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A note on some sequence spaces of weighted means

Eberhard Malkowsky?, Faruk Ozger®

“Department of Mathematics, Faculty of Arts and Sciences, Fatih University, Biiyiikcekmece 34500, Istanbul, Turkey

Abstract. We show that the sequence spaces aj, a; and a, are equal to the sets of all sequences whose
Cesaro means of order 1 converge to 0, converge and are bounded. As a consequence of this, we are able to
considerably simplify the known results and their proofs in [1, 2], and to add the characterisations of some

more classes of matrix transformations.

1. Introduction, notations and known results

Aydin and Bagar defined the sequence spaces af, a;, aj(A) and ag(A) for 0 < r < 1in [1, 2]. They
determined some Schauder bases for their spaces, found the a—, f— and y—duals, and characterised some
classes of matrix transformations on them. Furthermore, various classes of compact matrix operators on
the spaces aj, a;, aj(A) and a{(A) were characterised in [3, 4, 7]. We include the sets af, and a{,(A) in our
studies, and show that the sets ), a{ and a;, are equal to the matrix domains of the Cesaro matrix of order 1
in the sets ¢y, ¢ and ¢, of null, convergent and bounded sequences. Applying this result and using known
results on the spaces of generalised weighted means established in [6] and [8], we are able to considerably
simplify the results and their proofs in [1] and [2], and add the characterisations of some more classes of
matrix transformations; in particular, the sets a;(A), a{(A) and a,(A) reduce to simple special cases of the
spaces s0, s, and s in [5].

Now we recall the most important notations, definitions and results needed in this paper.

A sequence (by,);”, in a linear metric space X is called a Schauder basis if, for each x € X, there exists a
unique sequence (A,);”, of scalars such that x = Yoo Anbn.

By w and ¢ we denote the set of all complex sequences x = (x);”, and all finite sequences. We write bs
and cs for the sets of all bounded and convergent series; also let £, = {x € w : Yokl < oo} for1 < p < co.

Asusual, eand e™ (1 =0,1,...) are the sequences with ¢; = 1 for all k, and e;") =1land e;(") =0 fork # n.

A subspace X of w is said to be a BK space if it is a Banach space with continuous coordinates P, : X — C
(n =0,1,...) where P,(x) = x, for all x € X. A BK space X D ¢ is said to have AK if every sequence
x = (%)Y, € X has a unique representation x = lim,, .. X! where xI" = ¥/ ; x,e(" is the m™ section of the
sequence x.

If x and y are sequences and X and Y are subsets of w, then we write x - y = ()2, ¥ ' *Y = fa € w :

a-x€Yhand M(X,Y) = Nyex X '*Y ={a:w:a-x €Y forall x € X} for the multiplier space of X and Y; in
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particular, we use the notations x* = x!# {1, x¥ = x"1xcs and x7 = x71 #bs, and X* = M(X, €1), XP = M(X, cs)
and X” = M(X, bs) for the a—, f— and y—duals of X.

Given any infinite matrix A = (a,);’, _, of complex numbers and any sequence x, we write A, = (au);,
for the sequence in the n' row of A, A,x = Y gamexx (1 = 0,1,...) and Ax = (A,x)>,, provided A, € xf for
all n. If X and Y are subsets of w, then X4 = {1 € w : Ax € X} denotes the matrix domain of A in X and (X, Y)
is the class of all infinite matrices that map X into Y; so A € (X, Y) if and only if X C Y4. A matrix A is said
to be regular, if A € (¢, c) and lim;;—,c0 AyX = limy_, Xxi for all x € c.

An infinite matrix T = (t"k):k:o is said to be a triangle if t,x = 0 (k > n) and t,,,, # 0 for all n. We write U for
the set of all sequences u with uy # 0 for all k; if u € U then 1/u = (1/wy);” - Letn+1 = (n+1);" . We define
the matrices X, A, A* and CV by Ly =1 (0 <k <n), T =0 (1> k), A = Ay = 1, Apor = AF = -1,
Apg = A:;k = 0 (otherwise) and qulk) =1/(n+1)Zy foralln,k=0,1,....

Let u,v € U and X be a subset of w. The sets W(u,v; X) = v~ » (u™ * X)y, of generalised weighted means
were defined and studied in [6] and [8]. In particular, W (1/(n +1),¢,co) = (co)cr, W (1/(n+1),¢e,c) = ccm
and W(1/(n+1),¢e,{x) = ({s)cm are the spaces of all sequences that are summable to 0, summable, and
bounded by the Cesaro method CO of order 1; we write Cy = (co)ct, C = ccw and Coo = (£oo)cw, for short.

