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Generalized weighted composition operators from Bloch spaces into
Bers-type spaces

Xiangling Zhu?

® Department of Mathematics, [iaYing University, 514015, Meizhou, GuangDong, China

Abstract. New criteria for the boundedness and the compactness of the generalized weighted composition
operators from Bloch spaces into Bers-type spaces are given in this paper.

1. Introduction

Let ID be the unit disk of complex plane C, and H(ID) the class of functions analytic in ID. We denote by
H* = H*(ID) the bounded analytic function space on ID. Recall that an f € H(ID) is said to belong to the
Bloch space 4 if

lIlls = sup(1 = [ZP)|f' (2)] < co.

zeD
With the norm ||fllz = |f(0)| + ||flly, £ is a Banach space. Let % be the space which consists of all f € #
satisfying
lim(1 ~[2P)If @) =0.
This space is called the little Bloch space. See [25] for more information on Bloch spaces.
Let a > 0. The Bers-type space, denoted by H;’, is a Banach space consisting of all f € H(ID) such that

f(2)] < co.

lIfllge = sup(1 — [21*)
zeD

It is clear that Hy® = H.
In this paper, let ¢ always denote an analytic self-map of ID. The composition operator C,, induced by
@, is defined by
Cof =foep, feH(D).

A fundamental and interesting problem concerning composition operators is to relate function theoretic
properties of ¢ to operator theoretic properties of C, on various spaces. See [3] for more topics about the
composition operator.

Let u € H(ID). The weighted composition operator uC,,, induced by ¢ and u, is defined by

uCyf)(z) = u(z) - f(p(z)), fe€H(D), zeD.

2010 Mathematics Subject Classification. Primary 47B33, Secondary 30H30.

Keywords. Generalized weighted composition operators, Bers-type space, Bloch space.
Received: March 21, 2012; Accepted: Aug 30, 2012

Communicated by Dragana Cvetkovic Ilic

Email address: ~ xiangling-zhu@163.com (Xiangling Zhu)



Xiangling Zhu /Filomat 26:6 (2012), 1163-1169 1164

Let D be the differentiation operator and # be a nonnegative integer. Write

Df=f, D'f=f®, feH(D).

The generalized weighted composition operator Dy, ,, which introduced by the author of this paper, is
defined as follows (see, e.g., [26-28]).

Dy )(z) = u@z) - f"(p(z), feHMD), zeD.

When n = 0, then D, , = uC,. Whenn = 0 and u(z) = 1, then D, , = Cp. Whenn =1, u(z) = ¢’(z), then
Dg, = DCy. When n =1 and u(z) = 1, then g, = C,D. The operators DC, and C,D were studied, for
example, in [7, 9, 12,17, 20, 22].

Composition operators, weighted composition operators and generalized weighted composition oper-
ators between Bloch spaces and some other spaces in one and several complex variables were studied, for
example,in[1,2,8,10,11,13-15, 18-24, 27]. See [4-6, 16-19, 23, 26, 29] for corresponding operators between
Bers-type spaces and some other spaces.

In this paper, motivated by [1, 2], we give some new criteria for the boundedness or compactness of the
operator D¢ , from Bloch spaces to Bers-type spaces.

Throughout the paper, C denotes a positive constant which may differ from one occurrence to the other.
The notation A < B means that there exists a positive constant C such that B/C < A < CB.

2. Main results and proofs

In this section we give our main results and proofs. For this purpose, we need the following lemma,
which can be proved in a standard way (see, for example, Theorem 3.11 in [3]).

Lemma 2.1. Let n be a nonnegative integer, « > 0, u € H(ID) and let ¢ be an analytic self-map of ID. Then
Dy, : B(or %o) — Hy is compact if and only if Dy, : B(or %o) — Hy is bounded and for any bounded sequence
( fk)keN in B(or o) whzch converges to zero uniformly on compact subsets of D, Dy, i — 0in HY as k — oo.

For w € D, set
IwI2

fule) = T2

Next, we will this family functions and z"” to characterize the generalized weighted composition operator
Dg,, from % and %, into Hy.

Theorem 2.2. Let n be a positive integer, a > 0, u € H(ID) and ¢ be an analytic self-map of ID. Then the following
statements are equivalent.

