(F,, U,) : n € N} € B.

For a space X we use the following notation:

e O denotes the collection of all open covers of X.

e () denotes the collection of all w-covers of X; we say that an open cover U of X is an w-cover (see [8])
if every finite subset of X is contained in some element of U.

o " denotes the collection of all y-covers of X; we say that an open cover U of X is a y-cover ([8]) if it is
infinite and each point of X belongs to all but finitely many elements of U.

We say that a space X is:

R (Rothberger) if the selection hypothesis S1(O, O) is true for X ([7],[21], [22]);

M (Menger) if the selection hypothesis S;,(O, O) is true for X ([7], [9], [10], [18]);

H (Hurewicz) if the selection hypothesis Sy;,(O,I) is true for X ([9], [16]);

SR (star-Rothberger) if the selection hypothesis 8;(O, O) is true for X ([13]);

SSR (strongly star-Rothberger) if the selection hypothesis SS7(0, O) is true for X ([13]);
SM (star-Menger) if the selection hypothesis S}m (0,0) is true for X ([13]);

SSM (strongly star-Menger) if the selection hypothesis SS57;,(0, O) is true for X ([13]);

SH (star-Hurewicz) if for every sequence (U, : n € IN) of open covers of X one can choose finite V,CcU,,
n € N, such that for every x € X, x € St{UV,,, U,,) for all but finitely many # ([2]);

SSH (strongly star-Hurewicz) if the selection hypothesis SS;,(O,I') is true for X ([2]).

Szé4z in several papers on relator spaces (see [25-27]) showed that many topological structures can be
derived from relator spaces.

Let us recall some basic facts on relations and relators.

A subset F of a product set X X Y is called a relation on X to Y. If in particular X = Y, then we may
simply say that F is a relation on X. Note that if F is a relation on X to Y, then F is also a relationon X U Y.
Therefore, it is frequently not a severe restriction to assume that X = Y. The relations Ax = {(x,x) : x € X}
and X? = X x X are called the identity and the universal relations on X, respectively.

If Fis arelationon Xto Y, x € X and A C X, then the sets F(x) = {y € Y : (x,y) € F} and F(A) = Uyes F(x)
are called the images of x and A under F, respectively.

If F is a relation on X to Y, then the values F(x), where x € X, uniquely determine F since we have
F = Uyexlx} X F(x). Therefore, the inverse F~! can be defined such that F-!(y) = {x € X : y € F(x)} for all
yeY.

Further, if F is a relation on X to Y, and G is a relation on Y to Z, then the composition G o F is defined
such that (G o F)(x) = G(F(x)) for every x € X. If F is a relation on X to Y and G is a relation on Z to W, then
the product F x G is defined such that (F X G)(x, y) = F(x) X G(y) for every x € Xand y € Z.

A relation R on X is called reflexive if Ax C R.

A nonvoid family R of relations on a nonvoid set X is called a relator on X, and the ordered pair
X(R) = (X, R) is called a relator space.

Let C denotes the family of covers of X and let I'c denotes the family of all ¢ € C such that every x € X
belongs to all but finitely many elements of U. For a given relation R € R, where R is a relator on X, we
use the following notation:

e U ={R(x): x € X}.
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e w(R) = {R(F) : F c X finite}.
e Cr={Ur:ReR}.
o O(R)={w(R): R € R}.

We can derive topological structures from relator spaces in the following way: If R is a relator on X,
then for any A C X we write:

intr(A) = {xe X:AR e R: R(x) C A};
cg(A) ={xe X:YReR:R(x)NA # 0};
T ={ACX:AcCintg(A)};
Fr=1{A c X :clg(A) C A}.

Dg = {(An)nen : An C X, ClR(UnGN Ay) = X}

Let (X, R) and (Y, S) be relator spaces. We say that a map f : X — Y is relator continuous if for every
S € S there exists R € R such that for every x € X we have f(R(x)) € S(f(x)).
Recently, Kocinac introduced selection principles in relator spaces in the following way:

Definition 1.2. A relator space (X, R) is:

o RR (relator Rothberger) if for every sequence (R, : n € IN) of relations from R one can choose x, € X,
n € IN, such that {R,(x,) : n € N} is a cover of X;

o RM (relator Menger) if for every sequence (R, : n € IN) of relations from R one can choose finite F,, C X,
n € IN, such that {R,(F,) : n € N} is a cover of X;

e RH (relator Hurewicz) if for every sequence (R, : n € IN) of relations from R one can choose finite
F, ¢ X, n € N such that every x € X belongs to R, (F,) for all but finitely many n € IN.