Let0 <7 < 1and A® = (uf:lz ® _, be the triangle with a’, = (1 +7)/(n+1) (0 <k <nm; n=0,1,...).
Aydin and Basar defined the spac’es aj = (co)an and a; = cu» in [1]. We also define a;, = ({w)an, Write
F=01+ rk);"zo, and observe a) = ¥+ Co = W(1/(n+1),E,c0), a, = ¥'+C = W(1/(n+1),%¢) and al, =
Fl1%Co = W(1/(n+ 1), {s). The spaces a(A) = (a5)a and al(A) = (a})s were studied by the same authors
in [2]; we will also consider the space a},(A) = (a},)a.

We remark that since the matrices A”) and A are triangles, £, ¢ and cq are BK spaces with respect to
their natural norms defined by ||x||c = sup, |x| ([10, p. 55]), co is a closed subspace of ¢ and c is a closed
subspace of {« ([10, Corollary 4.2.4]), the spaces ay,,, a; and 4 are BK spaces with their natural norms defined
by lIxll, = IAVx|e = sup,, |A;x| by [10, Theorem 4.3.12], af is a closed subspace of a7, and a{ is a closed
subspace of af, by [10, Theorem 4.3.14]; similarly at,(A), a{(A) and a(A) are BK spaces with their natural
norms defined by [|x[ls,(a) = |Ax]lz,, a5(A) is a closed subspace of a;(A), and a{(A) is a closed subspace of
al (A). These results contain [1, Theorem 2.1] and [2, Theorem 2.1].

Schauder bases for a, and a] were determined in [1, Theorem 3.1 (a) and (b)], and for af(A) and a;(A) in
[2, Theorem 3.1 (a) and (b)]. We observe that, since ¢y has AK and (¢,e©, e, ...) is a Schauder basis for c,
the statements in [1, Theorem 3.1 (a) and (b)] are an immediate consequence of the first part of [6, Theorem
2.2], and an application of the second part of [6, Theorem 2.2] to the bases of 4j and 4; yields the statements
in [2, Theorem 3.1 (a) and (b)]. We remark that, since matrix multiplication is associative for triangles by
[10, Corollary 1.4.5], putting B") = A" . A, we obtain a{(A) = (co)pn» and aZ(A) = cp» and [2, Theorem 3.1 (a)
and (b)] would also be an immediate consequence of [7, Corollary 2.3 (a) and (b)].

2. The main results
First, we determine simpler Schauder bases for the spaces 4y, a;, a;(A) and a((A).
If y is any sequence, we write 6,(y) = C}y for the n* C)) mean of y.

Theorem 2.1. Let 0 < r <1. Then aj has AK. Every sequence x = (x¢);2, € a. has a unique representation

x=&-e+ Z(xk — &)e® where & = lim o,(x - ). (1)
n—o0
k=0
Proof. Since a, = ¥  Cy and Cy obviously is a BK space with the norm defined by |lx|c, = sup, |o,(¥)], it
suffices to show by [10, Theorem 4.3.6] that Cy has AK.
First, we observe that ¢ ¢ Co, since e € ¢y for all n and the C) matrix is regular.
Let € > 0 and x € Cy be given. Then there exists Ny € INg such that

10 (0)] < % forall n > No. )
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Now let m > N be given. Then we have for all n > m + 1 by (2)

n

1
n+1 Z Yk

k=m+1

On (x - x[’”])| =

& &
< |O'n(x)| + Iam(x)| < E + E =g,

whence ||x — x"™||c_ < ¢ for all m > Ny. This shows x = lim,,_,. xI"]. It is clear that this representation is
unique.

Let x € a] be given. Then there is a unique £ € C such that lim,_,., 0,(x - ¥) = £. It follows that

0<lon((x=&-e) - D) < lon(x - ) = & +|ou(E - (e = D))l

[

m for all n.