(a) The operator D” 1 B — HY is bounded;

(b) The operator Dy, , : o — Hy is bounded;

(c) sup [IDg , I" (2)llsg < oo, where I"(z) = z";
m>n

(d) u € HY and sup ||D$uf¢(w)||Hgo < o0;
welD

(e)
(1= |z2)*u(z)|

A= lp@P)

Proof. (a) = (b) This implication is obvious.
(b) = (c) For m € N, the function I" is bounded in % and ||"'| < C, here C > 0, independent of m.
Therefore, by the boundedness of D}, we get

P, u’s

1D, " @)l < CIDL, | < oo,

Qu
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proving (c).
(c) = (d) Suppose (c) holds. Itis easy to see that (D
Thus,

Qu

1
sup(1 — |z*)*u(z)| < —IID ul"llae < — sup |IDg , "z < oo,
zeD n! m=n

i.e. u € HY. For any given w € ID, it is easy to check that f;, is bounded in #. Write
ful2) = (1 - wP) ) w7
k=0

Using linearity, we get
1D flliy < (1 =Teo) Y ol 1D, il < .

Therefore,

sup 1D, , fully < co.
weD

(d) = (e) For A € D, it follows from the condition that
n!(1 = AP u(D)llp(M)"

(1 =lp(M)PR)
For any fixed r € (0, 1), from (1), we have

(A= AP D] _ sup [ PD A - AP @)l _ C

su < < '
|(P(/\)1|D>7 (1- |(P(/\)|2)" l({)(w}; rm (1- |(P(/\)|2)n oyl
From u € HY, we have
(1= IAP) u)| .
= sup (1 — [A]F)*u(A)] < oo.
A Ty D TR e T A

Therefore, (2) and (3) yield the inequality of (e).
(e) = (a) By Theorem 5.1.5 of [25], if f € # and k € IN, then

C = DG fowllns =

B(f) <1f' Q) + - +|f(“(0)|+sup - 2P 1O,

which implies that
sup(1 - [z fP(2)| < Cillfllz,
zeD

where C; is a constant only depending on k. Therefore, for z € D, we have

o= Iz)”lu(Z

(1= YDA = (A= ) W@ f " N < Cg— 2

|If||

I")(z) = u(z)n!,z € ID, while fork < n, (Dg

1165

WI)(2) =

()

(4)

where C is a suitable constant depending only on #n. Taking the supremum in (4) over ID and then using the

condition (¢) we see that D}, : % — H’ is bounded. The proof is completed. [

QU

Theorem 2.3. Let n be a positive integer, o > 0, u € H(ID) and let ¢ be an analytic self-map of D. If D)}

Qu
is bounded, then the following statements are equivalent.

(a) The operator Dy, , : % — H is compact;
(b) The operator D, , - %y — Hy is compact;

(©) lim D, " @l = 0;

B — HY
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(d) I(p(lziul)'llll |ID$,ufq)(w)||H§° =0
(e)
(1= 1P u@)| _
im ——————~- =
w@i=1 (1= lp)PR)"

Proof. (a) = (b) This implication is clear.

(b) = (c) Assume Dy, : %0 — Hy is compact. Since the sequence {I'"} is bounded in %, and converges

to 0 uniformly on compact subsets, by Lemma 2.1 it follows that ||D$/ulm|| e — 0asm — oo.
(c) = (d) Suppose (c) holds. For any given ¢ > 0, there exists an N € IN such that

DG g < €/2,

forall j > N. Write
foe(@ = (1= lp@)P) Z 07, zeD.
=0

By linearity, we have

A

D2, ol < (1= lp@OP) Y lpGVIDL Ll
j=0

N-1 )
(1= lp@)P) Y lpEoVIDy, Ul + (1= lp@E)P) Y, lp@VIDg, Ul

= =Y
2(1 = lp@)IM)M + ¢, 5)

IA

where M = sup,_;_y_, ||Df;,,u1j llne. Since |@(zx)l = 1 as k — oo, from (5), we deduce that
%LI?O DG foeollus < €. (6)

Since ¢ is an arbitrary positive number, we obtain the desired result.
(d) = (e) Let {zx}ren be a sequence in ID such that I}im lp(zx)| = 1. Since the sequences {f,,)} are bounded

in # and converge to 0 uniformly on compact subsets of ID, by (1) and Lemma 2.1, we have

(1 = |ze®)* | (zie)llp (zi) ™
(1 = lp@)PR)"