By a topological space we usually mean a Hausdorff topological space. The notation and terminology
are as in [5].

2. Neighbourhood selection principles in relator spaces

In [1], neighbourhood star selection principles were defined.
Definition 2.1. Let A and B be collections of open covers of a space X. A space X satisfies:

o NSR(A, B) if for every sequence (U, : n € IN) of elements of A one can choose x, € X, n € N, such
that for every open Oy, x, € Oy, n € N, {St(O,, U,) : n € N} € B;

o NSM(A, B) if for every sequence (U, : n € IN) of elements of A one can choose finite F, € X, n € N,
such that for every open O, O F,,, n € N, {St(O,, U,) : n € N} € B.

In particular, a space X is neighbourhood star-Rothberger (NSR) (resp. neighbourhood star-Menger (NSM),
neighbourhood star-Hurewicz (NSH)) if the selection hypothesis NSR(O, O) (resp. NSM(O, O), NSM(O,I)) is
true for X.

Notice that NSR and NSM spaces were considered in [14] under different names (nearly stongly star-
Rothberger and nearly strongly star-Menger spaces).

We define neighbourhood selection principles in relator spaces in a similar way as it was done in [1].
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Definition 2.2. A relator space (X, R) is:

o NRR (neighbourhood relator Rothberger) if for every sequence (R, : n € IN) of relations from R one can
choose x,, € X, n € N, such that for every O, € T containing x,,, n € IN, {R,,(O,,) : n € N} is a cover of
X;

o NRM (neighbourhood relator Menger) if for every sequence (R, : n € IN) of relations from R one can
choose finite F,, C X, n € IN, such that for every O, € T such that F, ¢ O,, n € N, {R,(O,) : n € N} is
a cover of X;

o NRH (neighbourhood relator Hurewicz) if for every sequence (R, : n € IN) of relations from R one can
choose finite F, € X, n € IN, such that for every O,, € Tg with F, € O,, n € N, each x € X belongs to
R, (Oy) for all but finitely many n € IN.

Let (X, R) be a relator space. If we use the notation:

o NCgr={Ry(As):a€,Ry e R, Ay C Xand for every Oy D Ay, Oy € Tw,{Ra(Oy) : a €I} € C},
o NTg ={Ry(An):@€,Ry €R, Ay C Xand for every O, D Ay, Oy € T, {R2(Opn) : @ € I} €T},
where I is an index set, then we have the following statements:

o (X, R) is NRRiff (X, R) satisfies the selection hypothesis S1(Cg, NCg);

o (X, R)is NRM iff (X, R) satisfies the selection hypothesis S1(Q(R), NCg) iff (X, R) satisfies the selection
hypothesis S¢;,(Cr, NCg);

e (X, R)is NRH iff (X, R) satisfies the selection hypothesis S;(Q(R), NTg) iff (X, R) satisfies the selection
hypothesis S¢;,(Cr, NTw).

We prove that these properties are preserved under relator continuous functions.

Theorem 2.3. Let (X, R) and (Y, S) be relator spaces and let f : X — Y be a relator continuous surjection. If (X, R)
is NRM, then (Y, S) is NRM.

Proof. Let (S, : n € IN) be a sequence of relations from S. Then for every n € IN there exists R, € R such
that for every x € X, f(R,(x)) C Su(f(x)). Since (X,R) is NRM, there exists a sequence (F, : n € IN) of
finite subsets of X such that for every O, D F, with O, € 7g we have |JR,(0,) = X. Then we have that
Unen f(R2(On)) = f(Uyen Ru(0y)) = f(X) = Y. Note also that f(R,(O,)) C S,(f(Oy,)) for every n € IN.

We prove that the sequence (f(F,) : n € IN) of finite subsets of Y witnesses that (¥, S) is NRM. Let
B, D f(Fu), B, € Ts, and let A, = f~1(B,). We claim that A, € Tg. Indeed, if x € A,, then y = f(x) € B,.
Since B, € T, there exists S € S such that S(y) € B,. By the assumption, we can find R € R such that
f(R(x)) € S(y) € B,. That implies R(x) C A,, so we proved that A, € Tg. We also have that A, O F, and
f(Ru(An)) € Sn(Bn), 50 Upen Su(Bn) =Y. O

It is a natural to ask how these properties are related to the corresponding properties in topological
spaces.

Let (X, 7") be a topological space. For every U € O we can define a relation R¢; on X in the following
way: Ry (x) = St({x}, U) for every x € X. Then Rir = {Ry : U € O} is a relator on X and the ordered pair
(X, R7-) is a relator space. It is easy to prove the following statements:

(1): (X, 7) is SSRiff (X, R) is RR;

(2): (X, T) is SSMiff (X, R7-) is RM;

(3): (X, 7) is SSH iff (X, R7.) is RH.

