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Abstract. This paper investigates αd
i , i ∈ {2, 3, 4}, selection principles (which are modification of known

selection principles of Kočinac) on a double sequence of double sequences of real numbers which converge
to a point a ∈ R in Pringsheim’s sense. A stronger result than one given in [6] will be proved for the αd

2
selection principle. Also, two more propositions will be proved for the Sd

1 and Sφ1 selection principles, which
are also improvements of results given in [6].

1. Introduction

Well-known Kočinac’s selection principles αi, i ∈ {1, 2, 3, 4}, are subject of the research in many papers
that appeared in the literature in recent years (see, e.g., [2–8, 12]). These selection principles are based on
the famous Arhangel’skiĭ’s properties introduced and studied in 1972 (see, e.g., [1] and [7]). Nowadays
these selection principles constitute an important subtheory of the theory of diagonalization processes and
are directly related to the theory of infinite topological games, optimization theory, Karamata theory and
Ramsey theory (see, e.g., [3–6]).

On the other hand, in the last few years the study of the Pringsheim convergence of double sequences
[10] and various its applications has been done by a number of mathematicians. In particular, in [6] the
selection principle αd

2 (as a modification of Kočinac’s α2 selection principle) was introduced and investigated
for a double sequence of double sequences of real numbers which converge to a point a ∈ R in Pringsheim’s
sense. In this paper we continue this investigation and present several results which refine and extend the
results in [6].

Let a double sequence of real numbers x = (xm,n)m,n∈N and a point a ∈ R be given. Then:
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(Aleksandar Petojević)
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1◦ x ∈ ca,1
2 (that is, x converges to the point a in Pringsheim’s sense) if for every ε > 0 there exists

N0 = N0(ε) ∈N such that |xm,n − a| < ε for all n ≥ N0 and all m ≥ N (see, e.g., [9, 10]), that is, if

lim
min{m,n}→+∞

xm,n = a.

2◦ x ∈ ca,2
2 if for every ε > 0 there exists N0 = N0(ε) ∈ N such that |xm,n − a| < ε for all n ≥ N0 or for all

m ≥ N0, that is, if

lim
max{m,n}→+∞

xm,n = a.

3◦ x ∈ ca,3
2 if for every ε > 0 there exists N0 = N0(ε) ∈ N such that |xm,n − a| < ε for all m ∈ N and for all

n ∈N for which m + n ≥ N0, that is, if

lim
m+n→+∞

xm,n = a.

Then

ca,3
2  ca,2

2  ca,1
2

and all three classes are important and interesting subjects in the theory of double sequences.

Let A and B be families of subsets of a non-empty set X. Then we define the following selection
principles for X:

1∗ X satisfies αd
2(A,B) if for every double sequence (A j,k) of elements from A there exists an element B

from B such that B ∩ A j,k is infinite for all j ∈N and all k ∈N.

2∗ X satisfies Sd
1(A,B) if for every double sequence (A j,k) of elements from A there exists an element

B = (b j,k) from B such that b j,k ∈ A j,k for all j ∈N and for all k ∈N (see, e.g., [6] and [11]).

3∗ X satisfies Sφ1 (A,B) if φ : N×N→N is a bijection and for every sequence (At) of elements inA there
exists an element B = (b j,k) from B such that b j,k ∈ At for t = φ( j, k) (see [6]).

Remark 1.1. 1. Analogously to the definition of selection principle αd
2(A,B) corresponding to the se-

lection principle α2(A,B) in [7], it is possible to define selection principles αd
i (A,B), i ∈ {1, 3, 4}

corresponding to the selection principles αi(A,B), i ∈ {1, 3, 4} (see, e.g., [7, 8]). Observe that we have

αd
1(A,B)⇒ αd

2(A,B)⇒ αd
3(A,B)⇒ αd

4(A,B).

2. Selection principles Sd
1(A,B) and Sφ1 (A,B) are based on famous Rothberger’s S1(A,B) selection prin-

ciple (see, e.g., [11]) and they are two-dimensional versions of the Rothberger-type selection principle
S1.

In [6], among others, the following proposition was proved.

Proposition 1.2. ([6]) Let a ∈ R be a given point. Then the following selection principles hold:

(a) αd
2(ca,1

2 , c
a,1
2 );

(b) Sd
1(ca,1

2 , c
a,1
2 );

(c) Sφ1 (ca,1
2 , c

a,1
2 ).

In the next section we generalize and improve these results.
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2. Main results

In the following propositions results from Proposition 1.2 are improved by replacing the second coordi-
nate ca,1

2 with its important and proper subclass ca,3
2 .