3|on(x-f)—él+%kzz(;r"s|o,,(x-f)—§|Jr

Letting n — oo, we conclude lim,,_,c 0,((x — & - €)F) = 0. Thus, if x € /. then there is a unique ¢ € C such that

x0 = x - &.eeal. Since a] has AK, as we have just shown, it follows that x() has a unique representation

2@ = T2 xPe® = ¥ (x — £)e®, hence x = & - e + x© has the unique representation in (1). [J

Remark 2.2. We put d® = ¢ — Y771 e® for n = 0,1,... and define the sequence d? by d,((_l) = (k+1)
(k=0,1,...). Then it follows from [7, Corollary 2.3 (a)] and Theorem 2.1 that every sequence x € aj(A) has
a unique representation x = Y (x, — x,+1)d™. Since a’(A) = (ay @ €),, it follows from (1) and [7, Corollary
2.3 (c)] that every sequence x € a’(A) has a unique representation x = &-dV + Y (x,, — x,,11 — £)d®, where
¢ is the uniquely determined complex number such that Ax — &e € a;. These results will be simplified in
Remark 2.6.

We need the following lemma to establish a result which is fundamental in the simplification of the
results in [1] and [2].

Lemma 2.3. Leta € ¢; and b = e + a. Then we have Xca) C b1+ Xcw for X = €, ¢, Co.

Proof. First we prove the statement for X = c.
We assume x € C. Let ¢ > 0 be given. It is well known that x € C implies x,,/(n +1) — 0 (n — o0) ([9,
Theorem L.1]). So there exist a complex number £ and an integer Ny such that

&

3

X, |< €
+10 3(llally + 1)

o) — &| < & and |n for all 1 > No, 3)

where |lally = Y;2laxl| is the natural norm on ¢;. Now we choose an integer N7 > N so large that

N,
=93

aX

n+1 Kk
k=0

Then we obtain for all n > Nj by (3) and (4)

< g forall n > Nj. (4)

n

% Z Xk

No
1
l00(x - b) = €l < low(x) = &l + | == )" xus| +
k=0 k:N(]+1
2¢ € - 2¢ ¢
<=t <=4+ =g
3 " 3(lall, + 1) k_;ﬂ <5 g =e
=INO

thatis, x-b e C, hencex e b1+ C.
Thus we have shown C c b~1 + C.
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The same proof with & = 0 yields the statement for X = ¢g.
Finally, if x € C then there is a constant M such that |o,(x)| < M for all n and we obtain

X, 1 n
= — < _ < .
|n 11T T |(n + 1)ou(x) — noy-1(x)| < lon(x) + —— loy-1(x)| <2 - M for all n,
and so
lou(x - b)| < |op(x)| + |oy(x - a)] < M + sup M Z lagl < (1 + 2jally)M for all n,
e k+1 P

thatis, x - b € Coo, hence x € b1 % C.

Thus we have shown Co, C b1+ Coo. O
Theorem 2.4. We have X0 = Xco for X = €w, ¢, Co.

Proof. We putay =r*fork=0,1,...,a= @R, and b =e+a.
Since clearly a € ¢;, Lemma 2.3 yields Xca) € b7 *+ Xca) = X0
We also have

k
forall kand a’ € ¢;.

& r
) =e+a wherea, = — P
k=0 1+7r

1/b=(

147k

Now if y € X0, thenz = b-y € Xcn and, applying Lemma 2.3 with 1/b, we obtain y = (1/b) -z € Xcw. Thus
we also have XA(V) - XC(l). [l

Now we simplify the spaces a,(A), a;(A) and ag(A).
Corollary 2.5. Let 0 < r < 1and B") = A® - A. Then we have
Xpo = (1/(n+ 1))+ X for X = Lo, ¢, Co. (5)

Proof. Since matrix multiplication of triangles is associative, it follows from Theorem 2.4 that Xpo» = X(40.4) =
(Xa0)a = (Xcw)a. We also have for all x € w and all n € INj

1 - X
CP(Ax) = ] Z(xk - Xk-1) = " _:1,
=0

which immediately yields (5). O

We observe that, by (5), the spaces aj(A), a(A) and ag,(A) are equal to s, s, and sﬁf) for & = (n + 1) of [5].
Now we give bases for a[(A) and af(A).

Remark 2.6. Let 0 < r < 1. Since ¢g has AK and a{;(A) = (1/(n + 1))t xco by (5), aj(A) has AK' by [10, Theorem
4.3.6].
If x € a(A) = (1/(n + 1))~ # c by (5), then there exists a unique & € C such that

Xn

0.

