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Some remarks on the brachistochrone problem with Coulomb friction

Marian Muresan?

#“Babes-Bolyai” University, Faculty of Mathematics and Computer Science, M. Kogdilniceanu str., RO-400084, Cluj-Napoca, Romdnia

Abstract. This paper introduces some results on the brachistochrone problem with Coulomb friction and
nonzero initial velocity. The following boundary conditions are considered hereafter: fixed end points and
fixed initial and final velocities.

1. Introduction

1.1. The mathematical statement of the problem

The aim of this section is to introduce the brachistochrone problem. A seminal paper on this topic from
the time of Johann Bernoulli till nowdays with modern ideas and results is [21].

The figures of the present paper were drawn by Mathematica®.

The first problem formulated in terms that now belongs to what is called the calculus of variations was
stated by Johann Bernoulli in June 1696 in Acta Eruditorum, a journal directed by G. W. Leibniz.

The problem stated by J. Bernoulli is also called the brachistochrone problem or the least time sliding, [7,
p- 51, [13, pp. 100-102], [14, p. 33], [1, p. 25], and reads as follows. Find the shape of the curve down which
a bead sliding from rest and accelerated by gravity will slip (without friction) from one point to another in
the least time. The term derives from the Greek fpaxiotoo (brachistos) “the shortest” and xpovoo (chronos)
“time, delay”. So this is a minimum time problem.

In a more modern language this problem is stated as follows. Consider in a vertical plane a rectangular
system of axes so that Ou is the horizontal axis and Ox the vertical axis oriented vertically downwards the
smooth curves connecting two fixed points A = (1, xp) and B = (uy,x1) with 0 < ug # 11, 0 < x9 < x1. Find
the shape of the smooth curve down which a bead sliding with initial speed vy > 0 downward from A
and accelerated by gravity will slip (without friction) to B in the least time. The case with nonzero kinetic
friction is stated and discussed only for uniform and for Coulomb friction in Section 2.

We try to rephrase this problem in a mathematical language. Based on the law of conservation of energy
we write

me? Mo
> T3 T mg(x — xo),
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where g is the gravitational acceleration. Thus the movement equation becomes

2
v

o(u) = \/E VX —=x,, with x, =xy— ﬁ
ds

Because of v = ds/ dt, where s is the arc length, [20], we have that dt =

Therefore the time needed to follow the arc is

where (-)’ represents the derivative of the quantity (-) with respect to time .

We conclude that the time ¢ depends on the AB arc, i.e., on the function that represents this arc. We
also have two boundary constraints, namely x(u9) = xp and x(u#1) = x;. The arcs satisfying the last two
constraints are said to be admissible arcs or feasible arcs to this problem. By an arc we understand an
absolutely continuous function, [3, p. 4].

A survey on the brachistochrone problem without friction can be found in [17].

1.2. The Euler-Lagrange, Weierstrass-Erdmann, and the transversality necessary conditions

For our purposes we use some notions and notations from [7, Chapter 2]. Euler-Lagrange, Weierstrass-
Erdmann, and the transversality necessary conditions are useful to us. To state these necessary conditions
we consider the problem

b
min Alx],  Afx] = f L(t, x(t),x' (1) dt,  x(t) = (x1(), ..., xa (D)), )
with phase constraints and boundary constraints
(t,x(t) €T Cla,b]xR", forall te€[ab], (a x(a)b,x(b))eB. 2)
We suppose that
T=cl(ntT), Bc R""* closed and L(t,x,v) € C(T x R"; R). 3)

The set QO ¢ AC([qa, b]; R") of feasible arcs is defined as
={x|(t,xt)eT, telab], L(x(),x()eLab]) and (a x(a),b,x(b)) € B}. 4)

If the set B is a singleton, we do not need any other assumption. Otherwise there are necessary some
assumptions on, at least, a neighborhood By of the point e[x] = (a,x(a),b,x(b)) € B. In such cases it is
necessary that By be a manifold of class C! of dimension k, 0 < k < 21 + 1, and having a tangent hyperplane
B’ at e[x] whose vectors are denoted

h = (Tllél/’rZ/éz)/ 51 = (é%//é%) = (dx%/°"/ dx;l)/ 52 (52//5;) = (dx;,..., dxg)
In what follows -, -) denotes the inner product in R".