< ”Dg,uf({J(Zk)HHf\" -0

as k — oo. Therefore

1-— 2\« 1-— 2\a n
lim (1 = 1zl) |u2(Zk)| ~ lim (1 —zel%) IM(Zk)|2|<P(Zk)| 0, )
k= (1= lp@zP)" koo (1 = lelP)"
which implies (e).
(e) = (a) Assume (fi)ren is @a bounded sequence in % converging to 0 uniformly on compact subsets of
D. By the assumption, for any ¢ > 0, there exists a 6 € (0, 1) such that

(1 = |zP)*u(z)|
(1= lp@)P)"

when 6 < |p(z)] < 1. Let Q = {z € D : |p(z)| < d}. Since D%,u : B — Hy is bounded, as shown in the proof of
Theorem 2.2,

(8)

Cy := sup(1 — |z*)*|u(z)| < 0. 9)
zeD
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By (8) and (9), we have

D}, filles = sup(1 = 1217)*1(D}, , fi) @)l
zeD

(1~ ) lucz)]

< sup(L~ R @I ()] + C sup S s Elflls
< Crsup | (p@)] + Cellfillz- (10)

zeQ

Since (fi)rew converges to 0 uniformly on compact subsets of ID, by Cauchy’s estimates so do the sequences
( fk(")). From (10), letting k — oo and using the fact that ¢ is an arbitrary positive number, we obtain

1}1_}12 D}, , fillz = 0. By Lemma 2.1, we deduce that the operator D}, , : % — Hg’ is compact. [

From Theorems 2.2 and 2.3, we can obtain the following corollaries, which give some new criteria for
the boundedness and compactness of the operator DC,, : # — H’. Partial results can be found in [12].

Corollary 2.4. Let & > 0 and @ be an analytic self-map of ID. Then the following statements are equivalent.
(a) The operator DCy, : %8 — H; is bounded;
(b) The operator DC,, : %y — Hy’ is bounded;

(c) sup [IDC,I" (2)lle < 00, where I"(z) = z";
m2n

(d) ¢’ € Hy and sup ||IDCy, fow)llae < 00;
welD

(e)
(1-1zP)*¢’ @)

e 1= lp@)P

Corollary 2.5. Let a > 0 and ¢ an analytic self-map of D. If DC, : % — Hy’ is bounded, then the following
statements are equivalent.

(a) The operator DC,, : %8 — H{ is compact;
(b) The operator DC,, : %y — Hy is compact;
(©) lim |IDCoI™ )l = 0;
(d) lim [|DCy fonlla= = 0;
JimIDCfyol
(e)
1 - 2P)l¢’ @)l
im ————— =
-1 1= lp()?

Remark 1. When nis a positive integer, from the proof of Theorems 2.2 and 2.3, we see that D, : # — Hy is
boundedifand onlyif Df , : H* — H isbounded; Df , : # — H{ iscompactifand onlyif Df , : H* — HY
is compact.

Next we consider the case n = 0. For w € ID, set

2 -1
Ju(z) = (ln 1 —eﬁz) (ln 1 —EIwIZ) , zeD.

From [12], we see that {g,)} are bounded in % for w € ID, the sequences {g,,,)} converge to 0 uniformly
on compact subsets of ID when |@p(zi)| — 1. Using this family functions, we can obtain a new criterion for
the boundedness and compactness of weighted composition operator uC, : £ — H;’. Since the proof is
similar to the above, we omit the details.
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Theorem 2.6. Leta > 0, u € H(ID) and @ be an analytic self-map of ID. Then the following statements are equivalent.

(a) The operator uC,, : % — Hy is bounded;
(b) The operator uCy, : %y — Hy is bounded;

(c) u € HY and sup ||[uCpgpw)llas < o0;
welD
(d) u € HY and

1 — 2P |u(z)| In ——— <
szlelug( |2])* u(z)| 111_|(P(Z)|2 o

Theorem 2.7. Let & > 0, u € H(ID) and ¢ be an analytic self-map of ID. If uC, : 4 — Hy is bounded, then the
following statements are equivalent.

(a) The operator uCy, : % — Hy’ is compact;
(b) The operator uCy, : %y — Hy is compact;

(c) |(p(11111)}1>1 ”uC(pg(p(w)”Hﬁ" =0;

(d) .
. _ 112\ —
I(Pg)rlrll(l 1z[))*u(z)| In T omR PP 0.

Remark 2. Partial results of Theorems 2.6 and 2.7 have been obtained, for example, in [23].
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