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On completely generalized multi-valued co-variational inequalities
involving strongly accretive operators
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Abstract. In this paper we consider the completely generalized multi-valued co-variational inequalit

pap P Yy 8 q y
problem in Banach spaces and construct an iterative algorithm. We prove the existence of solutions for our
problem involving strongly accretive operators and convergence of iterative sequences generated by the
algorithm.

1. Introduction

The theory of variational inequalities provides us an unified frame work to deal with a wide class of
problems arising in elasticity, structural analysis, economics, optimization, operations research, physical
and engineering sciences, etc; see for example [1, 4, 5, 9] and references therein.

In this paper we consider a more general form of multi-valued variational inequalities problems in
Banach spaces, called completely generalized multi-valued co-variational inequality problem. By extending the
technique of Alber and Yao [3], we suggest an iterative algorithm for finding the approximate solution of
our problem. The convergence of iterative sequences generated by our algorithm is studied. We also prove
the existence of a solution of our problem. Several special cases are also considered.

2. Preliminaries

Let B be a real Banach space with its dual B* and (x, f) a pairing between x € B and f € B*. We
denote by C(B) and 2® the family of nonempty compact subsets of B and the family of nonempty subsets
of B, respectively. Let N(.,,.) : BX B — B, G : B — B be the nonlinear mappings, T,A : B — C(B) be the
multi-valued mappings, K : B — 2P be a multi-valued mapping such that K(x) is a nonempty, closed and
convex set for all x € B. We consider the following completely generalized multi-valued co-variational inequality
problem :

Find x € B, u € T(x), and v € A(x)
(CGMCVIP) such that G(x) € K(x) and ,
(N(u,v), J(z—G(x)) =20, VzeK(x),
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where | : B — B* is the normalized duality operator.
Recall that the normalized duality operator | : B — B* is defined for arbitrary Banach space by the
condition

Il Jx llg-=Il x I| and (x, Jx) =|| x |*, V x € B.
Some examples and properties of the mapping | can be found in [2].

Special Cases

(I) If T is a single-valued nonlinear operator,A = V : B — C(B) and N(x, y) = Tx + Ay, then (CGMCVIP) is
equivalent to find x € B, y € V(x) such that G(x) € K(x) and

(Tx+ Ay, J(z—G(x)) >0, forallze K(x). 2.1

Problem (2.1) is called generalized multi-valued co-variational inequality, considered and studied by Alber and
Yao [3].

(II) When B is a Hibert space, | reduces to the identity mapping. Consequently, problem (2.1) reduces to
the following problem: Find x € B, v € A(x) such that G(x) € K(x) and

(Tx + Av, z—G(x)) =20, VzeK(®). (2.2)

Problem (2.2) is called generalized multi-valued variational inequality introduced and studied by Jou and Yao
[10].

It is clear, from these special cases that our problem (2.1) is more general than the problem considered in
[3] and generalizes many problems in the literature. See, e.g., [8, 13].

We first recall that the uniform convexity of the space B means that for any given € > 0 there exists 6 > 0
suchthatforallx,y € B, [| x [[< 1, |y I< 1, || x — y ||= €, the following inequality

lx+yll <2(1-9)
holds. The function

lx+yll
T

5B(€)=inf{1— Ixll=1, llyl=1 llx=-yl= 6}

is called the modulus of the convexity of the space B.
The uniform smoothness of the space B means that for any € > 0, there exists 6 > 0 such that

lx+yll+llx=yll
2

-1<ellyll

holds. The function

lx+yll+lx—yll
pB(t):sup{ / 7 LAY lx(=1, ||y||=t}

is called the modulus of the smoothness of the space B.
We observe that the space B is a uniformly convex if and only if 5g(€) > 0 for all € > 0 and it is uniformly
smooth if and only if lim t~1pg(t) = 0.

Remark 2.1. All Hilbert spaces, L, (or [,) spaces (p > 2) and the Sobolev spaces W1 (p > 2) are two uniformly
smooth, while, for 1 < p <2, L, (or I,) and Wh,(p > 2) spaces are p-uniformly smooth.
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The following inequalities will be used in the proof of our main result and the proof of these inequalities
can be found, e.g. in [3], and hence, we omit it.