Theorem 1.1. ([7]) Consider problem (1)—(2) together with conditions (3)—(4) and let x*(t),a < t < b, be an arc with
essential bounded derivative, (t, x*(t)) € intT, t € [a, b]. Suppose that x* supplies a strong local minimum of problem
(1)—(2). Then
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(a) (Euler-Lagrange necessary condition) The n functions Ly.(, x*(-),x"'(")) coincide a.e. with the n absolutely
continuous functions, let —A;(-) and —A[(t) = Ly, (t, x"(t), x"'(t)). Thus we may write

d(L,.(t, x*(t), x*' (¢
(L di) ®) = L (t, X' (1), X' (D), ae telabl, i=1,...n
In vectorial form the function A(t) = —L,(t, x*(t), x*'(t)) is absolutely continuous and
d(Lv(t’xd(:)’x ) _ 1 20,7 (1), ae. t€a,b]

(b) (Weierstrass-Erdmann necessary condition) If x* is continuous with piecewise continuous derivative on the
interval [a, b], then at each point ty of the first kind of discontinuity of x*', we have
Lvi(tOr X*(to)/ x*,(to - 0)) = Lvi(tO/ X*(to)r x“(to + 0))1 i= 11 ceen,
L(to, x"(to), " (o — 0)) — {x™'(to — 0), Lo(to, x"(fo), ' (to — 0)))
:L(tO/ x*(to)/ X*/(to + 0)) - <x*’(t0 + 0)/ LU(tOI X*(to)/ x*l(tO + O))>
(c) (Transversality necessary condition) In the case of free boundary problems let B’ be the tangent hyperplane to

B at e[x] = (a,x*(a), b, x*(b)). Consider h = (t1,&1,7T2,&2) = (dty, dx1, dfy, dxy) an arbitrary element in B’. Then
the following transversality equality

n n
A= ([L -y xf’Lvi] dt+ Y Ly, dxi]

i=1 i=1

(0" (b))
=0
(a,x*(a))

is true for all tangent vectors h = (dt1, dxi1, dta, dxo) € B, the tangent hyperplane to B at (a, x*(a), b, x*(b)). Here
the coefficients of dt and dx; are the absolutely continuous functions M(-), respectively, —A(-) evaluated at the points
(a,x*(a)) and (b, x*(b)). If B has at (a, x*(a), b, x* (b)) only a tangent cone B’, then A > O, forall h € B'.

1.3. The Lagrange multipliers rule for a Bolza problem
The problem to be considered in this subsection is that of finding in the class C![a, b] the arcs

xi=x(t), i=1,...,n, te]lab], (5)
satisfying the differential equations and boundary conditions

Qat,x,x)=0, a=1,....,m<mn, (6)
Yula, x(a),b,x(b)) =0, u=1,...,p<2n+2, (7)

on which minimizes a Bolza functional of the form
b
I =G(a,x(a),b,x(b)) + f f(t,x,x")dt. (8)

Theorem 1.2. ([15], [5]) Suppose that the functions ¢,, G, and f are of class C>. For every minimizing arc x* for
the problem of Bolza (5)—(8) there exist constants ¢; and a function

F=Nof + ) Aa(Dpa
a=1

such that the equations

t
Fxnginds+ci, 0a=0, te]ab],
a
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hold at every point of x*, furthermore such that the end-points of x* satisfy, besides the equations \,, = 0, the condition
that

n n b
[F - foin,] dt+) Fedx| +19dG=0

i=1 i=1

a

for every set of differentials dt,, dx;;, dts, dxi, which satisfy the equations dip, = 0. The first multiplier A is a
constant, and the multipliers A,(-) are continuous except possible at the values of t defining corners of x*. The elements
of the set Ao, Ay(-) do not vanish simultaneously at any point of x”.

2. Brachistochrone with Coulomb friction

We here introduce the brachistochrone problem with friction. The case of uniform friction with zero
initial velocity is discussed in Subsection 2.2. Subsection 2.3 is dedicated to the brachistochrone problem
with Coulomb friction and nonzero initial velocity.

