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A new application of certain generalized power increasing sequences
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Abstract. The main object of this paper is to prove two general theorems by using a two-parameter quasi-
fB9-power increasing sequence instead of a quasi-B-power increasing sequence. The first result (Theorem
2.1) in this paper covers the case when 0 < § <1 and o 2 0. The second main result (Theorem 2.3) in this
paper covers the exceptional case when = 1 and ¢ £ 0. Each of these theorems also includes several new
or known results as their special cases and consequences.

1. Introduction, definitions and preliminaries

A positive sequence {b,},eN is said to be almost increasing if there exists a positive increasing sequence
{cnlnen and two positive constants A and B such that (see [1])

Ac, £ by £ Bey neN:={1,2,3,---}).

We write
BVo =BV NCop,
where
Co = {x x=(rlen €Q and  lim x| = o}
n—oo
and

BV ={x:x={xp}uen € Q and Z [x, — xpa1] < 00},
n=1
Q) being the space of all real-valued sequences.

Definition 1.1. A positive sequence {y,},en is said to be a quasi-B-power increasing sequence if there exists
a constant K := K(y; ) 2 1 such that the following inequality holds true (see [10]):

Knfy, z mPy,, (nzmz1; mnelN).
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It should be noted that every almost increasing sequence is a quasi f-power increasing sequence for any
nonnegative real number 8, but the converse may not be true as can be seen by considering the following

example:
yo=nF  (meN; p>0).

Let {¢,},en be a sequence of complex numbers and let ), a, be a given infinite series with the associated

n=1

sequence {s,},en Of partial sums. We denote by z§ and ¢ the nth Cesaro means of order a of the sequences

{Snlnen and {na,},eN, respectively, that is,

n

1
-1
Zg = F ZAz,v Su,
n

v=1
and
n
1
-1
tﬁ = F ZAﬁ—v vdy,
noy=1
where

Ay =00, Aj=1 and A% =0 (neN; a>-1).

By definition, the following series ). 4, is said to be summable as follows:

n=1
e-ICal, (kz1, a>-1)
if (see [2])

(o]
Y lpu(zs — 2 ) < oo
n=1

But, since (see [9])
th=n(zy —z, ),

where z is given by (1), the condition (4) can also be written as follows:

(o)

Y nH gt < .

n=1
In the special case when

-1 S+1—
Qn =n""i 6+1

the (¢-|C, al)-summability is the same as the relatively more familiar summabilities:

ICal  and |G a;0l,

respectively.

Recently, by making use of Definition 1.1, Bor and Ozarslan [7] proved the following theorem.

and Qn=n i melN; k=1),

1)

4)

(5)

Theorem 1.2. Let {X,}en be a quasi-B-power increasing sequence for some real parameter f (0 < p < 1), where

X = Xu(B) melN; 0<B<1).
Suppose also that there exit sequences {ky}nen and {Ay}uen € BV o such that

|AAL] < %0,
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K, — 0 (n — o0), ()
Y Ay X, < 00 ®)
n=1
and
AulXy = O(1) (1 — o0). ©)
If there exists an € > 0 such that the sequence {ne‘kl(pnlk}neN is non-increasing and if the sequence {w¢}, ., defined
by (see [11])
It (@=1)
w = (10)
max {|f5]} O<a<l),

satisfies the following condition:

Y (palat)f = 0X)  (m - ), (1)

n=1
then the series Y, anA, is summable as follows:
n=1
@-1C, ali k=21, 0<asl; ka+e>1).
Remark 1.3. Here, in the hypothesis of Theorem 1.2, we have added the following condition:
{Autnen € BVo.

The aim of this paper is to derive extensions of Theorem 1.2 by using a new class of power increas-
ing sequences. For this purpose, we need the concept of the two-parameter quasi-f#)-power increasing
sequences given by Definition 1.4 below.

Definition 1.4. A positive sequence ¢ = {¢,},en is said to be a two-parameter quasi- f#*)-power increasing
sequence if there exists a constant K given by

K = 7(((; f(ﬁ"’)) 21

such that the following inequality holds true (see, for details, [13] and [12, p. 703] for the case when0 < < 1
and ¢ 2 0):
7(f,5/3’0) c,,gf,‘f'“) O (nzm=1;, mneN),

where
£00 = {107} o = P0g ] o e R;0<p=1).

Clearly, if we choose ¢ = 0, then a quasi-f#?-power increasing sequence is precisely the same as the
above-defined quasi-p-power increasing sequence.

2. A set of main results

Our first main result (Theorem 2.1 below) is based essentially upon Definition 1.4 for the case when
0<p<lando 2 0. It provides one of our proposed extensions of Theorem 1.2 of the preceding section.
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Theorem 2.1. Let {A,}uen € BV and let {X,}uen be a quasi- f)-power increasing sequence for some real
parameter B (0 < B < 1) and some real parameter ¢ (o Z 0), where

Xy := Xu(B, 0) meN; 020, 0<p<1).