Proposition 2.1. Let a ∈ R be a given point. Then the selection principle αd
2(ca,1

2 , c
a,3
2 ) holds.

Proof. Let a double sequence of double sequences (xm,n, j,k) be such that for every j0 ∈ N and every k0 ∈ N,
(xm,n, j0,k0 ) ∈ ca,1

2 . Create the double sequence y = (y j,k) in the following way:

If j ∈N, k ∈N and j , k, let yi,k = a, and if j = k, then use the following procedure:

Firstly, take a sequence (pr) of prime numbers in the ascending order. Then, sort the initial double
sequence of double sequences into a sequence of double sequences (xm,n,r) in any standard way. For r ∈ N
and r ≥ 2 let us define y j, j = xps

r,ps
r,r if j = ps

r for some s ∈N. If |xps
r,ps

r,r−a| > 1
2r , then already defined y j, j replace

with y j, j = a. Let jr = min{ j ∈N | y j, j = xps
r,ps

r,r}. If jr+1 < jr, then already given y j, j, j ∈ { jr+1, jr+1+1, . . . , jr−1},
redefine so that y j, j = a. If pr does not exist and s ∈Nwith j = ps

r does not exist, then take y j, j = a. According
to the construction of y we have: (1) y = (y j,k) ∈ ca,3

2 , and (2) y has infinitely many common elements at the
same positions with every double sequence (xm,n, j0,k0 ). This completes the proof.

Proposition 2.2. Let a ∈ R be a given point. Then the selection principle Sd
1(ca,1

2 , c
a,3
2 ) holds.

Proof. Let (xm,n, j,k) be a double sequence of double sequences in ca,1
2 . Let y = (y j,k) be the double sequence

defined in the following way:

Let ( j, k) ∈N ×N. Then an xm∗,m∗, j,k can be chosen from the double sequence (xm,n, j,k) so that

|xm∗,m∗, j,k − a| ≤
(1

2

) j+k−1

.

For y j,k take xm∗,m∗, j,k and in that way create the double sequence y = (y j,k). Since for every ε > 0 there exists
p0 ∈ N such that ( 1

2 )p ≤ ε for every p ∈ N, p ≥ p0, it follows that for every j and every k from N, such that
j+ k− 1 ≥ p0, it holds |y j,k − a| ≤ ε. So, y ∈ ca,3

2 and for all ( j, k) ∈N×N the element y j,k belongs to the double
sequence (xm,n, j,k).

Proposition 2.3. Let a ∈ R be given. Then the selection principle Sφ1 (ca,1
2 , c

a,3
2 ) holds.

Proof. Let (xm,n,t) be a sequence of double sequences such that (xm,n,t0 ) ∈ ca,1
2 holds for all t0 ∈N. Let y = (y j,k)

be the double sequence formed in the following way:

Let ( j, k) ∈ N ×N. Let y j,k = xm∗,m∗,φ( j,k), where m∗ ∈ N is such that |xm∗,m∗,φ( j,k) − a| ≤ ( 1
2 ) j+k−1. According

to the construction of the double sequence y = (y j,k), it follows that y j,k belongs to the double sequence
(xm,n,φ( j,k)) for every (fixed) ( j, k) ∈ N ×N. Also, for every ε > 0 there exists p0 ∈ N such that ( 1

2 )p ≤ ε for
all p ∈ N, p ≥ p0. So, |y j,k − a| ≤ ε holds for all ( j, k) ∈ N ×N such that j + k − 1 ≥ p0, and it follows that
y ∈ ca,3

2 .

Remark 2.4. 1. For the bijection φ : N ×N → N (from the previous considerations) it is said that it
generates an arrangement on N ×N in the following way:

For (m1,n1) and (m2,n2) from N ×N, it holds that (m1,n1) ≤φ (m2,n2) if φ(m1,n1) ≤ φ(m2,n2).
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2. In Propositions 2.1, 2.2 and 2.3 the class ca,1
2 at the first coordinate can be replaced with the class of real

double sequences which have the Pringsheim limit point limk→+∞ xm(k),n(k) = a (see [6]), so that those
propositions remain true.

3. Parts of the proof of Proposition 2.1 present a more precise and complete proof of the analogous
proposition from [6] (where the second coordinate is the class ca,1

2 ).

4. For Propositions 2.1, 2.2 and 2.3, game-theoretic and Ramsey-theoretic results, analogous to the results
in [3] for the S1 selection principle, can be obtained.

5. Obviously, from the previous it follows that selection principles αd
2(ca,1

2 , c
a,2
2 ), Sd

1(ca,1
2 , c

a,2
2 ), Sφ1 (ca,1

2 , c
a,2
2 )

and αi(ca,1
2 , c

a, j
2 ) hold for all i ∈ {2, 3, 4} and for all j ∈ {2, 3}.