2.1. Kinematics of a particle

Let a Cartesian coordinate system uOx coincides with a vertical plane so that Ou is the horizontal axis
and Ox is the axis oriented vertically upwards (see Fig. 1). We are looking for the smooth curves connecting
two fixed points A = (uo, x0) and B = (uy,x1) with up, 1 > 0, up # 11, and 0 < x1 < xp so that a bead M
sliding with initial speed vy > 0 downward from A and accelerated by gravity will slip with a nonlinear
kinetic friction to B in the least time T.

Figure 1: Curvilinear motion

We suppose for the beginning that there exists a solution represented by a sufficiently smooth curve y
and an arbitrary point M lying on y. Let 7 be the unit tangent vector to y at M, v be the velocity vector of the
bead M, v be the unit normal vector to y at M, g be the acceleration gravity vector, fy be the friction force,
f, be the normal component of the constraint reaction force, 0 be the slope angle of the tangent, and i and j
be the unit vectors of the Cartesian coordinate system uOx.

The position of a particle M relative to the coordinate system 1Ox is determined by the position vector
r (see Fig. 1). The particle M is moving from A to B, so its position vector r is a function of time ¢, i.e.,

r =r(t) = (u(t), x(t)).
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The velocity of the particle M at time ¢ is defined as

dr(t) _ oo
T = WO, 0).

Denote v(t) = [[v(t)|| and g = [Ig||. Then ||| = [[v|| = [lill = [ljll = 1 and (7, v) = (i, j) = 0. From Fig. 1, we have
that

v=v(t)=

T = —cos 0i — sin 0j, v = —sin 0i + cos 0j, 30 =sin0i—cos0j = —v,
i=-cosOt—-sin0v, j=-sinOt+cosOv, v = —vcos 0i — vsin 0

and
u'(t) = —ou(t) cos O, x'(t) = —o(t)sin 6, 9)

o(t) =\t + x20), o5 = D,

Itis obvious that ||dr/d6|| =1 and (r, dt/d6B) = 0.
The acceleration of the particle M at instant ¢ is defined and expressed as

3 _dv(t)  dx()  d(®)r)  dok) do dr

==~ =g @ ~ a D% e
Thus we have

a(h) =v' () T+ o(t) O'(t) de (10)

B de’

Newton’s second law of the motion of the particle M is

ma=w+f, +f, (11)
where w is the weight of the particle, i.e.,

. . dr
W = mg = —mgj =mg(sm97+c059@), (12)

f,, is the friction force,

£.(t) = —f(OT(D), (13)

and f, is the normal component of the constraint reaction force,

dr
£,() = n(t) 0 (14)
Taking into account (10) and (12)-(14), Eq. (11) can be written as
, 0 STV s dry dr
m(v BT +00 () de)‘ mg(sm 0(t) T + cos O(¢) dQ) JIOERSTORS

Since for each t the unit vectors 7 and dt/ d0 are linearly independent, from the previous equation we get
the following system of differential equations of the motion to the particle

{ mv'(f) = mgsin 6(t) — f(1),

mo(H0' () = mg cos O(F) + n(t), (15)

or, after dividing by m (m is a nonzero constant),

V() = gsin 6(t) - £(b),
v(HO'(f) = gcos O(t) + n(t),

where f = f/mand 71 = n/m.
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Remark 2.1. For general ? and 7 the previous system is difficult to integrate getting solutions in closed
form.

2.2. Brachistochrone with uniform friction, fixed end points, and zero initial velocity

Problem 2.2. Similar to the statement in Subsection 1.1, consider in a vertical plane a rectangular system
of axes so that Ou is the horizontal axis and Ox the vertical axis oriented downwards the smooth curves
connecting two fixed points A = (1, xp) and B = (u1, x1) with ug > 0, xo, x; > 0. Find the shape of the smooth
curve down which a bead sliding with null initial velocity downward from A and accelerated by gravity
will slip with uniform kinetic friction to B in the least time.

Solution 2.2. Since the kinetic friction denoted u is involved, the terms corresponding to the normal
component of weight and the normal component of the acceleration (present because of path curvature)
mustbe included. Including both terms requires a constrained variational technique ([2], [11]), butincluding
the normal component of weight only gives an approximate solution. The tangent and normal vectors are

T=cosOi+sin0j, v=-sinfi+cos0j,
weight and friction forces are then

w =mgj, f,=-uw, —v)lt=—-umg cosOr,
and the components along the curve are

(w, Ty =mg sin0 and <fy, T> = —umg cos 0.
The first equation in (15) gives that

dv dx " du
"ar T M T s
where v = v7, and v is the velocity vector. But

do dv 1 do? )
T '% 23 =7 =2g(x — pu) = v = 2g(x — pu),

SO

ds V1 + x’2 1+ x?
dt=— = —— du =

f—— _—
v Zg(x ) 2g(x — pu)
Using the Euler-Lagrange necessary condition leads to (1 + 31+ ux’) +2(x — pu)x"” =
This can be reduced to
1+x? ¢
(1+ux'?  x—pu

, € constant.

