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Semi-continuous function versions of Urysohn Lemma

Li-Hong Xie®

?School of Mathematics, Sichuan University, Chengdu 610065, P.R. China

Abstract. Some characterizations of semi-stratifiable and k-semi-stratifiable spaces in terms of semi-
continuous functions, analogous to Urysohn Lemma, were established in this paper. Some applications of
them in the insertion of functions are given as well.

1. Introduction, basic definitions and notations

To study general topology, the concept of continuous functions is fundamental and much work has
been done concerning the existence and extension of continuous functions and the collection of continuous
(bounded) real-valued functions on a space (see for instance [4]). Amongst this work one finds the famous
results of Tietze and Urysohn which are central to the theory of normal spaces.

Urysohn Lemma. A space X is normal if and only if for each ordered pair (A, U) of subsets of X, with
A closed, U open and A C U, there is a continuous function fa; : X — [0,1] such that A € f;7,(0) and

X-Uc f,D).

For perfectly normal spaces, there is a strengthening form of Urysohn Lemma as follows.

Theorem 1.1. ([3]) A space X is perfectly normal if and only if for each ordered pair (A, U) of subsets of X, with A
closed, U openand A C U, there is a continuous function fa; : X — [0, 1] such that A = f7,(0)and X—U = f,7,(1).

In 1966, Borges [1] first gave a characterization of stratifiable spaces in terms of continuous functions
separating pairs of disjoint, closed sets, but, in 2001, Lane, Nyikos, and Pan [6] provided a strengthening
form as follows.

Theorem 1.2. ([6]) A space X is stratifiable if and only if for each ordered pair (A, U) of subsets of X, with A closed,
U open and A C U, there is a continuous function fay : X — [0,1] such that A = f;1(0), X = U = f,7,(1) and
fau = fs,v whenever ACBand UC V.

The semi-stratifiable and k-semi-stratifiable spaces are very important generalized metrizable spaces.
Many interesting properties of them refer to [7]. In 2007, Yan and Yang [12] established some characteri-
zations, analogous to Urysohn Lemma, of semi-stratifiable and perfect spaces in terms of semi-continuous
functions as follows.
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Theorem 1.3. ([12]) A space X is semi-stratifiable if and only if for each ordered pair (A, U) of subsets of X, with
A closed, U open and A C U, there is a lower semi-continuous function fay : X — [0,1] such that A = f,7,(0),

X U= f,(1)and fay > fpv whenever ACBand UC V.

Theorem 1.4. ([12]) A space X is perfect if and only if for each ordered pair (A, U) of subsets of X, with A closed,
U open and A C U, there is a lower semi-continuous function fau : X — [0,1] such that A = f},(0) and

X-U= ;3.

Now, it is natural to ask whether there exist other semi-continuous function versions of the Urysohn
Lemma for k-semi-stratifiable spaces. Can the continuous functions be replaced by semi-continuous func-
tions in Theorem 1.1? We give affirmative answers to the questions above. In the second section of this
paper, some semi-continuous function versions of the Urysohn Lemma are obtained for k-semi-stratifiable
spaces and so on. In the third section, we give some applications of them in the insertion of functions.

Throughout this paper, a space means a topological space and all spaces are assumed to be T7.

A real-valued function f defined on a space X is lower (upper) semi-continuous if for any real number
r,theset{x e X: f(x) > r} ({x € X: f(x) < r}) is open.

Definition 1.5. ([12]) A real-valued function f defined on a space X is K-lower (K-upper) semi-continuous
if for any compact set K of X, f has a minimum (maximum) value on K.