If the conditions involved in (6) to (9) and (11) are satisfied, then the series ), a,A, is summable as follows:
n=1

©-IC, alk k=21, 0<a=s1,020; ka+e>1).

Remark 2.2. If, as in Theorem 2.1, we assume that {X,},en is a quasi-f (ﬁ"f)—power increasing sequence,
where

£ = { fgﬁ'0>}n€N = {nﬂaog n)ﬂ}neN (020;0<p<1), (12)
then the sequence {nﬁ (logn)° X,,}neN is non-decreasing. So, as a special case, we can take
X, = n_ﬁ(log n)~° nmeN; 020, 0<B<1). (13)

Under this assumption, we find that

Zn Ak, X < 00 = Z KX, < 00 and ni, X, = O(1) (n — o), (14)
n=1 n=1

which holds true for all sequences {X,},en for which the sequence { ,,(ﬁ ’U)Xn}nG]N is at least non-decreasing.

But, if we assume that {X,},eN is a quasi-p-power increasing sequence, that is, if we assume that o = 0 in
(12), then the sequence {X,},en in (13) would no more imply the assertion in (14), because the sequence

{nﬁXn}neN is decreasing (that is, not necessarily non-decreasing) and, therefore, the assertion in (14) is no
longer satisfied. Thus, in general, Theorem 1.2 does not imply Theorem 2.1.

We next consider the seemingly exceptional case of Definition 1.4 and Theorem 2.1 when f = 1and o £ 0.
In this exceptional case, our proposed extension of Theorem 1.2 is given by Theorem 2.3 below.

Theorem 2.3. Let {Aylen € BV and let (X, }uew be a quasi- f(lf‘”)-power increasing sequence for some real
parameter o (o 2 0), where
X, = X,(1,-0) (nelN; ¢ =0).

Suppose also that all of the conditions of Theorem 2 are satisfied with the condition (8) replaced by the following
condition:

Z(n log 1)X,, [ Aty < 0. (15)

n=1

Then the series ), ayA, is summable as follows:
n=1

@ —|C aly k2L, 0<asl; ka+e>1).
We need each of the following lemmas in our proofs of Theorem 2.1 and Theorem 2.3.

Lemma24. ([8))If 0<a<land1 v < n, then

v m

a-1 < a-1
ZA”‘P ap| < max ZAm_p ap| . (16)
p=0 - |p=0
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Lemma 2.5. Except for the condition {A,}nen € BV, under the conditions on the sequences { Xy }neN, {kntnen and
{Autnen as expressed in the statement of Theorem 2, the following assertions hold true:

ni, X, = O(1) (n > ) (17)
and

Z KX, < 00, (18)

n=1

Proof. First of all, we observe that

nk, X, = nX, Z Ax, £ nX, Z [ Aty
u=n v=n

= n"F(logn)“nPlog n)'X, ¥ |Aw,|

v=n

< n'Plogn)™ Z oP(log v)” X,| Ay |

v=n

< Z ok (log )™ X0 (log )| Axcy|

%

= ZZ)XU|AKU| =0(1) (n — o0).

n

8

Now, since k, — 0, we have Ak, — 0. Consequently, for a given positive number € such that
O<e<pte<l,

we get

(o]
E .6
n=1

[eS) (e8] 0o 4

Xu Y Aol = Y 1Akl Y X,
1 v=n v n=1

=1

IA

=
1l

|Atc, | Z nP (log n)° X,nF(logn)™
n=1

Q
I
—_

0) Y |Axfof(log v) X, Z nPlogn)™
n=1

v
|Axc,[0P (log v)° X, Z n(logn)"nF=<

n=1

o(1)

|Akco|[0F X, (log v) 0 (log v) ™ Z np-e

n=1

Oo(1)
=0(1) |AKU|Uﬁ+6va x~P€dx
0

| Ak 0P € X0l P€

o)

g B! g Uil e Bl g B g B g B

o) Y vlAr,|X, = O(1).

<
I
—_
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This completes the proof of Lemma 2.5. [

Lemma 2.6. Suppose that all of the conditions of Theorem 2.3 are satisfied. Then the assertions (17) and (18) of
Lemma 2.5 are also satisfied.

Proof. Under the hypotheses of Lemma 2.6, it is easily observed that

nicn X = 1X, Z Axy < 11X, Z |At|
o=n

v=n

= (logn)’n(logn) X, Z [Axcy|

v=n

e8]

< (logn)’ Z v(log v) X, |Ar,|

v=n

< Z(log 0) v(log v) 7 X, |Aky|

v=n

=0(1) i(v log v)X, |Ax,| = O(1).

v=1
Therefore, we have
[~} ) ) o) v
Z KnXn < Z Xn Z IAKU| = Z |AKU| Z Xy
n=1 n=1 U=n v=1 n=1