Denote x’ = cot(6/2) and

¢ sin6 + 2ucos O — u?sin 6

=3 cot(6/2) — do,
_ ¢ cos(0/2)(sin 6 + 2y cos O — p? sin 6)
2 cos(0/2) — usin(0/2) ’

the solution follows as

2
u:uo+%(6—5in9+y(1—cos€)),

2 (16)

k
X =xg+ 5 (1 —cos O + u(0 +sin0)),
where k? = 1/(2g¢?).
Figure 2 contains three particular graphs for (16). O
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(0,0), ug Ug+m Up+2r

u

Up=0.5, xo=0, k=2,
u=0, 0€[0,2r]

Up=0.5, xp=0, k=2,
u=0.5, 6€(0,2r]

Up=0.5, x9=0, k=2, u=1, 6[0,2x]

Y x

Figure 2: Brachistochrone with uniform friction

Remark 2.3. (a) The above approach can be found in [12] and [22].
(b) We look for the final angle 0; as a solution of the nonlinear equation

(1 — up)(1 = cos 01 + (01 + sin 01)) = (x1 — x0)(61 — sin 01 + (1 — cos 01)).

Then we determine the constant k by

k= 2(u1 — ug)
01 —sinO1 + (1 — cos 0;)

Now we can write the parametric equations of the brachistochrone curve joining the points A and B
with uniform friction of constant coefficient p.
(c) The angle of the motion along a trajectory does not depend on the coefficient of friction p. Indeed,

dx sinO+ u(l+cos6) cos(0/2)(sin(6/2) + pcos(0/2)) 6

Q- T-cosO+usin®  sin(0/2)En(0/2) + peos(0/2) 2

(d) The velocity of the motion along a trajectory is given by

0= Vu?+x? =Ko

sin9+ COSQ'
g THEOSH|:

2.3. Brachistochrone with Coulomb friction and nonzero initial velocity

In the present subsection we consider the brachistochrone problem with Coulomb friction and nonzero
initial velocity.

2.3.1. Statement of the problem
We only mention some papers on this subject, namely, [18] and [21].
We recall system (15), namely,

mv'(f) = mgsin 6(t) — f(1),
{ mu(t)0'(t) = mg cos 6(t) + n(t),

where n(t) = (f,, dt/d0)and f(t) = pln(t)l.
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Similarly to [18], we assume that the normal component of the constraint reaction force is continuously
oriented opposite to the gravitational force, that is,

n(t) < 0. 17)
From (15), by eliminating n(t), we find the first differential constraint

fi(t) =0’ (t) — gsin O(t) + u(—v0’(t) + g cos 6(t)) = 0. (18)
We recall (9) under the form of other two differential (nonholonomic) constraints

)y =u'(t)+v(t)cosO() =0, f3(t) = x'(t) + v(t) sin O(t) = 0. (19)
From (17), by the second equation in (15), we are led to

v(hH6'(t) — gcos O(t) < 0.

We now introduce, based on [18], an unknown function g’ so that the previous inequality becomes an
equality and this is the next and last differential constraint to our problem

falt) = 0()0' (£) = g cos O() + q"*(t) = 0. (20)

All together we have four differential constraints, namely, fi =0, , =0, f3 =0,and f; = 0.

Figure 3: The idea of the case in Section 2.3

Let us introduce the following boundary conditions

u(0) = up, x(0) =xp, 0(0) =1y, (21)
u(T) =ur, x(T)=xr, o(T)=or. (22)

Now, our problem can be expressed as the following Lagrange problem
T
I= f dt — min, (23)
0

with the boundary conditions (21) and (22) and the constraints (18)—(20).
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2.3.2. Transformation of the problem by the Lagrange multipliers rule
Accordingly to Theorem 1.2, [4], [5], [6, Ch. VII] or [9], we can transform this problem by the Lagrange
multipliers rule into an unconstrained Lagrange problem of the form

IZLT[1+iAiﬁ] dt

T
:f {1+ M[v'(f) — gsinO(t) + u(—v(t)0’(t) + g cos O(1))]
0

+ Ag[u’ (£) + v(t) cos O()] + As[x'(t) + v(t) sin O(t)] + Aa[v(t)0’(t) — g cos O(F) + q'z(t)]} dt.