Before stating the main results of this paper, we shall introduce some notations. k(X), o(X) are the sets
of all closed, open subsets of X, respectively. f < g means f(x) < g(x) for each x € X, where f and g are
real-valued functions defined on the space X. The IN represents the set of all non-negative integers. We
also write (A, B) < (C,D) whenever A C C and B C D. C(X), USC(X), LSC(X), UKL(X) are the sets of all
continuous, upper semi-continuous, lower semi-continuous, upper and K-lower semi-continuous functions
from X into [0, 1], respectively. Also,

ko(X) = {(F, U) € k(X) x o(X) : F C U},
LU(X) = {(g, f) € LSC(X) x USC(X) : g < f},
UL(X) = {(g, f) € USC(X) X LSC(X) : g < f},

UCX) ={(g, f) e USC(X) X C(X) : g < f},
CL(X) = {(g, f) € C(X) X LSC(X) : g < f}.

Let X be a space. If A € X, we write ya for the characteristic function on A, that is, a function
Xa: X — [0,1] defined by

1 XEA,
XA(x) = 0 x¢ A.
One easily verifies that if A € k(X), then x4 € USC(X); and x4 € LSC(X), if A € o(X).

Definition 1.6. ([8]) A space X is said to be k-semi-stratifiable, if there is an operator U assigning to each
closed set F, a sequence U(F) = (U(j, F))jen of open sets such that,

(1) FC U(j,F) foreach j € IN;

(2) if D C F, then U(j, D) € U(j, F) for each j € N;

3) N jen U(j, F) = F, and for every compact subset K of X, if K[ F = 0, then there exists some j, € IN such
that KN U(jo, F) =0

Definition 1.7. ([2]) A space X is said to be semi-stratifiable, if there is an operator U assigning to each
closed set F, a sequence U(F) = (U(n, F)),en of open sets such that,

(1) FC U(n,F) foreachn € IN;

(2) if D C F, then U(n, D) C U(n, F) for each n € IN;

(3) mne]N u(nl F) =F
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2. Various versions of Urysohn Lemma

In this section some semi-continuous function forms of Urysohn Lemma are stated for various classical
spaces.
Let X be a space and (D,),en a decreasing sequence of sets of X. Define a real-valued function fp,)
X — [0,1] as follows:
1 x € X =Dy,
®  foo@®={ = x€D;j-Djy,
0 X € m jeN D e

Lemma 2.1. Let X be a space and (D)) jen a decreasing sequence of sets of X. Then the function f(p,) defined by (*)
has the following properties:

(1) if the (Dj)jen is a sequence of open sets, then the f(p,) is an upper semi-continuous function;
(2) if the (Dj)jen is a sequence of closed sets, then the f(p,) is a lower semi-continuous function;
(3) NjenDj = fBl)(O yand X — Dy = f(g)(l)'

(4) if (D) < (Ey), that is, D, C E, for each n € IN, then f,) < fi,);

(5) if for any compact set K of X such that (e Dj 0 K = 0 there exists jo € N such that Dj, N K = 0, then fip,)
is a K-lower semi-continuous function.

Proof. The property (3) directly follows from the definition of f(p,). The proofs of (1) and (2) are similar, so
it suffices to prove (2), (4) and (5).

To prove (2), it is enough to show that the set {x € X : fpp,(x) < 7} is closed for any real number r.
Without loss of generality, we can actually assume r € [0, 1]. Thus, (i) 1f r=1,then{x e X: fip,(x) <1} =X;
@) ifr = 0 then {x € X : fip,)(x) < r} = NjenDj; (iii) if 0 < r < 1, then there exists jo € N such that
2]3+1 <r< 270 and {x € X : fip,)(x) < r} = Dj,. Since the (D))jen is a sequence of closed sets, for each case the
set {x € X : fip,)(x) < r}is closed, which implies that fp,) is a lower semi continuous function.

Now we prove (4). First, observe that if x ¢ D, then fp,)(x) > 2/0 Take any x € X. If x € (jen Ej ], then
fEn(x) =0 < fip,)(x). On the other hand if x € (jen Ej, then there exists jo € N such that x € Ej,_1 — Ej, (set
E_; = X) which implies f,(x) = 2/0 < fio)(x),sincex ¢ Ej; 2 Dj,.