In order to prove similar statement in the case of neighbourhood selection principles, we need the
following lemma:
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Lemma 2.4. If (X, T") is a regular topological space, then T = Tg-.

Proof. We will first prove that 7 C Tg.. Let U € 7 and x € U is arbitrary. Since (X, 7") is regular, one can
choose V € 7 such that x € V ¢ U. Then U = {U, X\ V} is an open cover of X and Ry/(x) = U, so Ry
witnesses that U € T-.

On the other hand, if U € T&- then for every x € U one can choose R € R* such that R(x) c U. By the
definition of R, there is an open cover U of X such that R = Ry, so in fact St({x}, U) c U. Since St({x}, U)
isan openset, then U € 7. [

Theorem 2.5. Let (X,7") be a reqular topological space. Then:
(1) : (X, 7)is NSR if and only if (X, R’-) is NRR;
(2): (X, T) is NSM if and only if (X, R7-) is NRM;
(3): (X, 7)is NSH if and only if (X, R’-) is NRH.

Proof. We prove only (2), because the proofs of the other two statements are similar. Let (X,7") has the
neighbourhood star-Menger property. We will show that (X, R’-) has the neighbourhood relator Menger
property. Let (R, : n € IN) be a sequence of relations from R’-. For every n € IN, there exists an open cover
U, of X such that R, = Rq,. By the assumption, one can choose finite F, C X, n € IN, such that for every
open O, D F,, n € N, {St(O,, U,) : n € N} is an open cover for X. Since R,(O,) = St(O,, U,) and T = T
(by Lemma 2.4), it is obvious that (F,, : n € IN) is the sequence we have been looking for. In the same manner
we can prove the converse. [J

Note that the implications = in the above theorem are always true.

Our next goal is to show that NRR, NRM, and NRH are in fact the weaker versions of RR, RM and RH,
respectively.

First recall that (see [4, 6, 17]) a space X is strongly star-compact (resp., strongly star-Lindeldf), briefly SSC
(resp., SSL) if for every open cover U of X there exists a finite (resp., countable) subset A of X such that
SHA, U) = X.

In [12] we defined the corresponding notions in relator spaces: A relator space (X, R) is relator compact
(resp., relator Lindeldf), briefly RC (resp., RL) if for every relation R from R there exists a finite (resp.,
countable) subset A of X such that R(A) = X. We say that a relator space (X, R) is o-relator compact (0-RC) if
X is the countable union of relator compact spaces.

The notion of neighbourhood star-Lindelof property was introduced in [1] in the following way:

A space X is NSL (neighbourhood star-Lindeldf) if for every open cover U of X there exists a countable
subset A of X such that for every neighbourhood U of A, St(U, U) = X.

We now define the corresponding notion in relator spaces.

Definition 2.6. A relator space (X, R) is NRL (neighbourhood relator Lindeldf) if for every relation R from R
there exists a countable subset A of X such that for every O € T, O > A implies R(O) = X.

Note that a topological space (X, 7") is SSC (resp., SSL) iff a relator space (X, R-) is RC (resp., RL), and
if (X, 7") is regular, then (X, 7") is NSL iff (X, R7-) is NRL.

In the next diagram we present some implications that are obvious.
RR — RM <— RH <— 0-RC
T
- RC
l
NRR—NRM<«— NRH RL

|

NRL
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By using examples 2.4, 3.1, 3.2 and 3.3 from [1], we prove that the inverses of implications RL = NRL,
RR = NRR, RM = NRM and RH = NRH do not hold.

Example 2.7. Consider X = IPX(w + 1), where IP denotes the set of irrational points, with the same topology
as in Example 2.4 from [1]. A relator R’ on X is defined in the same manner as earlier in the paper.

In [1], it was shown that (X, 7") is NSL and not SSL. Since O € T&- implies O € 7, we conclude that the
relator space (X, ‘R;_) is NRL, but not RL.

Now we show that consistently, NRM, NRH and NRR do not imply RM, RH and RR, respectively. In
fact, the examples are not even RL.
Recall first the definition of b,  and cov(M). For f,g € NN put

f < gif f(n) < g(n) for all but finitely many #.