(24)

where A4, ..., A4 are functions depending upon ¢ and they have to be found, with the following transversality
condition

([F - (wFu +X'Fy + 'y + 0'Fg +¢'Fy )| dt + Fy du+ Fy dx + Fy do+ Fo dO + Fy dgl|, =0, (25)
for every set of differentials dug, duj, dxo, dx;, dvy, dvy, d6y, d61, dgo, and dg; satisfying the boundary
conditions (21) and (22). Here F represents the integrand of the functional (24), that is,

4
F=F@,x,0,9,0,0,q,A, A, A5, M) =1+ ) Aif: (26)
1

The multipliers A; are continuous except possibly for the values of ¢ defining the corners of the extremal
solutions x*'.

2.3.3. Transformation of the state variables
Accordingly to [10], introducing the following transformations of the state variables

’ 7
21=U, Zp=X, Z3=0, z4=0, zz=¢,

2/6 = Ay, 2/7 = Ay, Zé = Ag, Z; = Ay,
the integrand of the functional (24) can be written as
’ ’ ’ ’ ’ ’ ’ ’ ’
L(le Z2/ 23/ Z3/ 24, 24/ ZS/ Z6/ Z7/ Z8/ ZQ)

. . 2
=1+2z (2’3 — pz3z) + gy cos z4 — sin 24)) + 272} + 23 COS z4) + z§(25 + z3 sinz4) + 24(232) — g CcOS z4 + 25°)

and the problem now is

T
’ ’ ’ ’ ’ ’ ’ ’ ’ :
]:f L(z}, 25, 23,23, 24, 2}, 75, Zg, 27, Zg, Zg) A — min,
0

with the transversality condition

9 9 T
[L -y z;chJ dt+Y Lydz|| =0
- - 0
and the boundary conditions
21(0) = up, 2(0) =x, 23(0)=vo, z(0)=0, i=5,...,9, (27)

Zl(T) =ur, ZQ(T) =XT, Zg(T) = 0T. (28)
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2.3.4. Solving the problem in z variables
The corresponding Euler-Lagrange equations ((a) in Theorem 1.1) are

JL d (8L

9 Z) =0, i=1,...
dz; dt 8217) O 1=1....9,

whereas the boundary conditions are

JL
(ﬁ)dzi

1

T
=0, i=1,...,9,

0
T L Py
=

T
=0.
0

Since for z4 there is no initial or final requirement, we have the following natural boundary conditions

&L)

; =0 = (q/)\4) :O,

(925 T |T

oL =0 = (@ —uob + g( cosG—sinQ))| =0
82/6 T_ H gtu T Y
(8L/) =0 = (W +vcosO)|;r =0,

Jz., T

(BL,) =0 = (' +vsin0O)|; =0,

9z )|;

JdL _ , ’2 _
(82;)T_0 = (09 —gcosB +q )‘T—O.

706

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

The final time is not specified, thus the second equation in (30) leads to the following transversality condition

9
oL

or in expanded form

T

(1 + Aqg(p cos 6 — sin 0) + v(A; cos 6 + Az sin 0) —/\4(q’2 + g cos 6))|T =0.

Euler-Lagrange equations (29) explicitly are written as follows

A afa)
dzz dt\dz,)
A dfa)_
dzy  dt\9dz] o

(37)

(38)

(39)

(40)
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% (gle) =0 (41)
% (((;ZLZ) =0 (42)
% (gzLS) =0 (43)
e (gzl;) =0 (44)
% (gzi) =0 (45)
% (gst) =0 (46)
wil3)0 @

So in order to give an answer to our problem we have to solve the system composed by the differen-
tial equations (39)—(47) with the boundary conditions (27)—(28) and (31)-(36), and with the transversality
condition (37).