According to Definition 1.5, to prove (5) it suffices to show that fp,) has a minimum value on K for any
compact set K in X. If ﬂjeN D; N K # 0, then take a point xq € ﬂjeN D; N K, thus fip,)(xo) = 0 which is a
minimum value on K. On the other hand, if [ jeN D;NK = 0, then there exists jo € N such that D;,_1NK # 0
and Dj, N K = 0 by the hypothesis. Thus there is an xo € Dj,-1 N K (set D_; = X) such that f(p,)(x0) = 55
which is a minimum value on K. the proofs are finished. [

Proposition 2.2. ([12]) If f : X — R* is a lower (an upper) semi-continuous function and g : X — R* is an upper

f

(a lower) semi-continuous function, then gisa lower (an upper) semi-continuous function on X into R*.

Theorem 2.3. A space X is perfectly normal if and only if for each (A, U) € ko(X), there exists (ga,u, fau) € LU(X)
such that A = f/;lu(O) = g;‘?u(O) and X - U = fg/lu(l) g, u(1)

Note. In fact, from the fact that every continuous function is both upper and lower semi continuous it
follows that the necessity of conditions, but we shall directly construct an upper semi continuous function
and a lower semi continuous function, which satisfy the necessity of conditions in Theorem 2.3.

Proof. Necessity Assume that the space X is perfectly normal. Take any (A, U) € ko(X). Then (U, A) € ko(X),
where A" = X — A and U = X — U. Since the space X is perfectly normal, one can easily find decreasmg

sequences (Vi)ien and (Wj)ien of open sets such that A = Nien Vi = Nien Vi, Vo S U U = Nien Wi = Nien W

and Wy C A'. According to (1), (2), (3) and (4) in Lemma 2.1, we have (h h(v,)) € LU(X) and (h(w),h(w)) €
LU(X) such that A = h ! (0) = h(V)(O) 1 = hg(x) = e, (x) for each x E u,u = h 1 (0) = h(w)(O) and
1= h ) (x) = hew,(x) for each x € A, where each h() is defined by (+) above. Now deﬁne two functions
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hf
as follows: gau(x) = % and fau(x) = 1+h (x) for all x € X. Clearly, gau € L(X) and fau € U(X)

by Proposition 2.2. Since h(v) hw, and h(w) h w,), one has gau < fau, thatis, (gau, fau) € LUX).
A= f1(0) = I, 1,(0) is obvious. We shall prove X - U = f, 1,(1). Take any point x € U = X — U; from

]’l(V) X)

hwyx) = 1 and h(W’)(x) = 0 it follows that f4 u(x) = Ty @ = = 1+0 = 1, which implies X - U C fA u(1)

On the other hand, take any point x ¢ U = X — U; accordmg to hw,y(x) < 1 and h(Wi) (x) > 0, we have

faux) = 111;:;)7(?(1) < 1, which implies X — U 2 f;},(1). Thus the proof of X — U = f,},(1) is completed.

Similarly, one can prove X - U = g, L.

Conversely, take any F € k(X). To show that the space X is perfectly normal, it suffices to prove that there
is a sequence (V;)jen of opensets in X such that F = (e Vj = Njen 7] Clearly, (F, X) € ko(X). According to
the hypothesis there exists (gp %, frx) € LU(X) such that F = fF‘ )1((0) = g;X(O) Set Vi ={xe X: frpx(x) < 2/+1}
and V;. {x € X :grx(x) < ,+1 } for each j € IN. Clearly, (V;)jen is a sequence of open sets. We claim that
F=NiewVj=Njen V. In fact, it is very easy to verify that F = MNien Vi € Nien V;c MNjen V" = F, since
(9ex, fex) € LU(X). Thus the space X is perfectly normal. [

Corollary 2.4. A space X is perfectly normal if and only if for each A € k(X), there exists (ga, fa) € LU(X) such that
A= £10) = g,'0).

Proof. Assume that the space X is perfectly normal. Take any A € k(X). Clearly, (A, X) € ko(X). According
to Theorem 2.3 there exists (94,x, fa,x) € LU(X) such that A = f;X(O) I, X( ).

