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Abstract. In this note, it is shown that the product [],,, X is screenable if {X, : n € w} is a countable
collection of Cech-scattered screenable spaces. And a group of equivalent conditions of screenableness of
products is obtained.

1. Introduction

The notion of C-scattered spaces was introduced and investigated by Telgarsky [14]. Furthermore,
utilizing it to products, he proved that if X is a paracompact C-scattered space, then the product X X Y
is paracompact for each paracompact space Y. In these connections, C-scattered spaces have been widely
used in study of topological spaces characterized by coverings to their countable products. As an excellent
result, Friedler et al. [5], Hohti and Pelant [7] showed that if {X,, : n € w} is a countable collection of
C-scattered paracompact spaces, then the product [],,, X, is paracompact.

As a generalization of C-scattered spaces, Cech-scattered spaces introduced by Hohti and Zigiu [8] play
the same fundamental role in the study of paracompactness of countable products. In 2005, Aoki and
Tanaka [1] extended the Hohti and Ziqiu’s results by proving that if Y is a perfect paracompact space, and
{X,, : n € w} is a countable collection of Cech-scattered paracompact spaces, then the product Y X [],.c,, X»
is paracompact.

Bing [3] defined a space to be screenable if every open cover has a o-disjoint refinement. And Greever
[6] showed that this property played an important role in study of the equivalency between countably
paracompact spaces and paracompact spaces. However, Balogh [2] constructed a normal, screenable,
nonparacompact space in ZFC. And Peiyong [10] demonstrated that there is a first countable regular
screenable space X such that X" is screenable for each n € w, but X* is not screenable. In view of the above,
it is natural to pose the following two questions:

Question 1.1. Is the product [],,c,, Xn screenable if {X,, : n € w} is a countable collection of Cech-scattered screenable
spaces?

Question 1.2. If a product space S=]] ¢, X» is countably paracompact and for each n € w, space X,, is screenable,
is S screenable?
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The aim of this note is to give an affirmative answer to question 1.1. In addition, a great advance has
been got on with the results of inverse limit and Tychonoff products of topological spaces characterized by
coverings, see [11,15]. Particularly, the paper [15] discussed the preserved property of the inverse limits
of normal screenable spaces. Dropping the condition of normality, we prove that the screenable spaces is
invariable under inverse limit operations. Using it, a group of equivalent conditions of screenableness of
countable products is obtained. Moreover, the answer to Question 1.2 is positive.

Throughout this paper, each space is assumed to be a Tychonoff space in Section 3. Each space has at
least two points without any separation axiom in Section 4, and all maps are continuous. Let @ be the set
of natural numbers.

2. Preliminaries

In the rest of this section, we state some notation and basic facts. Undefined terminology can be found
in Engelking [4].

Recall that a space X is scattered if every nonempty closed subset A has an isolated point 2. And a
space X is said to be C-scattered (Cech-scattered) if every nonempty closed subset A of X, there exists a point
a € A which has a compact (Cech-complete) neighborhood in A. Evidently, all of the scattered spaces, locally
compact spaces and C-scattered spaces are Cech-scattered.

Let X be a space. For a subset S of X, |S| (S) denotes its cardinality (closure). Assume that S is closed.

Put
S*={x € S : x has no Cech-complete neighborhood in S}.

Let $°=S, S@*D=(5@)*, and S@W=N3,SP for a limit ordinal a. Note that each S® is closed in X.
Furthermore, a space X is Cech-scattered if and only if XW=0 for some ordinal a. Obviously, a Chech-
scattered space is hereditary for its closed (open) subspace. A closed subset S of X is called topped if S N S
is nonempty Cech-complete and S N S@*D=0 for some ordinal a. For each x € X, there is a unique ordinal
a such that x € X@ \ X@*D, Let rank(x)=a. Then, there is an open neighborhood base V of x in X such that

foreach VeV, Vis topped in X and a(V)=rank(x). A collection V of subsets of X is a refinement of U if
each member of V is contained in some member of U and UV=UU.
To complete our proof, the following lemmas will be needed.