Proposition 2.2. Let B be a uniformly smooth Banach space and | the normalized duality mapping from B to B*.
Then, for all x,y € B, we have

@ llx+yl? < IxIP+2¢y, Jx+y)),
(i) {(x—y,Jx—Jy) < 2d%pp(4|lx—yll /d),

whered = /(I x I? + 1 y P)/2.

Let us recall the following definitions.

Definition 2.3. The mapping G : B — B is said to be strongly accretive if there exist a constant y > 0 such
that
(Gx =Gy, J(x—y)=yllx—yl? forall x,y€B.

Definition 2.4. Let T,A : B — C(B) be two multi-valued mappings, N(.,.) : B X B — B be a nonlinear
mapping.
(i) The mapping u — N(u,v) is said to be strongly accretive with respect to the mapping T, if for any
x1, X, € B there exists a constant t > 0 such that for any u; € T(x1), u> € T(x2) and any v € A(x),

(N(u1,v) — N(up,0), J(x1 —x2)) = t | x1 — x2 |%,

(if) The mapping v — N(u,v) is said to be strongly accretive with respect to the mapping A, if for any
x1, X2 € B there exists a constant s > 0 such that for any v € A(x1), v € A(x2) and any u € T(x),

(N(u,v1) = N(u,v2), J(x1 — x2)) = sllx1 — xal*.

Remark 2.5. I T, A are single-valued mappings and N(T(x), A(x)) = G(x), then Definition 2.4 reduces to
Definition 2.3.

Definition 2.6. The mapping N(.,.) : B X B — B is said to be Lipschitz continuous with respect to first
argument, if there exists a constant § > 0 such that

I N(u1,.) = N(uz, ) | < Bllur —uzll, for some uy € T(x1),uz € T(x2),x1,X2 € B.

Definition 2.7. The mapping A : B — C(B) is said to be H-Lipschitz continuous if there exists a constant
1 > 0 such that
H(Ax),A(y) < nllx-yll, ¥ x,y€B.

where H(., .) is the Hausdorff metric on C(B).
Let B be a real Banach space and Q2 a nonempty closed convex subset of B.

Definition 2.8. ([6,7, 12]) A mapping Qq : B — Qs said to be
(i) retraction on Qif Q2 = Qq;
(if) nonexpansive retraction on Q if it satisfies the inequality

Qox=Qayll < llx-yl, ¥ x,y€B;
(iii) sunny retraction on Q if for all x € Band forall 0 < ¢ < +o0,
Qa(Qax + tx — Qox)) = Qox.
We have the following characterization of a sunny nonexpansive retraction mapping.
Proposition 2.9. ([7]) Qq is a sunny nonexpansive retraction if and only if for all x € B and for all y € Q
(x = Qox, J(Qox—-y)) = 0.

Proposition 2.10. ([3]) Let B be a Banach space, (2 a nonempty closed and convex subset of B, m = m(x) : B — B
and Qq : B — Q be a sunny nonexpansive retraction. Then for all x € B, we have

Qarmx = m(x) + Qalx — m(x)).
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3. Iterative Algorithm

In this section we first give some characterizations of solutions of (CGMCVIP).

Theorem 3.1. Let B be a Banach space, T,A : B — C(B), N(,,.) : BXB—B,G:B — B, Qxx) : B— K(X) be
a sunny nonexpansive retraction and K : B — 28 such that K(x) is nonempty closed convex subset for all x € B.
Then the following statements are equivalent:

(i) x € B, u € T(x), v € A(x) are solutions of (CGMCVIP);
(ii) x € B, u € T(x), v € A(x) and Gx = Q) (Gx — ©(N(u, v))) for any T > 0.

Proof. For the proof, we refer to [4] and references mentioned therein. [J
By combining Proposition 2.10 and Theorem 3.1, we have the following theorem.

Theorem 3.2. Let B be a Banach space, X a nonempty closed convex subset of B. Let T,A : B — C(B),
N(,.) : BXxB— B,G:B — B,Qx : B — X be a sunny nonexpansive retraction and K : B — 2B such that
K(x) = m(x) + X forall x € B. Then x € B, u € T(x), v € A(x) are solutions of (CGMCVIP) if and only if

x = x—Gx +m(x) + Qx(Gx — ©(N(u,v)) — m(x)), forany 7 > 0.