Conversely, to show that the space X is perfectly normal, it is enough to find a decreasing sequence
(Vi)new of open sets such that A = (,en Vi = (Nyen V, for each A € k(X). By the hypothesis, there exists
(g4, fa) € LU(X) such that A = £;1(0) = ,'(0) for each A € k(X). Set V,, = f;'[0, 57) and V,, = g, [0, 5]
for each n € IN. Because of the ordered pair (g4, fa) € LU(X) such that A = fgl(O) = ggl (0), one can easily
verify that A = (Nen Ve € Nyen Ve € Nyew Vi, = A, , which implies A = (M,en Ve = Nyew Var- The proof is
completed. O

Theorem 2.5, which is similar to Urysohn Lemma, is a characterization of k-semi-stratifiable in terms of
upper and K-lower semi-continuous functions.

Theorem 2.5. A space X is k-semi-stratifiable if and only if for each (A, W) € ko(X), there is a function faw €
UKL(X) such that A = f;,(0), X =W = f11,(1) and faw > fpv whenever (A, W) < (B, V).

Proof. Assume that the space X is k-semi-stratifiable. Then there is an operator U satisfying (1), (2) and (3)
in Definition 1.6. Take any (A, W) € ko(X). By leting o(A, W)o = W and (A, W)i+1 = U(i, A) N W for each
i € N. Clearly, we have (i) A = (;en 0(A, W);; (i) 0(A, W); € o(B, V); whenever (A, W) < (B, V); (iii) for any
compact set K, if A = (V;en (A, W); N K = 0, then there is iy € IN such that 6(A, W);, N K = 0. Now define
faw = fo@awy), where fa,wy, is defined by (+) above. From Lemma 2.1 it follows that f4 w € UKL(X) such
that A = f;}N(O), X-W= fg}N(l) and faw > fgv whenever (A, W) < (B, V).

Conversely, to show that X is k-semi-stratifiable, it is enough to prove that there is an operator U
assigning to each F € k(X), a sequence of open sets U(F) = (U(n, F)),en Which satisfies (1), (2) and (3) in
Definition 1.6. Clearly, (F, X) € ko(X) for each F € k(X). By the hypothesis there exists frx € UKL(X) such
that F = fFX(O) and frx < frx whenever F C E, where E € k(X). Set U(n,F) = {x € X : frx(x) < 2,}7} for

each n € N. It is very easy to verify that F = (), U(n, F), because of F = f71(0). By the hypothesis, we
have frx > fgx whenever F C E. Thus U(n, F) C U(n, E) for each n € IN. Take any compact set K such that
KNF = 0. Since the function frx is K-lower and F = fF‘ )1((0), there is xg € K such that 0 < frx(xo) < frx(x) for
each x € K. Therefore, there is an i € IN such that 2}1 < frx(xo). Thus U(i, F) = {x € X : frx(x) < 21%1} NK=0.
The proof is completed. [
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Corollary 2.6. A space X is k-semi-stratifiable if and only if for each A € k(X), there exists fo € UKL(X) such that
A= fgl(O) and fa > fg whenever A C B.

Proof. Suppose that the space X is k-semi-stratifiable. Clearly, (A, X) € ko(X) for each A € k(X). Thus
according to Theorem 2.5 there is an f4 x € UKL(X), which satisfies the conditions.

Conversely, to show that X is k-semi-stratifiable, it is enough to prove that there is an operator U
assigning to each closed set A, a sequence of open sets U(A) = (U(n, A))»en Which satisfies (1), (2) and (3) in
Definition 1.6. For each A € k(X), there is a function f4 € UKL(X) such that A = fgl(O) and f4 > fp whenever
A C B by the hypothesis. Set U(n,A) = {x € X : fa(x) < 5} for each n € N. One can easily verify that
the operator U, where U(A) = (U(n, A))nen for each closed set A of X, satisfies (1), (2) and (3) in Definition
1.6. O

According to the proofs of Theorem 2.5 and Corollary 2.6, it is not difficult to find that the lower semi-
continuous functions of the Theorems 1.3 and 1.4 can be replaced by upper semi-continuous functions,
which is surprised. Thus we have the following theorems and corollaries.