-(n+1
lim =¢, and so lim M =
n—oo 11+ 1 n—oco n+1

Therefore we have x = x — (n + 1) € a[(A), and since a[(A) has AK, we obtain

x=(m+1)&+ i(xn — (n+1)&)e.
n=0
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Now we determine the a—, f— and y—duals of the spaces a/,
result which we state here for the reader’s convenience.

0 ac and al,. We need the following known

Proposition 2.7. ([6, Theorem 3.1]) Let u,v € U. We write b = (1/u)A*(a/v) fora € wand S(u,v) ={facw:b e
t1}. Then we have

(@) (W(u,v,X))* = S(u,0) N [(1/(wv))™ * 4] for X = €, c, co;

(b) (W(u,v,€x)) = S(u,0) N [(1/ (o)™ * col, (W(u,0,0))f = S(u,v) N [(1/(uv))™" * c] and (W(u,v,c))f =
S(u,v) N [(1/(u)) ™" * L)

(c) (W(u, v, X)” = S(u,0) N [(1/(u0)) ™! * €] for X = les, €, Co.

Corollary 2.8. Let 0 < r < 1. We put

$1=51/(m+1),0)={acw: ((n+DAa), € &)
{ Zn+1|ﬂn—ﬂn+1|<00}
n=0

Then we have

(@) (al)* = (a))* = (ap)* = M+ 1) = &y;

() (@) =SiNn[m+1) gl @) =SiN[m+ 1) el @) =SiN[n+1)" =L

(c) (L) = (@) = (ap)’ = St N[ +1)7" L]

Proof. Since X 0 = Xco for X = {u,c,co by Theorem 2.4, we apply Proposition 2.7 (b) and (c) with

u =1/(n+1) and v = ¢, and immediately obtain Parts (b) and (c).
(a) Proposition 2.7 (a) yields that (Xco)* = S; N [(n+ 1)~ # £;]. Since

Y01+ Dty =l < Y 014+ Dl + Y 01+ 2,
n=0 n=0 n=0

wehave S D (n+ 1)1+, O

Remark 2.9. We obviously have e € S; \ [(n+1)7! # £ ]. Leta, = (-1)"/(n + 1)*2 for n = 0,1,.... Then
(n+1)a, — 0 (n > ), thatis,a € (n+1)~! = ¢y, but

Z(n + Dlan — ana| = Z(” + 1)( I 1)3/2 (n+ 2)3/2) Z‘ Vn +1 -

thatis, a ¢ S1. Therefore, the sets in Corollary 2.8 (b) and (c) cannot be reduced in a similar way as those in
Part (a).

Remark 2.10. Let u € U, X be an arbitrary subset of @ and t denote any of the symbols «,  or y. Then we
obviously have (u™! * X)t = (1/u)™! + X'. Since X' = {; for X = €, ¢, ¢y, it follows from Corollary 2.5 that
(@ (A)" = @A) = @A) = (n+ 1)~ « 1.

We now retrieve [1, Theorems 4.4 and 4.5].

Remark 2.11. In view of Theorem 2.4, it suffices to compare the conditions in Corollary 2.8 (b) and (c) with
those of [1, Theorems 4.4 and 4.5] with r replaced by 0. Then the conditions are obviously identical in each
case except for CP.

By Corollary 2.8, we have a € CP if and only if

a € S1and lim(n + 1)a, exists, (6)
n—oo
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whereas the corresponding conditions in [1, Theorems 4.4] are
a€Sianda € cs. (7)

Applying Abel’s summation by parts

n

n-1 k
Z XYk = Xp Yy + Z Yi(xr — Xg41) Where Yy = Z yj (k=0,1,...,n)
k=0 k=0 =0

with x = 2 and y = ¢, we see that the conditions in (6) and (7) are equivalent.

The following remark concerns the a—duals of 4 and 4 given in [1, Theorem 4.3]; as before, we may
replace r by 0.

Remark 2.12. As would be logical from the proof given there, the correct condition in [1, Theorem 4.3] for
a € (Xcw)* seems to be

sup (Z ay Z (=1)"*(k + 1) ] <0 (8)
K cINp n=0 keKn{n—1,n)
K finite
instead of
sup (Z an Z(—l)”"‘(k +1) ] < oo, (9)
K c Ny n=0 keK
K finite

It is easy to see that the condition in (8) is equivalent to that in Corollary 2.8 (a) for a € (Xcw)* when
X =c¢p,c .

