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Abstract. In this work, the problem of delay-dependent stability for uncertain stochastic systems with
interval time-varying delays and nonlinear uncertainties is addressed. The parameter uncertainties are
assumed to be norm bounded and the delay is assumed to be time-varying and belong to a given interval,
which means that the lower and upper bounds of interval time-varying delays are available. By constructing
an augmented Lyapunov functional, a new delay interval-dependent stability criterion for the system is
obtained in terms of Linear Matrix Inequalities (LMIs). Comparisons are made through numerical examples
and less conservatism results are reported.

1. Introduction

The stability analysis of stochastic time delay systems have been an active research area in the past years
[1]-[4], since many practical systems can be modeled to stochastic differential equations with time-delays.
Based on the Lyapunov theory of stability, many stability conditions have been obtained by means of linear
matrix inequalities. Recently, model transformation and cross term bounding techniques [5]-[6], input-
output method [7] and integral inequality approach [8] have been applied to reduce the conservatism of the
stability criteria for stochastic delay systems. However, free-weighting matrix method plays a key role in
reducing conservatism. In this paper some free-weighting matrices are added and less conservative results
are obtained. It is worth mentioning that the exogenous nonlinear disturbance input has been dealt within
many papers, since it may result from the linearization process of an originally highly nonlinear plant or may
be an external nonlinear input, which could cause the instability of the system. The stability issue and the
performance of uncertain stochastic systems with interval time-varying delays and nonlinear perturbations
are therefore, both of theoretical and practical importance and have been attracted by considerable number
of researches [9]-[13]. The authors of [14] proposed an augmented Lyapunov-Krasovskii functional for
analyzing uncertain neutral systems with time-varying delays and has showed the proposed stability
criterion provides larger feasible region. To the best of the author’s knowledge, the stability analysis of
uncertain stochastic system with interval time-varying delays and nonlinear uncertainties via augmented
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Lyapunov functional approach has not been investigated. So, we hope to apply the augmented Lyapunov
functional approach to stochastic delay systems such that the conservatism of stability conditions could
be reduced. The delay is assumed to be time-varying and belong to a given interval, which means that
the lower and upper bounds of interval time-varying delays are available. This paper discusses the delay-
dependent stability criterion of uncertain stochastic delay systems with nonlinear uncertainties in terms
of LMIs which can be solved efficiently by using the interior-point algorithms [15]. Compared to other
methods, the proposed method overcomes some of the main sources of conservatism and has its own
advantages. Finally, two numerical examples are given and the corresponding simulation by MATLAB is
provided to illustrate the effectiveness of the proposed method.

2. Notations:

Throughout this paper, R" and R™" denote, respectively, the n-dimensional Euclidean space and the set
of all n X n real matrices. The superscript T denotes the transposition and the notation X > Y (respectively,
X > Y), where X and Y are symmetric matrices, means that X — Y is positive semi-definite (respectively,
positive definite). I denotes the identity matrix of appropriate dimension. The notation * always denotes
the symmetric block in one symmetric matrix.

3. Problem description and Preliminaries

Consider the following uncertain stochastic system with interval time-varying delays and nonlinear
uncertainties:

dx(t) = [(A+AAM)X() + (B + AB(E)x(t — T(h)]dt
+gt, x(t), x(t — 7())) |duwt)
x() = @), te[-h,0], (1)

where x(t) € IR" is the state vector, A and B are known real constant matrices with appropriate dimensions,
w(t) is an m-dimensional Brownian motion defined on the probability space (Q2, ¥, P) satisfying E{dw(t)} = 0
and E{dw?(t)} = dt, where &{-} is the mathematical expectation. ¢(t) is the initial condition for all t € [~hy, 0].
7(t) denotes the time-varying interval delay and is assumed to satisfy the following conditions:

0<h <t(t)<hy, 1(t)<pu< oo,

where 1y and &, are the lower and upper bounds of 7(t) respectively. g(t, x(t), x(t —t(t))) € R™ is a nonlinear
function satisfying

trace{g" (¢, x(t), x(t = T(#))g(t, x(t), x(t = T(1)} < NGB +1Gox(t — T(B)IP, ()

where G, G, € R™" are known matrices of appropriate dimensions. AA(t) and AB(t) are the parametric
uncertainties of the form:

[AA(t) AB(H)] = HF(B[T1 Tl 3)

where H, T;, T, are constant matrices with compatible dimensions and F(t) is an unknown time-varying
matrix function satisfying,

FT(OE(®E) < 1. @
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Now, (1) can be rewritten as

dx(t) = [Ax(t)+ Bx(t — () + Hp(t)|dt + [g(t, x(t), x(t - T(t)))|dw(®), (5)
p(t) = F(tg(d), (6)
qt) = Tix(t) + Tox(t — ©(t)). @)

For convenience, we set
() Ax(t) + Bx(t — (1)) + Hp(1), 8)
g(t) g(t, x(t), x(t — (1)) )

Throughout this paper we shall use the following definition for system (1).

Definition 3.1. The stochastic time-delay system (1) is said to be robustly asymptotically mean-square stable if for
all admissible uncertainties (3) the following holds for any initial condition:

lim &{|lx(t)|*} = 0.
The following lemmas will be essential for the proof of main result.

Lemma 3.2. (Schur Complement) Given constant matrices (1,( and Q3 with appropriate dimensions, where
Qf = Oy and QF = 0y > 0, then

O+ Q1003 <0

if and only if
o Q -0, O
[ . _Q2]<0 or [ Y <0.

Lemma 3.3. [16] For any constant matrix M > 0, any scalars a and b with a < b, and a vector function x(t) :
[a,b] — R" such that the integrals concerned as well defined, then the following holds

[ f bx(s)ds]TM[ f bx(s)ds] <(b-a) f be(s)Mx(s)ds.

4. Main Result

In this section, we propose a new stability criterion for uncertain stochastic system (1) with interval
time-varying delays and nonlinear uncertainties.

Theorem 4.1. For given scalars hy > hy > 0 and i, system (1) is globally asymptotically stable in the mean square
if there exist positive definite symmetric matrices P, R; (1 = 1,2,3), Q;, Z; (i = 1,2), U}, (j = 1,5,8,10), any matrices
Uy, Us, Uy, U, Uy, Uy, N, My (k=1,---,8), X and a positive scalar W satisfying the following LMIs:

Uy Uz Us U
* U5 U6 U7
* * Us Uy
* * = Uy

>0, (10)
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Dy

Dy 5

Ds 6

Dy 7

Q33

i = =z

(11
N
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r &X -N -M -§ EIw

* Qz,z 0 0 0 0

* * Q3[3 0 0 0

% % * Q4,4 0 0 <0,
* * * * Qs5 0

* * * * * -W
= (Dj))sxs,

= Ni+NI +PA+ATP+ Ry + Ry + Ry + pZy + (hy — 1) Zo + 1A + ATUL + Up + U
+GIPG;, ®12=N] -N;+M;—S1+PB+UiB—(1— )l + (1 - p)Us
~1-wUs, Di3=N;+S1+Uy, DPra=N, -M —Us,

= Ni+A"Uy+Us, @ip=N}+A"Us+Us, P17=N]+A"Us+ Uy,

= NY+PH-UH, ®y=-N,—Nj +My+M] -S, -5 —(1-p)R, +GIPG,

= -NJ+Mj+S,-S,, ®y=-Ni+Mj -M-S],

= -NI+M:-SI+B'U,—(1-pUs+(1-wUi -1-pu;,

= -Nl +M] -SI+B"U; - (1 - U+ (1 - u)Us — (1 - w)S3,

= -NI+M!-ST+BTU,—(1-p)U; + (1 - wUs — (1 - p)Ui,

= -NJ+M;-SI ®33=5,+SI-Ry, P3a=-M3+S], @35=5+Ul,

= Sl+uj, ®37;=S]+Un, D3=85;, Psa=-My—M.—Rs,

1
= -MI-U], ®y6=-M,-Us, Dyy=-MI—Uy, DPys=-My, Ds5= —Ezl,
1
= 0, Os7;=0, Dsg=-UIH, Dgg= —m(zl +2Z5), ®7=0, @gs=-ULH,
1
A Zy, @yg=-UH, Dgg=-W, Qoo =mQi+(h-m)Q-X-X"
= 10, Q- (Q+Q), Qss=-—Q
= T A S T T 2), 55 = Ty~ 2

T
— T T T T T T T T
= [N[ NI NI NJ NI NI NI NIJ,

192}

T
= [MI M MmT mT mMI MI MI MI],
T
= [slT ST s T sT gT gr sg],
= [A

= [T1

BOOOOOH],
TQOOOOOO].