Theorem 2.7. A space X is semi-stratifiable if and only if for each (A, U) € ko(X), there exists fo ; € USC(X) such
that A = f,1,(0), X = U = f,3,(1) and fau > fsv whenever (A, U) < (B, V).

Corollary 2.8. A space X is semi-stratifiable if and only if for each A € k(X), there exists fa € USC(X) such that
A= f;1(0) and fa > fp whenever A C B.

Theorem 2.9. A space X is perfect if and only if for each (A, U) € ko(X), there exists fau € USC(X) such that
A= f/;}u(O) amd X - U = f;}u(l).

Corollary 2.10. A space X is perfect if and only if for each A € k(X), there exists fo € USC(X) such that A = f;1(0).

3. Applications

In this section, we give some applications on the insertion of functions. Corollary 3.1 was proved in
[12]. Using Corollary 2.8, we give another simple proof.

Corollary 3.1. ([12]) A space X is semi-stratifiable if and only if there exists a map ® : LSC(X) — USC(X) such
that for any h € LSC(X),0 < ®(h) < h, ®(h) < (K if h < h" and 0 < O(h)(x) < h(x) whenever h(x) > 0.

Proof. Assume that the space X is semi-stratifiable. Takeany & € LSC(X). By letting E,,;, = {x € X : h(x) < 7}
for each n € N. Clearly, E,;, 2 E,;; whenever h < Ii" for each n € N. According to Corollary 2.8 there is
a sequence {f,, lnen Of upper semi-continuous functions such that E,, = ¢ 1h (0) and f,, < fg , whenever

h < K for each n € N. Define a map as follows: ®(h)(x) = Y., 2,1% X 2,1% fE,, (x) for each x € X. Now we
prove that the map @ is required. ®(h) < ®(k') is clear whenever i < I . Firstly, to show ®(h) € USC(X), it is
enough to show that for each xg € X and r € [0, 1] such that ®()(x;) < r, there is an open set V of X such that
xg € Vand ®(h)(x) < rforeachx € V. Clearly, thereexist e > 0andng € Nsuchthat},)", 55Xz fe,,(¥) < €

for each x € X and ®(h)(xp) +2¢ < r. Since g = Z;’g}l 55 X 51 fE,, is an upper semi-continuous function and
g(x0) < D(h)(xg) < r — 2¢, there exists an open neighborhood V of xj such that g(x) < r — 2e for each x € V.
Thus, for eachx € V wehave ®(h)(x) = Yorg 575 X 55 [, () = ZZ”:?; 3 X 553 Sy O+ Lo 357 X 53, (%) <
r —2¢ + ¢ < r which implies ®(h) € USC(X). Now show 0 < ®(h) < h and 0 < ®(h)(x) < h(x) whenever
h(x) > 0 for any h € LSC(X). Take any x € X. If h(x) = 0, then x € ("),,cny Eip and so f,,(x) = 0 for each n € IN.
Thus ®(h)(x) = 0. If h(x) > 0, then h(x) > 2}7 and x ¢ E;; for some i € IN. Let m = min{i : x ¢ E;;}, then
0 < O)(x) = Lnly g0z X 52 fe,, (0) + Lol 352 X g f (0 = Lol 3ier X 3 fr,, () < il i = i < h().

Conversely, choose any A € k(X). By the hypothesis, one can easily verify that ®(1 — y4) € USC(X) such
that A = (1 — x4)7(0) and ®(1 — x4) < P(1 — xg) whenever A 2 B. From Corollary 2.8 it follows that X is
semi-stratifiable. [
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Remark. In fact, we have also proved that a space X is perfect if and only if there exists a map
@ : LSC(X) — USC(X) such that for any h € LSC(X),0 < ®(h) < hand 0 < ©(h)(x) < h(x) whenever h(x) > 0,
which was proved by Yan and Yang in [12].