Lemma 2.1. ([1]) The product X x Y is Chech-scattered if X and Y are Cech-scattered spaces.

Lemma 2.2. ([4]) A Tychonoff space X is Cech-complete if and only if there exists a countable family {A;}ic., of open
covers of the space X with the property that any family ¥ of closed subsets of X, which has the finite intersection
property and contains sets of diameter less than A; for i € w, has nonempty intersection.

Note that the intersection N¥ is countable compact in Lemma 2.2. Therefore, if X is screenable, then
NF is compact.

Lemma 2.3. ([9]) A space X is A-paracompact if and only if for every directed open cover U of X with cardinality

< A, there is a locally finite open cover V of X such that {V : V € V) refines U. A space X is countably paracompact
if and only if A=w.

3. Countable products of screenable spaces

The following lemmas play important roles in the study of our main result. They will be stated briefly.

Lemma 3.1. Let X be a Cech-scattered screenable space, and a=inflf : f is an ordinal number and XP=0}. Then
there exists a o-disjoint open cover V=Uye,Vy, of X such that for each V e V,

(a) if a is a successor ordinal, then v s Cech-complete,
(b) if av is a limit ordinal, then V(ﬁ):(l)for some f < a.
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Lemma 3.2. Let X be a locally Cech-complete screenable space, and a=inflp : p is an ordinal number and XP=0}.
For every open cover U of X, there exists a o-disjoint open cover V=Uye,Vy, of X such that for each V € V,

(a) V c U for some U € U,
(b) v s Cech-complete for some f < a.

Lemma 3.3. If X is a Cech-scattered screenable space, then for every open cover U of X, there exists a o-disjoint open
cover V=Uye, Vi of X such that for each V € V, V is topped and is contained in some element of U.

Proof. This proof is a modification of [Lemma 3.3, 12]. Then, by Lemma 3.1 and Lemma 3.2, it is true. [

Now, we state our main theorem.
Theorem 3.4. Let X be a Cech-scattered space with Top(X)={a}. Then the product X is screenable if X is screenable.

Proof. Let G be an arbitrary open covering of X*. We can assume that G is closed under finite unions. We
are going to find a o-disjoint open refinement of G.

Let B be a base of X, consisting of all sets of the form D=]];., D; and for each i € w, 5, is topped, i.e,
Top(ﬁ,-) is Cech—complete. Then, there is a sequence {W,;,,(D) : m € w} of open covers of Top(ﬁi), such that
if 7 is a collection of nonempty closed subset of Top(D;) with the finite intersection property such that for
each m € w, there are F,, € ¥ and W,, € W, ,,(D) with F,, C W,,, then the intersection N is nonempty. Let
n(D)=inf{i : D;=X, for j > i}. And then, define C as follows:

*) (D, Wiu(D)) € C, m € w, if D=]];¢, D; € 8 and W,,,(D) is an open cover of Top(D;), satisfying the
conditions described above.

Let (D, W, u(D)) € C for each m € w. In case of that i < n(D), let m=1. Then for each W € ‘W, (D), there
is an open subset W’ of D; such that W=W’' N Top(D;). Moreover, {W' : W € ‘W, ,,(D)} U {D; — Top(D;)} covers
D; and hence, it follows from Lemma 3.3 that there is an open covering H;(D)=U,,H; j(D) of D; such that

(i) for each j € w, H; j(D) is disjoint,

(ii) for each A € H; j(D), j € w, Ais topped and contained in some member of (W :We Wim(D)U {5,- -
Top(D)}.

In case of that i=n(D), we can also take a o-disjoint open covering H,,p)(D) of D; such that for each
A € Ri(D), Ais topped. And there is a proper member Aq € H,p)(D) with a € Ay and for each A* €
Hup)(D) — {Ao}, a ¢ A™.