On the other hand, if we define the sequence a = (a,),., by a, = (n + 1)%2 (n =0,1,...), then clearly
a € (n+1)"' = ¢, but, for each given m € Ng and K, = {0,2,--- ,2m}, we obtain

|a,| - =Y lagm+12*> =) |al(n+1)* =
n=0 4 n=0 n=0

n=0 n+1 '
and so the sequence a does not satisfy the condition in (9).

N

Z(—l)“‘Zk(Zk +1)
k=0

Finally, we retrieve [2, Theorems 4.5, 4.6 and 4.7].

Remark 2.13. In view of Theorem 2.4 and Remark 2.10, it suffices to compare the conditions in Remark 2.10
(b) and (c) with those of [2, Theorems 4.5, 4.6 and 4.7] with r replaced by 0.
By [2, Theorem 4.5], we havea € (ag(A))"‘ = (@%(A))* if and only if

0o

sup Z ay Z ¢ | < oo where C is the diagonal matrix with ¢}, = (1 + 1);
KcINy n=0 keK
K finite

this condition obviously is equivalent to a € (n + 1) # £;.
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Furthermore, by [2, Theorem 4.6], we have a € (ag(A))ﬁ if and only if

sup Z |€9,k| < o0, where EC is the triangle with 62k =(k+Dafor0 <k <mn, (10)
" k=0
and
Z a; exists for all j. (11)
i=k

Obviously the condition in (10) implies that in (11) and the condition in (10) is equivalent toa € (n + 1)1 = ¢;.
We also have by [2, Theorem 4.6] that a € (a2(A))? if and only if a € (a?)f and

n
lim Y (k+ 1)ay exists. (12)
n—oo pry
Since the condition in (10) obviously implies that in (12), the conditions in [2, Theorem 4.6] for a € (a2(A))
are again equivalent toa € (n + 1)7! = ;.

Finally, by [2, Theorem 4.6], we have a € (ag(A))V = (a%(A))” if and only if the condition in (10) holds
which is equivalent to a € (n + 1)7! * {1, as we have seen above.

We close with a few remarks on some characterisations of matrix transformations.

Remark 2.14. (a) The necessary and sufficient conditions for A € (W(u, v, X);Y) for arbitrary sequences
u,v € U were given in [6, Theorem 3.3] when X = £, (1 < p < ), X =¢por X =cand Y = {,cp,c or
Y = ¢, (1 <r < oo;only for X = {;). In particular, putting u = 1/n+1 and v = e and applying Theorem
2.4, we observe that the characterisations of the classes (a[, (1), (al, £,) (1 < p < ), (a, {w) ([1, Theorem 5.3])
and (al,¢) ([1, Theorem 5.4]) would be special cases of [6, Theorem 3.3 (12.), (19.), (9.), (11.)]. In the same
way we would obtain the characterisations of the classes (af, co) (4, o), (ag, ¢), (ay, €x), (a%, o), (4%, c) and
(a%,, {s) from [6, Theorem 3.3, (10.), (6.), (7.), (5.), (14.), (15.) and (13.)]. Furthermore, by [6, Remark 3.1] the
necessary and sufficient conditions for C to map any of the above spaces into 4, a;, or a}, can immediately
be obtained from the respective one for A mapping into ¢y, ¢ or {s by replacing the entries a,; of A by

¢ = (1/(n+1)) Z?:o ane (n,k =0,1,...) in the corresponding conditions.
(b) Let u,v € U. Then it is clear that

A€ @ +X,07 +Y)ifand only if B € (X, Y) where b, = % for all 1, k.
k

Applying this result with u = 1/n +1 and v = ¢, and Corollary 2.5, we immediately obtain the character-
isations of the classes (a((A), 1), (az(A), {y) (1 < p < o), (al(A), {w) and (al(A),c) ([2, Theorems 5.3 and 5.4])
from the well-known characterisations of the classical classes (c, 1), (¢, {;) (1 < p < ), (¢, {w) and (c, ¢) in
[10, 8.4.9A, 8.4.8A, 8.4.5A, 8.4.5A]. Similarly, putting u = v = 1/n + 1 the characterisations of the classes
(X, Y) where X and Y are any of the spaces a((A), a;(A) or al,(A) can easily be obtained from the well-known
characterisations of the classes of matrix transformations between the spaces cy, ¢ and ¢, that can be found
in [10].
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