A subset B of NN is bounded if there is g € NN such that f <* g for every f € B. D ¢ NN is dominating if
for each g € NN there is f € D such that g <* f. The minimal cardinality of an unbounded subset of NN is
denoted by b, and the minimal cardinality of a dominating subset of NN is denoted by d. A subset X of NN
can be guessed by a function g € NN if for every f € X the set {n € N : f(n) = g(n)} is infinite. The minimal
cardinality of a subset of NN that cannot be guessed is denoted by cov(M). (see [19])

Example 2.8. (w; <d) There is a NRM space which is not RL.
Example 2.9. (w; <b) There is a NRH space which is not RL.
Example 2.10. (w; <cov(M)) There is a NRR space which is not RL.

We will use the same space to prove these three assumptions. (see [1], Example 3.1, Example 3.2,
Example 3.3)

Let S be a subset of R such that for every non-empty open U C R, |[SN U| = w; (then in particular,
IS| = w1). Consider Xs = S X (w + 1) topologized in the same manner as in [1].

In [1] it was proved that Xg with this topology is NSM (resp. NSH, NSR) under assumption w; <bd
(resp. w1 <b, w1 <cov(M)), but X is not SSL. By [1] and Example 2.7, the relator space (Xs,R}) is not RL.
Since O € Tg- implies O € 7, we obtain that the relator space (Xs, R’-) is NRM (resp. NRH, NRR) under
assumption wy <d (resp. w; <b, w1 <cov(M)).

Problem 2.11. Do there exist ZFC examples of spaces as in Examples 2.8, 2.9 and 2.10?

Now we study the NRM property in finite powers of spaces.

Theorem 2.12. Let (X,R) be a relator space. If (X",R") is NRM for every n € IN, then for every sequence
(Ry : n € N) C R there exists a sequence (F, : n € IN) of finite subsets of X such that for every O, > F,, O, € T,
n €N, {R,(O,) : n € N} is an w-cover for X.

Proof. Let (R, : n € IN) be a sequence of relations from R and let N = N; U N, U ... be a partition of N into
infinite (pairwise disjoint) sets. For every k € IN and m € N let S,,, = (R)*. Then (S, : m € Ny) is the
sequence of relations from RE. Since (X¥, R) is NRM, one can choose finite subsets A,, ¢ XX, m € Ny, such
that for every O,, > Ay, with O,, € Tgx and m € Ny, {5,,(O,,) : m € Ny} is a cover for Xk, For every m € N,
let F,, be a finite subset of X such that (F,,)* O A,,. Consider the sequence (F, : n € N). Let (T, : n € N) be a
sequence of elements of 7 such that F,, C T, for every n € N. We claim that {R,(T,,) : n € N} is an w-cover
for X. Let F = {x1,x2, ..., X} be a finite subset of X. Then (x1, x2, ..., x,) € X?, so there exists n € N, such that
(x1,%2, ..., Xp) € Su(T;F), so that we have F C R,(T,,). O

Theorem 2.13. If relator spaces (X, R) and (Y, S) are NRH, then the relator space (X X Y, R X S) is also NRH.
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Proof. Let (T,, : n € IN) be a sequence of relations from R X S. For every n € N, T, = R, X S,, where
R, € R, S, € S. We can choose a sequence (F, : n € IN) of finite subsets of X such that for every sequence
(U, : n € IN) of elements of 7 with U, D F, for every n € IN, every point x € X belongs to all but finitely
many R,(U,). We can also find a sequence (G, : n € IN) of finite subsets of Y such that for every sequence
(V4 : n € N) of elements of 75 with G, C V,, for every n € N, every point y € Y belongs to all but finitely
many S,(V,) . We show that the sequence (A, : n € IN) of finite subsets of X X Y, where A, = F, X G, for
every n € IN, witnesses that the relator space (X X Y, R X 8) is NRH. Let O, > A,, O, € Tgxs. Then there
exist U, € X and V,, € Y such that O, = U,, X V,,, where U, D F,, and V,, > G,,. We show that U, € T
and V, € Ts. Let (x,y) € O,. Then there exist R € Rand S € & such that (R X S)(x, y) € O,. That implies
R(x) c U, and S(y) C V,,.

Let (x,y) € X X Y. There exist n; € N and n, € IN so that x belongs to R,(U,) for each n > n; and y
belongs to S,(V,) for each n > n,. Put ng = max{ny,np}. Now we have that (x, y) € R,(U,) X 5,(V,) for each
n > np,ie. (x,y) € T,(O,) for every n > ng. [J

In a similar way we can prove the following statement:

Theorem 2.14. Ifarelator space (X, R) is NRM and a relator space (Y, S) is NRH, then the relator space (X XY, RXS)
is NRM.

3. Closure selection principles in relator spaces

In [11], we used the closures of open sets to define properties similar to the well-known properties of
Menger and star-Menger. In this section we will consider the corresponding properties in relator spaces.
We will assume that every relation from the relator is reflexive.