1182

(11)
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Proof. Let

t T
Tepy — [T T _ Tt —h T(t—h d
EM=[0) TE-rt) Tt-h) TE-h) ( f JRCD

t—1(t) t—hy
( f x(s)ds)T ( ft x(s)ds)T ()]

t—hy —1(t)

Using Newton-Leibnitz formula, we have

T t t
mo = 287 ON[x0) -2 x0)- [ RCUS | RCCCIR
t—(t) t—1(t)
_ T _ _ _ _ - =
m) = 2T OMxt - ) e~ ho) - [ s | )] =0
t 2&T(Hs h t o d o d 0
= t t— —x(t — - — =0.
m) = 267 08[x i) - xtt - x) - [ NCE [ , 6]

On the other hand, from (8), the following equation holds for any matrix X € R™"
m(t) = 2y (OXT[Ax(t) + Bx(t — 7(t)) + Hp(t) - y(0)] = 0.

Let us define the Lyapunov functional candidate as

5
Vi t) = ) Vilw, b
i=1

where

Vl(xt/ t) xT(t)Px(t)/

t t t
Vo(xy, t) = f xT(s)Ryx(s)ds + f o xT(s)Rpx(s)ds + f . xT(s)R3x(s)ds,
t—(t t=hy

Vi(xy, t) = f f x1(s)Z1x(s)dsd6 + f f x7(5)Zpx(s)dsd6,
ha
0 -t
Valxs, t) = fh fgyT(s)Qly(s)dsd6+fh f@yT(s)sz(S)dsdQ,
—hy Jit+ —hy i+
I T x(t)
B ft ) x(s)ds *1 Ui Uz Ui ft ) x(s)ds
Vs(xy, t) = ft (f) X(s)ds . . Us Uy ft () x(s)ds
ft (t)x(s)ds ¥ ¥ + Lho ft (t)x(s)ds

Then, it can be obtained by Ito’s formula that
AV(x;, t) = LV (x;, Hdt + 2xT(t)Pg(t)dw(t).

1183

(12)

(13)
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LV(x,t) = 2xT()P[Ax(t) + Bx(t — 7(t)) + Hp(t)] + trace{g” (t)Pg(t)} + Y0, LVi(xi, t) + z;;l ni(t)

with

LVy(xi, 1) < xT(#)(R1 + Ry + Ra)x(t) — xT(t — h1)Ryx(t — hy) = (1 — p)x" (t — 7())Rox(t — (1)) (14)
—xT(t = ha)Rsx(t = hy), (15)
LV3(xp, 1) = hox" () Z1x(t) - f xT(s)Z1x(s)ds + (ha — h1)x" (£) Zox(t) — f o xT(s)Zyx(s)ds, (16)
LViG ) = hay"OQy(®) ~ [, yTOQuE)s + (12— h)y" (OQy(®) — [ v (5)Qay()ds (17)
LVs(x;, 1) < 2[xT(t)u1Ax(t) +xT (U Bx(t — (t)) — ¥ (UL Hp(t) + ( ft o x(s)ds)TuzTAx(t)

®)

(0 (t)x(s)ds) UTBx(t - (1) - ( ftir(t)x(s)ds)TUZTHp(t)+( I x(s)ds) Ul Ax(t)

t—(t)

+( t—1(t) x(s )ds) uTBx(t —7(t)) _( x(s )ds) uTHp(t) + (ft ) x(s)ds) UTAx(t)

(2 w0) LBt =) = (- o)) U Eipt) + T (D)

—(1 = (U (t - () + ( ft o x(s)ds)TU5x(t) = (1 - ff_w x(s)ds)TU5x(t —1(#)

t—1(t)