The following 7t; means the ith (i=1,2) projection. Using the same way in the proof of Corollary 3.1, one
can easily prove Corollary 3.2 according to Corollary 2.4, which was proved in [11], so we omit the proof.

Corollary 3.2. ([11]) A space X is perfectly normal if and only if there is an operator @ : LSC(X) — LU(X) such that
for any h € LSC(X), 0 < m1(P(h)) < m2(D(h)) < hand 0 < 111(D(h))(x) < ma(DP(h))(x) < h(x) whenever h(x) > 0.

Lemma 3.3. ([5]) A space X is normal if and only if for each upper semi-continuous function g : X — [0,1] and
lower semi-continuous function h : X — [0, 1] such that g < h, there is a continuous function f : X — [0, 1] such
that g < f < h.

Theorem 3.4. For any space X, the following statements are equivalent:

(1) the space X is perfectly normal;

(2) there is an operator @ : LSC(X) — LU(X) such that for any h € LSC(X), 0 < mt1(P(h)) < ma(P(h)) < hand
0 < 1 (D(h))(x) < m2(DP(h))(x) < h(x) whenever h(x) > 0;

(3) there is an operator @ : CL(X) — LU(X) such that for any (f, g) € CL(X), f < m1(P(f, 9)) < m(P(f,9)) < g
and f(x) < 1 (P(f, 9))(x) < 72(P(f, 9)(x) < g(x) whenever f(x) < g(x);

(4) there is an operator @ : UC(X) — LU(X) such that for any (f, g) € UC(X), f < m1(P(f, 9)) < ma(D(f, 9)) <
and f(x) < 1 (P(f, 9))(x) < 72(P(f, 9)(x) < g(x) whenever f(x) < g(x);

(5) there is an operator @ : UL(X) — LU(X) such that for any (f, g) € UL(X), f < m1(P(f, 9)) < ma(D(f, 9)) <
and f(x) < 11 (P(f, 9))(x) < m2(D(f, 9))(x) < g(x) whenever f(x) < g(x).

Proof. (1)&(2). It follows from Corollary 3.2.

(2)=(3). Assume that the @y is an operator in (2). Take any (f, g) € CL(X), then g — f € LSC(X). Thus we
can define an operator @ : CL(X) — LU(X) as follows: @((f, 7)) = (rt1(Do(g—f))+f, m2(Po(g—f))+ f). We assert
that the operator @ has the required properties. According to 0 < 111(Do(g — f)) < ma(DPo(g - f)) < g - f,
f < m(d(f,g9) < mAP(f,9) < gis obvious. If f(x) < g(x), then (g — f)(x) = g(x) — f(x) > 0. Thus
0 < 11(Po(g — H)(x) < ma(Do(g — f))(x) < (g — f)(x), which is equivalent to f(x) < 711 (Po(g — /))(x) + f(x) <
ma(@o(g — AR + F() < (9= ) + F(2) = 9(x), that is, Fx) < 1(@(F, )(x) < TP, g)() < g(x).

(3)=(4). Assume that the @ is an operator in (3). Take any (f, g) € UC(X), then (1 —g,1 — f) € CL(X).
Thus, one can define an operator @ : UC(X) — LU(X) as follows: O(f,g) = (1 — ma(DPo(1 — 9,1 - f)), 1 -
111(QPo(1 = g,1 = f))). One can easily verify that the operator @ has the required properties.

(4)=(5). Assume that the @ is an operator in (4). First, we prove that (4) implies (2), which implies that
(1), (2), (3) and (4) are equivalent. Take any i € LSC(X), then (1 — h,1) € UC(X). Thus one can define an
operator @ : LSC(X) — LU(X) as follows: @'(h) = (1 — 1t(Po(1 — h, 1)), 1 — 111(Py(1 — h, 1))). One can easily
verify that the operator @’ satisfies the conditions of (2), which implies the space X is normal. Thus we can
also assume that there is an operator ®; satisfying the conditions in (3). Take any (f,g) € UL(X). There
exists hy, € C(X) such that f < hy,; < g by Lemma 3.3. Thus (f, hf,) € UC(X) and (hs,, g) € CL(X). Now
define an operator @ : UL(X) — LU(X) as follows: ®(f,g) = (m(%(f 'hf’”));rm @1l )), ma(®of ’hf'”»;nzm)](hf’”’g ))).
One can easily verify that the operator @ has the required properties in (5).