2.3.5. Return to the original variables
From (39)—(47) we get the following system of nonlinear differential equations

(41) = A, =0 = A, =c;, constant (48)
(42) = A;=0 = A3 =}, constant (49)
(39) = A} +ub'Ay—Aycos0 — Azsin0 — 140" =0, (50)
(40) = (gcosO + ugsin O — uv’)A1 + vsin O Ay —vcos O Az — pvA] + v'Ay — gsin OA4 + vA; =0, (51)
(44) = v -y’ + g(ucos 6 —sin6) =0, (52)
@3) = @A) =0 3B g, =0, (53)
(45) = u’' +vcosO =0, (54)
(46) = x' +ovsinf =0, (55)
(47) = 06’ —gcosO +q'> = 0. (56)

We now discuss the consequences of the (31)—(38) boundary conditions. Because the initial (1, xo) point,
the final (11, x1) point, the initial speed vy = vy, and the final speed v|; = vy, are all fixed, we have that

du|0 = duIT = dxlo S deT = dUlo = dUlT =0.
We further have
(Bl) = (—pvA1 + Ayl =0 and (—pvAs +vAy)lr =0, (57)

Therefore the first equation in (30) is satisfied for every i = 1,...,9. Taking into account the condition (37)
and the fact that dt|p = 0, the second equation in (30) is satisfied.

2.3.6. Solving the Euler-Lagrange equations
Now by (53) we have that either g = 0 or A4 = 0. So the cases ¢ = 0 and A4 = 0 do not hold
simultaneously. This implies that on the interval [0, T] (T is still unknown) an extremal may consists of
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curves on which g4' = 0 and A4 # 0 and of curves on which ¢’ # 0 and A4 = 0. Consequently the functional |
may have corner points. If s is the total number of corner points of an extremal with the corresponding time
instances t,, p € {1,...,s}, then the Weierstrass-Erdmann necessary conditions ((b) of Theorem 1.1) require

that
ay _(x
9z} /1y -0 oz

2 oL
[L_; 0z Zi]

, 1=1,...,9, p=1,...,5 (58)

t,+0
. 2 IL

By (41)-(47) we have that (58) is satisfied identically for i = 1,2,5,...,9 and p = 1,...,s. Because the
integrand L does not depend explicitly on ¢, the equations (48)-(56) in regard to (37) have the first integral
of the form

9
L-),
i=1

the conditions (59) are satisfied. The quantities u, x, and v are continuous at the corner points of the extremal,
ie.,

, p=1,...5s (59)

1

t,—0 t+0

|

z,=0 on [0,T], (60)

~

QO

Z,

ut, = 0) =u(t, +0), x(t, —0)=x(t, +0), ov(t, —0)=0(t, +0). (61)

By the last equation in (61), the Weierstrass-Erdmann conditions (58) fori = 3,4andp = 1,...,s are reduced
to

Mty =0) = Ai(t, +0), As(t,)=0, p=1,...5. (62)

Casel. ¢ =0and A4 # 0.

From (48) and (49) we have that
/\2 = C;, A3 = C;. (63)

According to [18] it follows that

v="0(0)= a , €1 nonzero integration constant (64)
cos 0
and

a
u=—-—tan0+cy, (65)

9

2

_ 4.,

x=—-—tan“ 0 +cj3, (66)

9
t= Cj tan O + cy, (©7)

where c1, ¢, c3, and ¢4 are constants. Equations (65)—(66) represent the parametric equations of a free-fall
parabola in a nonresistant environment.

From (48), (64), and the change of independent variable d(-)/ dt = 0’(d(-)/ d6), the equations (50) and
(51) yield

d(Ag — pA1) P c1(—Azsin 6 + A3 cos 6)
de ! gcos?6 ’

(68)



M. Muregan / Filomat 26:4 (2012), 697-711

dA, c1(A2 cos 6 + A3 sin 0)
— = (Ag — uA .
do (s = ph) + gcos? 6

This system of linear differential equations in A; and A4 gives
. €1 . €1 .
A =c58in 6 + cgcos O + E/\z sin O + ?/\3 sin @ tan 6,

A4 = (cos O + psin O)cs + (u cos 6 — sin O)ce + %/\3 sin O(1 + y tan 0) + %/\2 sin O(u — tan 0).

Case2. g’ #0and Ay = 0.