First we recall the definitions of almost Menger and almost star-Menger property and naturally introduce
the notion of almost strongly star-Menger property.

Definition 3.1. A topological space (X, 7") is:

o AM (almost Menger) if for each sequence (U, : n € IN) of open covers of X there exists a sequence
(Vy, : n € N) such that for every n € IN, V,, is a finite subset of U, and U{V, : n € N} is a cover of X,

where V), = (V:Vev, ([14]; compare with [29]);

o ASM (almost star-Menger) if for each sequence (U, : n € N) of open covers of X there exists a sequence

(V,, : n € N) such that for each n € N, V,, is a finite subset of U,, and {St(UV,, U,) : n € N} is a cover
of X ([11]);

o ASSM (almost strongly star-Menger) if for each sequence (U, : n € IN) of open covers of X there exists

a sequence (F, : n € IN) of finite subsets of X such that {St(F,, U,) : n € N} is a cover of X;

We naturally define the following notions in relator spaces.
Definition 3.2. A relator space (X, R) is:

o ARM (Almost relator Menger) if for each sequence (R, : n € IN) of relations from R there exists a
sequence (F, : n € IN) of finite subsets of X such that {cIg(R,(Fy)) : n € IN} is a cover of X;

e ARR (Almost relator Rothberger) if for each sequence (R, : n € IN) of relations from R there exists a
sequence (x, : 1 € IN) of elements of X such that {c/g(R,(x,)) : n € N} is a cover of X;

o ARH (Almost relator Hurewicz) if for each sequence (R, : n € IN) of relations from R there exists a
sequence (F, : n € IN) of finite subsets of X such that every point x € X belongs to all but finitely many

clr(Ry(Fy))-
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If we use the notation:
o cl(w(R)) = {clg(R(F)) : F C X finite},
* c(QR))= {cl(@(R)) : R € R},
o cl(Ug) = {clr(R(x)) : x € X},
e cl(Cgr) = {cl(UR) : R e R},
then for a relator space (X, R) we have the following statements:

¢ (X, R)is ARM iff (X, R) satisfies the selection hypothesis S1(c/(QQ(R)), C) iff (X, R) satisfies the selection
hypothesis S;,(cl(Cr), C);

¢ (X, R)is ARRiff (X, R) satisfies the selection hypothesis S1(c/(Cg), C);

o (X, R)is ARH iff (X, R) satisfies the selection hypothesis S1(c/(Q(R)),I¢c) iff (X, R) satisfies the selection
hypothesis S;,(cl(Cg), I'c).

It is clear that RM implies ARM, RR implies ARR, RH implies ARH. It is natural to ask is the converse
true in every of these three cases, and also to find out the connection with the corresponding properties in
topological spaces.

The following example shows that the implications RM = ARM and RH = ARH can not be inverted. It
also shows that there exists ARM (resp. ARH) space which is not NRM (NRH).

Example 3.3. Let R be the set of real numbers and let D be a countable and dense subset of R. We denote
X = Rand for every € € R we define a relation R, such that Rc(x) = {x}U(D N (x—¢€,x +€)) (see [24, Example
68]). Then (X, R) is a relator space, where R = {R. : € € R}.

In order to prove that the relator space (X, R) is not RM, we will prove that it is not RL. Let A be a
countable subset of X and € € R. Then R.(A) € AU D. The set A U D is countable and IR is uncountable, so
R:(A) can not cover X.

Notice that (X, R) is not even NRM. Indeed, let (R,, : n € IN) be a sequence of relations from R. For every
n € IN we pick arbitrary finite subsets F, of X. For every x € F,, R, (x) € Tg. Denote O, = R,,(F). Then
R, (Oy) c F,UD. If B = |, en Fr, then U, ,en Re, (Or) € BUD. Since BUD is countable and R is uncountable,
(X, R) is not NRM.

We prove that (X, R) is ARM. Moreover, we prove that (X, R) is ARH. Let (R, : n € IN) be a sequence of
relations from R. For every x € X and every € € R, clg(R:(x)) = clp(D¢(x)), where D = (D, : € € R} and
De(x) = (x — €,x + ¢) for every x € R (These closures are equal because the set D is dense in IR). We show
that the space (R, D) is RH. Indeed, for every n € IN, the space ([-n, 1], D) is relator compact, so we can
find finite subsets F,, of R, n € IN, such that [-n,n] c D, (F,). Let x € X. Then there exists ny € IN such that
x € [-np, ng], so for every n > ny, x € D, (F,,). Since (R, D) is RH, the space (X, R) is ARH.