Let R(D);=]Ii<yp) Hi.j(D). Then R(D)=U;e,R;(D) is a o-disjoint open covering of [];.,p) Di and R(D) C
8. Fix an R=[[;cyp) Ri € R(D) with Top(R) N Top(ITi<up) D;) # 0. Then, Top(R;) N Top(D;) # 0 for each
i < n(R). And then, we deduce that .

Top(R;) N Top(D;)=R; N Top(D;) = Top(R;).

Hence, by (ii), Top(R;) € W for some W € ‘W;1(D). Put P(R)=R x X X ---=[],c,, P(R);. Then P(R) € B
and Top(P(R)):Top(E) X {a} X ---. Namely, Top(m) is Cech—complete. Next, we define R satisfying (++) as
follows:

(#+) if there are some basic open subsets E;, E; and E; in X“ and some G € G such that Top(@) CE C
EicEy;cE,cE;CcE;CG.

Assume that R satisfies the condition (++). Let k(R)=inf{n(E) : E1, E; and E3 are some basic open subsets
in X with n(E;)=n(E;)=n(E3) such that Top(%) CEiCE CEy,CE,CE, CE;CEsCGforsomeG e gG).
Then, we can take some basic open subsets E1(R)=]1;c,, E1(R)i, E2(R)=]T;e, E2(R); and E3(R)=]1;c,, E3(R); in
X and some C@ € G such thL L L

(1) (@) Top(P(R)) € E1(R) € E1(R) € E2(R) € Ex(R) € E3(R) € E3(R) € G(R).

(b) k(R)=n(E1(R)).

Let r(R)=max{n(D) + 1, k(R)}. Define Z(R)=[[,,g)(P(R); N E3(R);) X X X - - =] ¢, Z(R);. By the definition
of Z(R), we assume that

(2) (a) for i € w with k(R) < i < (R), let Z(R);=P(R);,
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(b) for i € w with i < k(R) and i < n(D), let Z(R);=P(R); N E3(R);,

(c) for i € w with n(D) <i < k(R), let Z(R);={a},

(d) in case of that #(R)=n(D) + 1, let Z(R);=X for each i > n(D) + 1; in case of that 7(R)=k(R) > n(D) + 1,
let Z(H);=X for i > k(R).

Then, Z(R) is a basic open subset of X“ such that Top(m) C Z(R), and contained in some member of
G and for each i € w, Z(R); is topped.

Put A(R)=P({0,1,--- ,#(R) — 1}). Fix an A € A(R). We define D4(R)=]]

(3) (a) if i € A with i < n(D), let D4 ;(R)=P(R); — P(R); N E2(R);,

(b) if i € A with r(R)=k(R) > i > n(D), let D4 (R)=X — {a},
(c)if i < r(R) withi ¢ A, let D4 i(R)=P(R); N E1(R);,
(d) for each i with i > #(R), let D4 ;(R)=X.

Clearly, for each A, B € A(R) with A # B, D4(R) N Dp(R)=0. And if i satisfies (3) (c) or (d), then D4 (R) is
topped. And if i € A with k(R) < i < #(R), then D4 ;(R)=0. Now, we consider the other cases:

(i) if i € A with i < max {n(D) + 1, k(R)};

(ii) if i € A with 7(R)=k(R) > i > n(D);

(iii) if i=r(R).

If i satisfies the conditions (i) or (ii), then Dy ;(R) does not need to be topped and hence, there is an open
covering B(D4 ;(R)) of Dy i(R) such that for each B € B(D4(R)), Bis topped. Then, there is a o-disjoint, open
refinement D i(R)=UnewDa,in(R) of B(Da,i(R)), covering Dy ,i(R) and for each D} € Dy4,(R), 51* is topped. If
i satisfies (iii), there is a proper o-disjoint, open collection D ,r)(R)=UnewDa rw)n(R), covering X and for
each D: € Dy,r)(R), 5;‘ is topped. Next, we define Z)Z’n(R), n € w, as follows:

(4) D'=[l;e, D; € Z)jq,n(R) if for each i € w,

(a) if i € A with k(R) < i < n(D), let D;=0,

(b) if i satisties one of the conditions (i), (ii) and (iii), let D} € D4 i1 (R),
(c)ifi ¢ Awithi<7(R),let D;=Dy,;u(R),

(d) let D;=X for each i > r(R).