6. Let a = 0 and let c0,1
2,+ be the set of all double sequences from c0,1

2 with positive elements. Then for
y = (y j,k), which is constructed in the proofs of Propositions 2.1, 2.2 and 2.3, it holds

∑
( j,k)∈N×N y j,k ≤ 1.

Let x = (xm,n) be a double sequence of real numbers. Then:

4◦ x ∈ c∞,12 (i.e., x converges to +∞ in Pringsheim’s sense) if for every M > 0 there exists N0 = N0(M) ∈N
such that xm,n ≥M for all n ≥ N0 and for all m ≥ N0 (see [6]). That is, if limmin{m,n}→+∞ xm,n = +∞.

5◦ x ∈ c∞,22 if for every M > 0 there exists N0 = N0(M) ∈ N such that xm,n ≥ M for all n ≥ N0 or for all
m ≥ N0. That is, if limmax{m,n}→+∞ xm,n = +∞.

6◦ x ∈ c∞,32 if for every M > 0 there exists N0 = N0(M) ∈ N such that xm,n ≥ M for all m ∈ N and for all
n ∈N for which m + n ≥ N0. That is, if limm+n→+∞ xm,n = +∞.

Then

c∞,32  c∞,22  c∞,12 .

Analogously as in Propositions 2.1, 2.2 and 2.3 it can be proved that selection principles αd
2(c∞,12 , c

∞,3
2 ),

Sd
1(c∞,12 , c

∞,3
2 ) and Sφ(c∞,12 , c

∞,3
2 ) are true, and remarks analogous to Remark 2.4 (2., 4. and 5.) hold. Notice

that to show that αd
2(c∞,12 , c

∞,3
2 ) holds, one should take yi, j = i + j in the proof (for i ∈N, j ∈N, i , j).

Let x = (xm,n) be a double sequence of positive real numbers. Then a double sequence y = (ym,n) of
positive real numbers is said to be 1-strongly asymptotic equivalent (or 1-asymptotic equal) to x, denoted x 1∼ y
or y ∈ [x]1, if for every ε > 1 there exists N0 = N0(ε) ∈N such that

1
ε
≤ xm,n

ym,n
≤ ε

for all n ≥ N0 and all m ≥ N0.

Relations 2∼ and 3∼ are introduced analogously and they are (as the relation 1∼) equivalence relations on
the set of all double sequences of positive real numbers. For a real positive double sequence x it holds

[x]3  [x]2  [x]1.

Also, for ca, j
2 , where a > 0 and j ∈ {1, 2, 3}, it holds ca, j

2 = [x] j whenever x ∈ ca, j
2 .

From results in [6], Proposition 2.1 and Remark 2.4(5.) it follows that for a > 0 and for all x ∈ ca, j
2 ,

j ∈ {1, 2, 3}, selection principles αd
i ([x] j, [x] j) and αi([x] j, [x] j) hold for i ∈ {2, 3, 4}.
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Proposition 2.5. Let x = (xm,n) be a double sequence of positive real numbers. Then the selection principle
αd

2([x]1, [x]3) holds.

Proof. Let (zm,n, j,k) be a double sequence of double sequences of positive real numbers, such that for every
j0 ∈ N and every k0 ∈ N it holds (zm,n, j0,k0 ) ∈ [x]1. First pick an increasing sequence (pr) of prime numbers
so that p1 = 2, and then arrange (zm,n, j,k) into a sequence of double sequences (zm,n,r) in any standard way.
Define the double sequence y = (y j,k) in the following way:

First, take y0 = x. Then for r ∈ N create the double sequence yr by replacing elements at positions
(ps

r, ps
r), s ∈N, in the double sequence yr−1 by elements zps

r,ps
r,r, s ∈N, if

2r − 1
2r ≤

zps
r,ps

r,r

xps
r,ps

r

≤ 2r

2r − 1
.

Let the double sequence y be obtained by the above procedure as r → +∞. Then, according to the
construction, y has infinitely many common elements at the same positions with double sequences (zm,n,r),
i.e. y ∈ [x]3.

Remark 2.6. 1. From the previous consideration it follows that the selection principles αd
i ([x] j, [x]3) hold

for i ∈ {2, 3, 4} and j ∈ {1, 2, 3} and selection principles αi([x] j, [x]3), for a given double sequence
x = (xm,n) of positive real numbers.

2. From Proposition 2.5 it follows that for a given x ∈ c∞,12 the selection principle αd
2([x]1, [x]3) holds.
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