= Z |At| Z n(log n) ™ X,n"'(log n)°
v=1

n=1

[ i

< |At,| v(log v) ™ X, Z n_l(log n)°
n=1

I
—_

%

O Y Al wllog o)X, [ ogxyx-tdx
v=1

= 0(1) Z |Ak,| v(log v) X, (log v)"+!
v=1

= 0(1) Z(ZJ log )X, |Ak,| = O(1).
v=1
This evidently completes the proof of Lemma 2.6. [

3. Proofs of Theorems 2.1 and 2.3

Proof of Theorem 2.1. Let T4 be the nth (C, @)-mean of the sequence {na,A,},eny with 0 < a £ 1. Then, by
means of (2), we have

1 v
= ; A g 0. (19)
Thus, by first applying Abel’s transformation and then using Lemma 2.4, we find that
1 n-1 [ A n
— n —
TY = o UZ:; AA, ; A‘n"_; pa, + A UZ:; A% va,
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and
1 n-1 v |/\| n
TS o7 D I8l ) AR pay| + S |}, Ao,
=1 p=1 nolv=1
1 n—1
< 5 D AT WAL+ A
nop=1
= Tz‘/l + ij/z.
Since

k k k k
Ty, + Tyl < 25(T5, 1F + 1T, 500,

in order to complete the proof of Theorem 2.1, by using (5), it is sufficient to show that

)

Yt T <o (r=1,2).

n=1

Next, when k > 1, by applying Holder’s inequality with indices

1 1
k 4 ¥ (- o= 1),
an X X
we get
m+1 m+1 n—1 k
DI ) I ZAzw;nAm]
n=2 n=2 =1
m+1 n-1 n-1 k-1
<Y n"‘n‘“kl(pnl"[ v“"(wg)kma] [Z |AAD|]
n=2 v=1 v=1
m m+1 n_kI(Pnlk
_ ak .ok
=0() ) @) ), —
v=1 n=v+1
m m+1 ne_k|(Pn|k
= O(l)zv"k(wi)kkv Z ke
v=1 n=v+1
m m+1 1
= o) Y ot o plt Y —
v=1 n=v+1
— O(l) i vak(wa)k Z)€_k| |k © dx
- v) Ko Po v xak+e

v=1
m

= 0(1) ) ox ™ @lllpo )"
v=1

m—1 v m
=0() Y Awr) Y rH@llprl) + Oy Y o™ @llpol)*
v=1 r=1 v=1
m—1

= 0(1) Z IA@K)Xo + O 11K X

v=1

877
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m=1
= 0(1) ) 1@ + AR, = 0l Xo + O(1)micy X
v=1
m=1 m=1
= 0(1) ) 0lAko|Xy + O(1) ) X + O(1)micn Xon
v=1 v=1

=0(1)  (m— o),

by virtue of the hypotheses of Theorem 2 and Lemma 2. Thus, finally, we have

Y 7 pa Tl = 0) Y Al @ilpu)*
n=1

n=1

m—1 n m
=0(1) ) ALY o @8lpol) + OMIAuI Y ™ @ilpal)t
n=1 v=1 n=1
m—1
= 0(1) Y IAIX, + O Al X
n=1
m—1
= 0(1) Y 56X + OMIAulXs = (1) (m — ),

n=1

again by virtue of the hypotheses of Theorem 2.1 and Lemma 2.5. Therefore, we obtain

m

Z n e T F=0(1)  (m— oo r=1,2).

n=1

This evidently completes the proof of Theorem 2.1. O

878

Proof of Theorem 2.3. Our proof of Theorem 2.3 is much akin to that of Theorem 2.1 which we have detailed
above fairly adequately. Indeed, in place of Lemma 2.5, Theorem 2.3 is proven by appealing instead to

Lemma 2.6. We choose to omit the details involved. O

4. Special cases and consequences

Each of the following special cases and consequences of one of our main results (Theorem 2.1 of the
preceding section) is worthy of mention here. Theorem 2.3 can similarly be applied in order to derive its

various (known or new) corollaries and consequences.

1. If, in Theorem 2.1, we take {X,},en as a positive non-decreasing sequence and let

e=1, 0=0 and [-§:6+1—1 melN; 056<1; k21,

k

then we get a result of Bor [3].

2. By setting

or

e=1, 0=0, a=1 and ﬁzl—% nmeN; k=1),

Theorem 2.1 would yield a new result dealing with the summability factor

IC, alg or IC, 1,

meN; k=1)
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as the case may be.

3. If the sequence {X,},en is assumed to be an almost increasing sequence, and if
e=1, o=0 and ,B:l—%{ meN; k=1),

then Theorem 2.1 reduces to a known result due to Bor and Srivastava [5].

4. If, in Theorem 2.1, we set

e=1, 0=0 and ‘8:6+1—% melN; 026<1; k21,

then we get a result due to Bor [6] involving the summability factor |C, a; Olx.

5. If the sequence {X, },en is taken to be an almost increasing sequence and o = 0, then Theorem 2.1 would
lead us to a result of Bor and Seyhan [4].

6. By setting 0 = 0 in Theorem 2.1, we readily obtain Theorem 1.2 proven earlier by Bor and Ozarslan [7].
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