(5)=(1). Let @ be an operator in (5). Clearly, (0,1 — x4) € UL(X) for any A € k(X). Thus one
can easily verify that (711(®(0,1 — x4)), m2(®(0,1 — x4))) € LU(X) such that A = 711(D(0,1 — x4))"}(0) =
72(®(0,1 = x4))"1(0). From Corollary 2.4 it follows that X is perfectly normal. [J

Corollary 3.5 was proved by Michael in [9]. We give another proof.

Corollary 3.5. ([9]) A space X is perfectly normal if and only if for each upper semi-continuous function g : X — [0, 1]
and lower semi-continuous function f : X — [0, 1] such that g < f, there is a continuous function h : X — R such
that g < h < fand g(x) < h(x) < f(x) whenever g(x) < f(x).
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Proof. Assume that the space X is perfectly normal. Take any (g, f) € UL(X). According to (5) in Theorem 3.4,
there exists (ki, kz) € LU(X) such that g < k1 < ky < f and g(x) < k1(x) < ka(x) < f(x) whenever g(x) < f(x).
For (g, k1) € UL(X), there is also a (h1, ;) € LU(X) such that g < Iy < hy <k and g(x) < hi(x) < ha(x) < ki (x)
whenever g(x) < ki(x). Since X is normal, there is a function j € C(X), which is required, such thath, < j < k;
by Lemma 3.3. In fact, g < j < f is obvious. We also have g(x) < ha(x) < j(x) < ki(x) < f(x) whenever
9 < F).

Conversely, it is obvious, since for any (g, f) € UL(X), there is continuous function & such thatg < h < f
and g(x) < h(x) < f(x) whenever g(x) < f(x) by the hypothesis. (i, k) € LU(X) is obvious. From the (5) in
Theorem 3.4 it follows that X is perfectly normal. [

Acknowledgement

I wish to thank Professor Shou Lin and the referee for the detailed list of corrections, suggestions to the
paper, and all her/his efforts in order to improve the paper.

References

[1] C.J.R. Borges, On stratifiable spaces, Pacific ] Math. 17 (1966) 1-16.
[2] G.D.Creede, Semi-stratifiable, in: Proc Arizona State Univ Topological Conf, 1967 (1969) 318-323.
[3] R.Engelking, General Topology, Polish Scientific Publishers, Warszawa, 1977.
[4] L. Gillman, M. Jerison, Rings of continuous functions, Van Nostrand, Princeton, N.J., 1960.
[5] M. Katétov, On real-valued functions in topological spaces, Fund. Math. 38 (1951) 85-91.
[6] E.Lane, P.Nyikos, C. Pan, Continuous function characterizations of stratifiable spaces, Acta Math Hungarica. 92 (2001) 219-234.
[7] S.Lin, Generalized metrizable spaces and mappings (in Chinese), 2nd ed., China Science Press, Beijing, 2007.
[8] D.L. Lutzer, Semistratifiable and stratifiable, General Topology Appl. 1 (1971) 43-48.
[9] E. Michael, Continuous selections I, Ann. Math. 63 (1956) 361-382.
[10] H. Tong, Some characterizations of normal and perfectly normal spaces, Duke Math. J. 19 (1952) 289-292.
[11] L. Xie, P. Yan, Insertion of semi-continuous functions and sequences of sets, Acta Math. Hungar. 126 (2010) 164-180.
[12] PF. Yan, E.G. Yang, Semi-strtifiable spaces and the insertion of semi-continuous functions, J. Math. Anal. Appl. 328 (2007) 429-437.