+( t—(t) () ds) ux() - (1 - #)( f x(s)ds) uTx(t_T(t))+( ft i x(s)ds) Ulx(t)

T
—(1- y)( [ x(s)ds) UZx(t - 2(t) + (1 — T (OUsx(t — T(t) — 2T (OUsx(t — )

+(1 = ) ftt_w) x(s)ds)Tu6x(t (1) - ( ff_T(t) x(s)ds)TU6x(t — )

t—(t) t—(t)

T T
+(1- )( (s)ds) Usx(t = 7(t)) - ( I x(s)ds) Usx(t — )
Iy T
+(1- y)( [ x(s)ds) Ul x(t - 7(t) — ( [ x(s)ds) UDx(t — ) + xT(HUx(t — )
~(1 — AT (OUx(t — T(t) + ( I o x(s)ds) Uzx(t — ) = (1= p)( ff_w) x(s)ds)TU7x(t —1(t)

—(t)

t-1(t) o T ~
+(ft_h x(S)ds) Ugx(t —hy) — (1 - y)( x(s)ds) Uox(t — (1))

+( " (t)x(s)ds) Unox(t — ) — (1 y)( [ x(s)ds) Unox(t - 7(8)]. (18)

Then by Lemma 3.3 and using 0 < h; < t(t) < hy, we have

1 t T t
L[ vosal [ vod] (19)

t—iy . .
_LT(t) Y (5)Quy(s)ds < hz—h1[f S)ds] Qz[[T(t) y(s)ds (20)

IA

t
- f ()yT(S)Qly(S)ds

A
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t-(t) 1 t—(t) T f—()

_];_hz ¥ (8)(Q2 + Qn)y(s)ds < ——hz_hl[j;hz y(s)ds] (Q1+Qz)[jt:h2 y(s)ds], (21)
t 17 (7 T t

- j;_ o X' (5)Z1x(s)ds < _h_z[ j:_ » x(s)ds] Zl[ .[_ » x(s)ds], (22)
t= T 1 t—hy T t—hy

- ft T(t)x (5)Z2x(s)ds < _hz—h1[ j; » x(S)ds] Zz[ I " x(s)ds], (23)
t—(t)

—fh xT(5)(Za + Z1)x(s)ds < —ﬁ[ft:;(t) x(s)ds]T(Z1 + Zz)[ft:;(t) x(s)ds]. (24)
t=hy

Now expression (2) can be written as,
trig" (g} < 1Gx()IP +11Gox(t - T(t)IP
tr{i& (Hdiag(GT,G1,0,0,0,0,0,0)diag(G1, G,,0,0,0,0,0,0)E()}.

A

Therefore,

trig"(HPg(t)} < tr{ET(Hdiag(GI PGy, GIPG,,0,0,0,0,0,0)&(H)

xT(HGIPGx(t) + xT(t — ©(t))Ga PGox(t — (1)) (25)
Since the following inequality is evident from (4) and (6),

pl(Op(t) < 9" (Ha(t),
there exist a positive scalar W satisfying

ENHETWELE(H) — pT (HWp(t) > 0. (26)
Substituting from (14) to (26) into (13) we get,

dV(x;,t) < C(OTIC(E) + E(duw(h)),

where IT is defined in Theorem 4.1 with

t t—1(t) t—hy
Ty — [T T T T T
¢ = [5 & y @ ft_ T(t)y (s)ds f;_ . Y (s)ds f; T(t)y (s)ds],
¢ t—hy t—7(t)
Ldw(t) = -2&T(ON ()Q(S)dW(S)—%T(t)M ()9(S)dW(S)—25T(t)S f ) g(s)dw(s)
+2xT ()Pg(t)dw(t).

Since IT < 0, there exist a scalar @ > 0 such that
IT + diag{al,0,0,0,0,0,0,0} < 0.