Problem 3.4. Is there an ARR space which is not RR?
Problem 3.5. Is there an NRM (resp. NRR, NRH) space which is not ARM (ARR, ARH)?

Theorem 3.6. If a relator space (X, R) is ARM and for every R € R and every x € X, R(x) intersects only finitely
many R(y), y € X, then X is countable.

Proof. Let (R, : n € IN) be a sequence of relations from R. Since (X, R) is ARM, we can choose finite subsets
F,, n € N such that U,y clr(Ry(Fy)) = X. Put A, = {x € X : Ry(x) N R, (F,) # 0}. By the assumption, the
set A, is finite for every n € IN. We prove that | J,en An = X. Let x € X. Then there exists n € IN such that
x € clg(Ry(Fy)). For every R € R, R(x) N Ry (Fp) # 0, s0 Ry (x) N Ry (Fy) # 0. That impliesx € A,. O
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Lemma 3.7. Ifa topological space (X, T") is regular, then for every subset A of X, A = clg, (A).

The proof is similar to the proof of Lemma 2.4.
The following is straightforward:

Theorem 3.8. If (X, T") is regular then (X,T") is ASSM if and only if the relator space (X, R’-) is ARM.

In [11], we showed that the almost Menger property is preserved under almost continuous functions.
We shall see that the similar statement holds in relator spaces. First we define the notion of almost relator
continuous function.

Definition 3.9. Let (X, R) and (Y, S) be relator spaces. We say that a function f : (X, R) — (Y, S) is almost
relator continuous if for every S € S there exists R € R such that for every x € X, f(clz(R(x))) C S(f(x)).

Theorem 3.10. Let (X, R) be ARM and (Y, S) be a relator space. If f : (X, R) — (Y, S) is an almost relator continuous
sutjection, then (Y, S) is RM.

Proof. Let (S, : n € IN) be a sequence of relations from S. Since f is almost relator continuous, we
can pick a relation R, € R for every n € IN such that f(clr(R.(x))) C S.(f(x)) for every x € X. By the
assumption, we can find finite F, € X, n € N, such that N clr(Ry(Fr)) = X. Now we have that

Y = f(UneN CZ‘R(Rn(Fn))) = Une]N f(ClR(Rn(Fn))) c UnE]N Sn(f(Fn))' So, the sequence (f(Pn) :n €NN) of finite
subsets of Y witnesses that (Y, S) is RM. O

Now we study the ARM property in finite powers.

Theorem 3.11. Let (X,R) be a relator space. If all finite powers of (X,R) are ARM, then for every sequence
(Ry, : n € IN) of relations from R, there is a sequence (F,, : n € IN) of finite subsets of X, such that {cIr(R,(F,)) : n € N}
is an w-cover of X.

Proof. Let (R, : n € N) be a sequence of relations from R and let N = N7 U N, U ... be a partition of IN into
infinite pairwise disjoint sets. For every k € IN and every m € Ni let S, = (R)*. Then (S,, : m € Ny) is a
sequence of relations from RE. Since (X¥, R¥) is ARM, then one can choose finite subsets A,, of XX, m € Ny,
such that {clge(S(An)) : m € Ny} is a cover of X*. For every m € Ny, let F,, be a finite subset of X such that
F’,; > A,;. Consider the sequence of all F,,,m € N, k € IN, chosen in this way and denote it (F, : n € IN).
We claim that {cIg(R,(F;)) : n € N} is an w-cover of X. Let F = {x1,x2,...,x,} be a finite subset of X. Then
(x1,x2,...,xp) € XP. There is n € Ny, such that (x1, xs, ..., x) € clge (R (FP)), so that we have F C clg(R,(F,)). O

The following two statements and their proofs are similar to the statements of Theorems 2.13 and 2.14.
Theorem 3.12. The product of two ARH spaces is ARH.

Theorem 3.13. Ifarelator space (X, R) is ARM and a relator space (Y, S) is ARH, then the relator space (X XY, RXS)
is ARM.

Recently, in [20], the notion of weakly Menger space was introduced in the following way:

A topological space is weakly Menger if for each sequence (U, : n € IN) of open covers of X there exists a
sequence (V, : n € N) such that V, is a finite subset of U, for each n € N and | J{V,, : n € N} is dense in X.

Now we define the corresponding property in relator spaces.

Definition 3.14. A relator space (X, R) is weakly relator Menger (WRM) if for every sequence (R, : n € IN) of
elements of R there exists a sequence (F, : n € IN) of finite subsets of X such that clg(lJ,en Ru(Fn)) = X.
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Let (X, R) be a relator space. Then the following statements are equivalent:
e (1): (X,R)is WRM,;

® (2): The selection hypothesis S1(Q(R), Dg) is true for X;

® (3): The selection hypothesis Sy;,(Cg, Dg) is true for X.