As before by (48) and (49), we have that
/\2 = C;, A3 = Cg*.
According to [18] it follows that

1 secO

" B2u(tan0 +A) —sec?0’

A= 1 secO(tan0 + A)
gsec20 —2u(tan0 + A)’

where
_ ‘Ll/\2+)\3 _ [.1/\3—)\2
CpAs—Ay T 1T+
and
tan6 — p . ay(tan 6 — p) 2u(a? + ay(tan 0 — p)) .
- Cu/
as[(tan 6 — p)? + a3]?

(tan 6 — u)? + a3

x=x(0) = ﬁ {bz [arctan(tanjz_ H) + (tZ;(tGar_l i); i)ag]

~ 2u(a3 + pay)(tan 6 — p) + a3(u — al)} '
a3 + [(tan 0 — p)? + a2]? Y

u=u0)= ﬁ {b1 [arctan( .

1
 (tan0 - p)? + a3

where
am=—(A+p), ap = AJ1+ p2+2ua,
- a3 — 3ua - p(as — 3uar)
1 — 5 7 2 = 5 .
a a,

2
We also have the equation of ¢ depending on the angle 6,

tan 0 — 2u(a? + a;(tan 6 —
tzt(9)=ct—[b3arctan(an “)_ e + aftan 0 - )
“2 aZ[(tan 6 — p)? + a3]
where
a2 —2ua
by = 2t

4,

709

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)
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2.4. Arrangement of the line segments on the extremal

Let L1 and L, be the line segments for 4" = 0, A5 0 and 4’5 0, A4 = 0, respectively. Let ni, and nL, be the
total number of line segments L; and L,, respectively, on the extremal of the functional J. By (63), (72), and
the conditions (58) (i =1,2,p = 1,...,s) we are led to the conclusion that

A =c;, As3=cj, forall te€]0,T]. (79)

The arrangement of the line segments on the extremal has to satisfy the condition that the total number
of unknown integration constants cy,c3,c1,¢5,c6 (¢4 is irrelevant regarding the arrangement of the line
segments on the brachistochrone) on the line segments L;, the integration constants c, and ¢, on the line
segments L, the unknown values of angles 6, = 0(t,),p = 1,...,s, and the unknowns ¢} and ¢ are equal to
the number of available conditions for them to be determined.

If the extremal of the functional | has the beginning and the ending line segment of the type L;, then in
such a case is true that n;, = |s/2] + 1 and ny, = [s/2], where | ] is the floor function, [16, §1.2]. Based on
conditions (21)-(22), equations (64) and (65)—(67), the integration constants c,, c3, and ¢4 may be replaced on
the beginning line segment by the functional dependencies on the unknown 8y = 6(0), and on the ending
line segment by the functional dependencies on the unknowns 6 = 6(T) and vy = v(T). Now, in regard to
(79), there is a total of 9 + s + 5(nL1 -2)+ 2n, =4+ 91s/2] unknowns, or in expanded form

9 s 5 2
—_——— —_— —

I{c2, c3,¢1,¢5,C6,C5, 3,5, ¢t | + [ {t1, .., ts} | + [ {ea, 3, 01, 05, c6} (L, — 2) + [{ew, cx} 1w,

and for them to be determined there are available the natural boundary conditions (57) and the conditions
(61) and (62) which give an amount of 2 + 5s conditions. For this variant, the equation 4 + 9[s/2] = 2 + 55
gives thats = 4.

Based on the above results we state the following theorem.

Theorem 2.4. Consider the brachistochrone problem given by the equations (15) with the boundary conditions (21)
and (22) and an extremal of it such that the first and the last segment are of type Ly. Then this extremal has four
corners points. The parametric equations of the extremal are given by (65)—(66) and (76)—(77).

The other cases can be discussed similarly.

3. Concluding remarks

In [18] Salini¢ studied the brachistochrone problem with Coulomb friction and nonzero initial speed.
The boundary conditions considered in [18] are: fixed end points and fixed initial velocity. Since here we
imposed a final speed, we obtained four corner points whereas in [18] two corner points are found. In [18]
the authors also discussed reachability and computation problems.

In spite of the fact that the brachistochrone problem appeared more than 300 years ago it is far from being
completely solved. We mention only two developments: the tunnel problem ([19]) and the brachistochrone
problem on manifolds ([21], [8]).
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