Algorithm 3.3. We now construct the algorithm for finding approximate solutions of (CGMCVIP). Let
K(x) = m(x) + X, where X is a nonempty closed convex subset of B and 7 > 0 be fixed.

Given xg € B, take any ug € T(xg), vo € A(xp) and let
x1 = xo — Gxo + m(xo) + Qx(Gxo — T(N(ug, v9)) — m(xp)).

Since T(xo) and A(xp) are nonempty and compact sets, there exist u; € T(x1), v1 € A(x1) such that

IA

l o —ur Il < H(T(xo), T(x1)),

IA

loo — o1 |l < H(A(xo), A(x1))-

Let
X2 = x1 — Gxy +m(x1) + Qx(Gx1 — ©(N(u1,v1)) — m(x1)).

By induction, we can obtain sequences {x,}, {#,} and {v,} and
Xnp1 = X — Gxy + m(x,) + Qx(Gxy, — T(N(up, vn)) — m(xy,)), (3.1)

up € T(x), Il ttn = ttnir IS H(T(xn), T(xn11)),
Un € A(Xn), || Un — Opsa I H(AQxR), A(Xn41)),
n=0,1,2---

4. Convergence Theory
We apply Algorithm 3.3 to prove the following convergence and existence result.

Theorem 4.1. Let B be a uniformly smooth Banach space with the module of smoothness pg(t) < Ct? for some C > 0.
Let X be a closed convex subset of B, N(.,.) : BXB — Bbea bifunction, T, A : B — C(B) be the multi-valued mappings,
G,m : B — B be single-valued mappings. Let Qx : B — X be a sunny nonexpansive retraction, K : B — 28 be a
multi-valued mapping such that K(x) = m(x) + X for all x € B. Suppose that the following conditions are satisfied:

(i) N(.,.) is strongly accretive with respect to mappings T and A with corresponding constants t > 0, s > 0;
Lipschitz continuous in both the arquments with corresponding constants p > 0 and a > 0,
(ii) G is both strongly accretive with constant y > 0 and Lipschitz continuous with constant 6 > 0,
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(iii) m is Lipschitz continuous with constant 6 > 0,
(iv) T and A are H-Lipschitz continuous with constant & > 0 and n > 0, respectively,
(v) 0<2(1 =2y +64C6%)1 +26 + (1 — 21(t + 5) + 64CT3(?* + p2E2))2 < 1.

Then there exist x € B, u € T(x) and v € A(x) which are solutions of (CGMCVIP) and the sequences {x,}, {11}

and {v,} generated by the Algorithm 3.3 converge strongly to x, u and v, respectively i.e. x, — x, u, — u and
Uy = VAS N — 0.

Proof. By the iterative scheme (3.1) and Proposition 2.10, we have

s = xall = lIxn — Gxn + m(xn) + Qx(Gxn — T(N(ttn, 04)) — m(xy))
= (tpo1 = Gy + m(x-1) — Qx(Gxyor — T(N(Up-1, 04-1)) — m(xu—1))Il
< lon = X1 = (Gx = Gapg)l| + 2[lm(x,) = m(xp-2)Il + [1xX0 — X1
= (Gxy = Gxp-)ll + Iy = X1 = T(N(th, v) = N(ty—1, 0p-2))ll
= 2lxn = xp-1 = (Gxy = Gyl + 2lIm () = m(x, )|
+ [l = X1 = T(N(tn, vn) = N(tty-1,05-1))l- (4.1)

By Proposition 2.2, we have
Il = x4-1 = (Gxy, — Gxn—l)”2 <|lx, - xn—l”2 — 2(Gxy, — Gxy—1, J (x40 = xp—1 — (Gxy — GXy—1)))

= ”xn - xn—1||2 - 2<Gxn - Gxn—llf(xn - xn—l»

= 2(Gxy — Gxp-1, J(xu — xp-1 — (Gxy — Gxp—1)) — J (X0 — Xn-1))

4||Gx, — Gx,—
< s = 32l = 2y = P+ 42y (A=t
< ”xn - xn—l“2 - 27/||xn - xn—l“2 + 64CI|Gxn - GXn—l“2
< (1 =2y + 64C8%)||x, — x,-1]1% (4.2)