It is clear that every almost Menger space is weakly Menger. In [20], it was proved that there exists a
weakly Menger space which is not almost Menger. Naturally, we are interested in the relationship between
ARM and WRM spaces.

Theorem 3.15. Let (X, R) be a relator space. If (X, R) is ARM, then (X, R) is WRM.

Proof. Let (R, : n € IN) be a sequence of relations from R. Since (X, R) is ARM, there exists a sequence
(F, : n € IN) of finite subsets of X such that |J,¢n ¢Ig(R,(Fr)) = X. We will show that clg(l,.en Ru(Fr)) = X.
Let x € X. Then there exists n € IN such that x € clg(R,(F,)). So, for every R € R, R(x) N R,,(F,) # 0. That
implies R(x) N U, en Ri(Fn) # 0 for every R € R, so x € clg(Uen Ru(Fr)). O

We show that the inverse does not hold.

Example 3.16. There exists a relator space which is WRM and not ARM.

Let R be the set of real numbers, Q the set of rational numbers and I the set of irrational numbers.
For every x € I enumerate all sequences of rational numbers converging to x in the Euclidean topology as
{xs : a < c}. We construct a relator D on R in the following way: for every a < ¢, we define a relation D, such
that D,(r) = {r} for every r € Q and D,(x) = {x} U {x,; : i € N} for every x € I and we put D = {D, : @ < ¢}
(see [24, Example 65]).

The relator space (IR, D) is WRM because for every sequence (D, : n € IN) of relations from D, we can
choose finite subsets F,, of R such that | J,,cp Dy (Fy) = Q and clp(Q) = R.

Let us show that the relator space (IR, D) is not ARM. Notice that clp(D(x)) = D(x) for every D € O and
every x € R. Let (D, : n € IN) be a sequence of relations from D. Since I is uncountable and for every D € D
and every x € I only D(x) contains x, for every sequence (F, : n € IN) of finite subsets of R there exists x € I
such that x ¢ U,,en ¢lo(Du(Fy)).

We say that a relator space (X, R) is almost relator Lindelof (ARL) if for every relation R € R there exists a
countable subset A of X such that clg(A) = X.

Theorem 3.17. If a relator space (X, R) is WRM, then (X, R) is ARL.

Proof. Let R € R. Then there exists a sequence (F, : n € IN) of finite subsets of X such that clg(|,eny R(F1)) =
X. If we put A = J,,en Fu, then A is countable and clg(4) = X. O

The property of WRM is preserved under relator continuous functions.

Theorem 3.18. If a relator space (X, R) is WRM and f : (X,R) — (Y, S) is a relator continuous surjection, then
(Y, S) is also WRM.

Proof. Let (S, : n € IN) be a sequence of relations from S. Since f is relator continuous, for every n € IN
there exists R, € R such that f(R,(x)) C S,(f(x)) for every x € X. Then we can find finite subsets F, of X
such that clg(U,en Ri(Fr)) = X. We prove that the sequence (f(F,,) : n € IN) witnesses that the relator space
(Y, S) is WRM.

Let y € Y. Then there exists x € X such that y = f(x). We have that x € clg(U,en Ru(Fr))- So, for every
R € R there exists n € N such that R(x) N R,(F,) # 0. That implies f(R(x)) N f(R,(F,)) # 0 for some n € IN.
If we pick arbitrary S € S, then we can find R € R such that f(R(x)) € S(f(x)) for every x € X. So, we
conclude that S(f(x)) N S,(f(F,)) # 0 for some n € IN, i.e. we have that S(y) N U,en Su(f(Fy)) # 0. That
implies y € clg(Uyen Sn(f(Fr))). O
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We now consider the property of WRM in finite powers of spaces.
We say that a relator space (X, R) is almost relator compact (ARC) if for every R € R there exists a finite
subset F of X such that clz(R(F)) = X.

Theorem 3.19. Let (X, R) and (Y, S) be relator spaces. If (X,R) is WRM and (Y, S) is ARC, then the product
(X xY,RxS)is WRM.

Proof. Let (T, : n € IN) be a sequence of relations from R X S. Foreveryn € N, T, = R, X S,;, where R, € R,
Sy € 8. There exist sequences (F,, : n € IN) and (G, : n € IN) of finite subsets of X and Y respectively, such
that clgr(IU,,en Ri(Fr)) = Xand cls(5,(Gy)) = Y for each n € IN. We show that clgxs(IU,,en Tn(Fr X Gp)) = XXY.
Let (x,y) € XX Y. Then for every R € R, R(x) N (U,en Ru(Fn)) # 0 and for every S € S and every n € N,
S(y) N S, (Gy) # 0. So, we can find n € N such that forevery T = RxS € RX S, T(x, y) N T (F, X Gy) #0. O

Problem 3.20. Is the product of two WRM spaces also a WRM space?