Hence we have
EAV(x;, t)
dt

Thus if IT < 0, the equilibrium point of the stochastic system (1) is robustly asymptotically stable in the
mean square. The proof is completed. [

< &N (HTIL(E) < a&lx(B)P.
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Remark 4.2. Theorem 4.1 provides delay interval-dependent stability criteria for the stochastic system (5). Such
stability criteria are derived based on the assumption that the time-varying delay is differentiable and the value of u
is known. The conditions in Theorem 4.1 are formulated in terms of solvability of LMIs [15] and can be easily solved
by using MATLAB LMI Control Toolbox. It is worth to note that by applying convex optimization algorithms, we
can conclude that the maximum allowable upper bound of the interval time-varying delay, that is, hy quarantees the
feasibility of the presented LMIs. We can obtain the maximum allowable upper bound hy by solving the following
optimization problem:

Max hy
st. P>0,R>0,Q;>0,Z;>0,U; >0, Ny, My, S, Uy, TT <0, (27)
1=1,2,3i=1,2;=1,58,10,k=1,...,.8;m =2,3,4,6,7,9.

Remark 4.3. It is shown in Theorem 4.1 that the addressed stability problem is solvable if a set of LMIs are feasible.
The states x(t), ftt_T ® x(s)ds, ft:z(t) x(s)ds and ft:;(l;) x(s)ds are taken as augmentation ones. Thus the feasibility region
of delay-dependent stability criterion is improved and leads to less conservative results.

Remark 4.4. Theorem 4.1 is delay interval-dependent stable which is generally less conservative than delay-
independent stable. Moreover, from the free weighting matrix and the newton-Leibnitz formula, it infers that
the time derivative of T(t) is no longer required to be less than 1.

5. Numerical Examples

Example 5.1. Consider the system (5) with

-2 0 -1 0
A_[ 1 -1 ]’ B_[—O.S -1 ]’

H=I, T1=T,=01I, G;=G;= V0.1L

Recently, remarkable results for stability of uncertain stochastic systems with nonlinear uncertainties were presented
in [17] and [8]. In [17], the maximum delay bound for the above system was 1.1812. By Theorem 4.1 in [8], one
can obtain the maximum delay bound as 2.8987. But when using our proposed Theorem 4.1 derived in this paper,
the obtained result is 2.9586. Hence, our proposed stability criterion gives a much less conservative result than those
discussed in [17] and [8]. Table 1 shows the different values of h, for different p.

Methods p=0 u=05 u=09 u=1

[17] 11812 08502 04606  —-—
[18] 21491 1.3224 09748  ——
[8] 2.8987

Theorem4.1 29586 1.7702 1.2259  1.0566

Table 1: The upper bounds of delay of Example 5.1 for different u

Example 5.2. Consider the system (5) with

-2 0 -1 0
A_[ 0 —0.9]’ B_[—l -1 ]’

H=02], Th=Ty=1, Gy =G;= V01L
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Stochastic Effects
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Figure 1: The state trajectories of Example 5.1

Stochastic Effects
25 T T

20 | 1

is |t E

amplitude

1off . Dt |

time t

Figure 2: The state trajectories of Example 5.2

It was reported in [19] that the above system is asymptotically stable in the mean square when 0 < 7 < 1.0660. From
Theorem 4.1, we conclude that the system (6) is robustly asymptotically stable in the mean square with the maximum
allowable upper bound h, = 2.5220. Table.2 shows that the established results in this paper provides larger delay
bounds than the existing results in the literature.

Methods p=0 u=05 u=09 u=1
[19] 1.0660 0.5252  0.1489 -
Theorem 4.1 25220 1.4112 1.0714 1.0377

Table 2: The upper bounds of delay of Example 5.2 for different u

Remark 5.3. By virtue of Theorem 4.1, we state that our results are computationally efficient as they can be solved
efficiently by employing the Matlab LMI toolbox. Besides, Figures 1 and 2 presents an illustrative simulation of the
asymptotic stability of system (5) in the mean square for examples 5.1 and 5.2 respectively. It is clear that the proposed
stochastic system converges and yield a less conservative result.
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6. Conclusion

This paper has studied the delay-interval dependent stability criterion for uncertain stochastic systems

with interval time-varying delays and nonlinear perturbations. Using Lyapunov-Krasovskii functional and
stochastic analysis approach, a less conservative stability criterion have been obtained by considering the
relationship between the time-varying delays and its lower and upper bounds. Two illustrative examples
are given to demonstrate the effectiveness of the obtained results.
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