By Proposition 2.2, we have

1% = X1 = T(N(tt, 0n) = N1, op)IP < 110 = Xt l* = 27N (i, 05) = Nttyo1, 0p1),
J(xn = xu-1 = T(N(thy, 0n) = N(up-1,04-1)))
= [lxn = Xpal® = 20N (i, 0) = N(n-1, 1),
J(xn = xn-1)) = 2N (U, vn) — N(ty-1,0n-1),
J(xn = xn-1 = TN (U, ) = N(thy-1,0p-1))) = J(Xn — Xp-1))

= [l = X1 = 26N (tt, 0n) = N(ttn-1,0n)
+ N(up-1,0) = N(ttn-1,0-1), J(Xn = Xn-1))
= 21N (ttn, 0n) = N(thn-1,0n-1),
J@n = Xn-1 = T(N(tn, Un) = N(thn-1,0n-1))) = J(n = Xn-1))
= |l = X1l = 26N (ty, ) = N(ttn-1,0s),
JCn = xp-1)) = 20N (-1, 0n) = N(ty-1, 0n-1),
J@n = xu-1)) = 20A(N(tty, v) = N(th-1,0p-1),
J@en = xn-1 = T(N(n, vn) = N(tn-1,05-1))) = J(Xn — Xn-1)).  (4.3)
Since N is strongly accretive with respect to the mappings T and A, we have

<N(un/ Un) - N(un—lr Un)/ ](xn - xn—1)> + <_N(un—1/ vn) - N(un—lr vn—l)/ ](xn - xn—1)> > (t + S)Hxn - xn-1||2- (44)
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Using (4.4) and (ii) of Proposition 2.2, (4.3) becomes

Iy = x0-1 = T(N(ttn, 0) = N(ty-1, vn—l))Hz < ey = xn—lllz = 27(t + s)llxn — xn—1”2
4TZ||N(un/ Un) - N(un—lr Z)n—l)”
i .

+ 40y ( (45)

Using Lipschitz continuity of N in both the arguments and Algorithm 3.3, we estimate the following

. AN (utn, 0n) = N(tty-1,0p-1)l

2
4d-p 7

2
) = 4d%pp (%(IIN(% n) = N(ttn, Un-1) + N(itn, Un-1) — N(un—l,vn-1)ll))

4 2
< 4d*pp (%(IIN(un, Un) = N(ttn, vu-1)|| + [IN(tt, vp1) — N(un—1,vn-1)ll))

< 64CT ([N (1t 01) = N(tty, 0p-1)I* + IN(tt, 04-1) = N(tty1,04-1)|)
< 64CT3(@?lvy — vy | + B2ty — 1nall®)

< 64CTX (P HA(A(x), A(xn-1)) + FPHA(T (), T(xn-1)))

< 64CT* (@ Pl — Xl + BRE I = xa IP)

= 64CT (&’ + BED)) I — Xpa P (4.6)
It is clear from the Lipschitz continuity of m that
| mQxn) —mu1) | < Ol X0 = 201 |l - (47)
From (4.2)-(4.7), we have the following inequality:
| Xne1 =2 Il < Kl X0 = X |l
where k = 2(1 — 2 + 64C6%)2 + 26 + (1 — 21(t + 5) + 64CT3(a21* + p2E2))2 and 0 < k < 1 by (v).

Consequently, {x,} is a Cauchy sequence, and thus, converges to some x € B. Now we prove that
u, = u € T(x) and v, — v € A(x). From Algorithm 3.3, we have

” Upe1 — Up ” < H(T(xn+1)r T(xn)) < (S || Xn+1 — Xn ”

and
| Ope1 —0n Il < H(A(xn+1)rA(xn)) <17 I Xpe1 = X |l

which imply that the sequence {u,} and {v,} are Cauchy sequences in B. Let u, — u and v, — v. Since
Qx, G, T, A, N(.,.) and m are continuous in B, we have

x =x—Gx +mx) + Qx(Gx — t(N(u,v)) — m(x)).
It remains to show that u € T(x) and v € A(x). In fact,

d(u, T(x)) =inf{|| u —w ||: w € T(x)}
<l = wy || +d(un, T(x))
<Il'u = uy || +H(T(xy), T(x))
<l —up || +&E |l x — x [|[> 0.

Hence d(u, T(x)) = 0 and therefore u € T(x). Similarly, we can prove that v € A(x). The result then follows
from Theorem 3.2. [
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