References

[1] M.Bonanzinga, F. Cammaroto, Lj.D.R. Ko¢inac, M. V. Matveev, On weaker forms of Menger, Rothberger and Hurewicz properties,
Matematicki Vesnik 61 (2009) 13-23.
[2] M. Bonanzinga, F. Cammaroto, Lj.D.R. Ko¢inac, Star-Hurewicz and related properties, Applied General Topology 5 (2004) 79-89.
[3] M. Bonanzinga, M. Matveev, Some covering properties for W-spaces, Matematicki Vesnik 61 (2009) 3-11.
[4] EK.van Douwen, G.M. Reed, A.W. Roscoe, L]. Tree, Star covering properties, Topology and its Applications 39 (1991) 71-103.
[5] R.Engelking, General Topology, PWN, Warszawa, 1977.
[6] W.M. Fleischman, A new extension of countable compactness, Fundamenta Mathematicae 67 (1970) 1-9.
[7] D.H. Fremlin, A.W. Miller, On some properties of Hurewicz, Menger and Rothberger, Fundamenta Mathematicae 129 (1988)
17-33.
[8] J. Gerlits, Zs. Nagy, Some properties of C(X), I, Topology and its Applications 14 (1982) 151-161.
[9] W. Hurewicz, Uber die Verallgemeinerung des Borelschen Theorems, Mathematische Zeitschrift 24 (1925) 401-425.
[10] W.Just, A.W. Miller, M. Scheepers, P.J. Szeptycki, The combinatorics of open covers (II), Topology and its Applications 73 (1996)
241-266.
[11] D. Kocev, Almost Menger and related spaces, Matematicki Vesnik 61 (2009) 173-180.
[12] D. Kocev, Selection principles in relator spaces, Acta Mathematica Hungarica 126 (2010) 78-93.
[13] Lj.D.R. Kotinac, Star Menger and related spaces, Publicationes Mathematicae Debrecen 55(1999) 421-431.
[14] Lj.D.R. Kotinac, Star Menger and related spaces II, Filomat (Nig) 13 (1999) 129-140.
[15] Lj.D.R. Kotinac, Selected results on selection principles, In: Proceedings of the Third Seminar on Geometry and Topology (July
15-17, 2004, Tabriz, Iran), pp. 71-104.
[16] Lj.D.R. Ko¢inac, M. Scheepers, Combinatorics of open covers VII: Groupability, Fundamenta Mathematicae 179 (2003)131-155.
[17] M.V. Matveev, A survey on star covering properties, Topology Atlas, Preprint No. 330 (1998).
[18] K.Menger, Einige Uberdeckungssitze der Punltmengenlehre, Sitzungsberichte Abt. 2a, Mathematik, Astronomie, Physik, Mete-
orologie und Mechanik (Wiener Akademie, Wien) 133 (1924) 421-444.
[19] A.W. Miller, Some properties of measure and category, Transactions of the American Mathematical Society 266 (1981) 93-114.
[20] B.A. Pansera, Weaker forms of the Menger property, preprint, 2011.
[21] E Rothberger, Eine Verschirfung der Eigenschaft C, Fundamenta Mathematicae 30 (1938) 50-55.
[22] M. Scheepers, Combinatorics of open covers (I): Ramsey theory, Topology and its Applications 69 (1996) 31-62.
[23] M. Scheepers, Selection principles and covering properties in Topology, Note di Matematica 22:2 (2003/2004) 3-41.
[24] L.A. Steen, J.A. Seebach, Jr., Counterexamples in Topology, Springer-Verlag, 1978.
[25] A.Széz, Basic tools and mild continuities in relator spaces, Acta Mathematica Hungarica 50 (1987) 177-201.
[26] A.Széz, Structures derivable from relators, Singularité 3 (8) (1992) 14-30.
[27] A.Széz, Inverse and symmetric relators, Acta Mathematica Hungarica 60 (1992) 157-176.
[28] B. Tsaban, Some new directions in infinite-combinatorial topology, In: Set Theory (J. Bagaria and S. Todor¢evi¢, eds.), Trends in
Mathematics, Birkhauser, 2006, pp. 225-255.
[29] S. Willard, U.N.B. Dissanayake, The almost Lindelof degree, Canadian Mathematical Bulletin 27 (1984) 452-455.



