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A new application of generalized power increasing sequences

Hiiseyin Bor®

“P. O. Box 121, 06502 Bahgelievler, Ankara, Turkey

Abstract. In this paper, an application of quasi-o-power increasing sequences has been generalized for
quasi- f-power increasing sequences. We have also obtained some new results.

1. Introduction

Let }_ a, be a given infinite series with partial sums (s,). We denote by t; nth Cesiro mean of order «,
with a > —1, of the sequence (na,), that is

n

o 1 a—

te = A_ﬁ‘ ;An,},vav, 1
where

A% = (n ;: oz) =0n%), Ay=1 and A%, =0 for n>0. 2)

The series Y a, is said to be summable | C, ;0 |, k = 1, > —=1 and 0 > 0, if (see [5])

(o)

Z 1] £ < oo, (©)

n=1

A positive sequence (b,) is said to be almost increasing if there exists a positive increasing sequence (c,) and
two positive constants A and B such that Ac, < b, < Bc, (see[l]). A positive sequence X = (X,,) is said to
be a quasi-o-power increasing sequence if there exists a constant K = K(o, X) > 1 such that Kn’X,, > m°X,,
holds forall n > m > 1 (see [6]). It should be noted that every almost increasing sequence is a quasi-o-power
increasing sequence for any nonnegative ¢, but the converse may not be true as can be seen by taking an
example, say X, = n™? for 0 > 0. A sequence (A,) is said to be of bounded variation, denote by (1,,) € BV, if
Yot 1Al = Yooty | Ap—=Apar |< 00.In[3], we have proved the following theorem dealing with an application
of a quasi-o-power increasing sequences.
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Theorem 1.1. Let (X,,) be a quasi-c-power increasing sequence for some ¢ (0 < o < 1). Suppose also that there exist
sequences (B,) and (A,), such that

| A, I< B 4)
By —0 as n— oo (5)
inmwxnwo (6)
|An|xn=oa> as 11— . 7)

If the sequence (u) defined by (see [7])

W], a=1 ®)
a o
u"_f?fg)f,'t”" O<a<l1 )

satisfies the condition

m
Z % = O(X,) as m — o, (10)

n=1

then the series Y a, A, is summable | C, ;0 |, k> 1and 0 <6 <a < 1.

Remark 1.2. It may be noted that the condition ”(A,) € 8V ” should be added in the statement of Theorem
1.1.

2. The main result

The aim of this paper is to generalize Theorem 1.1 using a new class of power increasing sequences. For
this purpose, we need the concept of a quasi-f-power increasing sequence. A positive sequence X = (Xj)
is said to be a quasi-f-power increasing sequence, if there exists a constant K = K(X, f) > 1 such that
Kfy Xy 2 fuXm, holds for n > m > 1, where f = (f,) = [n°(logn)’, y 2 0,0 < ¢ < 1] (see [8]). It should be
noted that if we take =0, then we get a quasi-o-power increasing sequence.

Now, we shall prove the following more general theorem.

Theorem 2.1. Let (A,) € BV and (X,)) be a quasi-f-power increasing sequence. If the conditions from (4) to (7) and
(10) are satisfied, then the series ), ay A, is summable | C,a;0 |, k= 1and0 <o <a < 1.

We need the following lemmas for the proof of our theorem.

Lemma 2.2. Except for the condition (A,) € BV, under the conditions on (X,), (B») and (A,) as expressed in the
statement of the theorem, the following conditions hold

i BuXy < 0. (11)
n=1

nXupn = O(1), (12)
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Proof. Since B, — 0, then we have A, — 0, and hence

3 ﬁnxn < 3 Xy 3 |Aﬁv| = 3 IAﬁvl y Xy
n=1 n=1 v=n v=1 n=1
= i |ABo| Z n’(logn)" X,n™° (log )™
v=1 n=1

= 0(1) ) IAB.lo" (log v X, Y n ™ (log )™
v=1 n=1

= 01 Z |ABoIv’ (log v)" X, Z n°(logn)?n™"°, O0<e<o+e<l1
n=1

v=1
4

= 0(1) Z |ABl0° X, (log 0)? v (log v) ™ Z noe

v=1 n=1
- O(1)Z|A,BU|DU+EXU f X0y

v=1 0
= 01) ) ARl X010

v=1

= 0(1) ) lAgIX, = O(1).
v=1

Again, we have that
Xy = nXy ) ABo<nXy ) AR
u=n v=n

= n'"(logn)7n’(logn)’ X, Z |AB,|

< ' (logn)7 Y v (log v) XelA|
< Zvl_a(logv)_Vva‘T(logv))’lAﬁvl
= ) 0XelABsl = O(1).

v=1

This completes the proof of Lemma 2.2. O
Lemma 2.3. ([4]) [fO<a <land1<v <n,then
4 m
|ZA;§:;a,, < max | Y A%la, | (13)
p=0

1<m<v
p=0

Proof Theorem 2.1. Let (T%) be the n-th (C, @), with 0 < @ < 1, mean
of the sequence (na,A,). Then, by (1), we have

1 v .
T, = FZA’O;‘;W”A”' (14)
n =1
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Applying Abel’s transformation first and then using Lemma 2.3, we have that

n

T = om ;A/\ ZA“ Lpa, + ga Y Aslon,,

v=1

A

TS| < Aaz'M IIEAﬁpPap

1
FZ‘A;"ugIA/\UIH/\nIuﬁ
n p=1

IA

= T+ Ty,
Since
| Toy+ Ty (<20 Ty 41 T3, 19,

to complete the proof of the theorem, by (3), it is enough to show that

)

ank‘l | Ty, < oo, for r=1,2.

n=1

Now, when k > 1, applying Holder’s inequality with indices k and k', where { + = 1, we get

m+1 m+1 n-1 &
LT < Yt A L (AT Ao X ()1 A
n=2 n=2 o=t -
m+1 n-
- 0(1)2 Ok=ak-1( Z 0™ (ug) o)
v=1
m+1 1
_ ak (. ayk _
- om Y . Y,
o=1 n=ov+1
m o 00 dx
= O(l)z k(u )k.BUf x1+ak-ok
o=1 ¢

m

= O<1>Zv5" “)kﬁv=o<1>ivﬂvv5k-l<uz>k

G

§

= O(l)ZA(vﬁv)Z )+ O(ympy Y | o w):
v=1

v=1

m—1
= O(1)2|A(vﬁv)|X + O() By X

m—1

= 0() )1 (0 +1DABy = Bo | Xo + OBy Xy,
v=1
m—1 m—1

= 0(1) ) 01 Ay | Xo + O(1) Y fuXo + OBy X
v=1 v=1

= 0Q1) as m— oo,
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by virtue of the hypotheses of the theorem and Lemma 2.2. Finally, we have that

m

Ok—1 k
YT |

n=1

m
N T A | )t
n=1

m
= 0 ). 1 Ay | n gyt
n=1

m—1 n m
= O ) ALY o™ @) +0() [ Ay | Y n¥ gt
n=1 v=1 n=1
m—1
= 0() [ Ady | X + O) | A | X
n=1
m—1
= 0) Y BuXy+OQ) | A | X = O(1) as m — oo,
n=1

by virtue of the hypotheses of the theorem and Lemma 2.2. This completes the proof of the theorem.

It should be noted that, if we take 6 = 0 (resp. a = 1), then we get anew result for | C, a | (resp. | C,1;0 |x)
summability. Also, if we take (X,,) as an almost increasing sequence, then we obtain a result of Bor [2] (in
this case the condition (A,) € BV is not needed). If we take y = 0, then we get Theorem 1.1.
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