Put D n(R)={D" € D}, (R): D" # 0}. Then, we infer that

(®) Dax(R), n € w, is disjoint in X*.

Indeed, let D'=[T,, D}, D*=[1;c,, D? € Dan(R) with D' # D*(# ). Then D} # D? for some i € w. By 4
(b), D} N D7 is disjoint. Hence the proof of (5) is true.

Moreover, let D,(R)=U{D4,(R) : A € A(R)}. Hence, by (5) and the definition of Z(R), D(R)=U,eDn(R)
satisfies the following:

(6) D(R) is o-disjoint in X¥ and R=Z(R) U (UD(R)).

Fix an A € A(R). Take a D*=[];., D} € Dau(R) for each n € w. Clearly, the length of D" is 7(R). Then
n(D*) > n(D) and for each i € w, a(ﬁ}“) < a(Dy).

Let i < n(D). If «(D;)=a(D;), then Top(D;) € Top(R;) since Top(R;) N Top(D;) # 0. And let W;,,(D*)={W N
D*: W € W, ,41(D)}, m € @. Then (D', W;,n(D")) € C.

Since A # 0, there is an i € A such that if i < k(R), Top(ﬁ,-) n 5;2(2). In other words, a(ﬁlf) < a(D;). And if
i > k(R), D;=0. Hence, there is an i < k(R) such that a(D;) < a(D;) if k(R) < n(D).

For each j € w, we put

Z/(D)=IZ(R) : R € R(D)),
D;i(D)=U{D(R) : R € R;j(D)}.

When R does not satisfy () or Top(R) N Top(I Li<n(p) D;)=0, let Zi(D)={0}, Di(D)={D"} for each j € w,
where D*=R X X x - --. We can also take a proper sequence {W,;,,(D") : m € w} such that (D*, W;,,(D")) € C,
m € w, as before.

The following statements are straightforward from the above.

(7) (a) Z(D)=Vjer Z;(D) is a o-disjoint collection of basic open subsets of X* such that every member of
Z(D) is contained in some member of G,

(b) D(D)=Vje, D;(D) is a o-disjoint collection of basic open subsets of X,

D4 i(R) as follows:

icw
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(c) D=UZ(D) U (UD(D)),
for each D*=[]¢, D; € D(R), R=[Ti<yp) Ri € R(D),
(d) n(D*) > n(D) and for each i € w, a(ﬁj) < a(D)),
(e) (D", W;(D")) € C such that for each i < n(D), if a(D})=a(D;), then Top(D;)  Top(R;) and for each
m € w, Wiu(D)={W N D" : W € W,,..1(D)},
(f) if R satisfies (++) with k(R) < n(D), then there is an i < k(R) such that a(ﬁ;f) < a(D;).

Now, proceeding by induction on n € w, we define two families Z, and D, as follows. Let Zy={0},
Dy={D(0)}, where D(0)= X“. Put W, ,,={{a}} for each i, m € w. Now assume that n=m. Both of the families
Z, and D, of basic open subsets of X, satisfy the following:

(8) (@) Z,=U{Z(D) : D € D,_1} is a o-disjoint collection of basic open subsets of X“ such that every
member of Z, is contained in some member of G,

(b) D,=U{D(D) : D € D,_1} is a o-disjoint collection of basic open subsets of X*,
for each D=]];c,, Di € Dy-1, D*=[1le,, D; € D(R), R=]1;<py Ri € R(D),
(©) (D, Win(D)) €C
(d) D=uZ(D) U (UD(D)),
(e) n(D*) > n(D),
(f) for eachi € w, a(ﬁ?) < a(D)),
(g) (D', W;m(D")) € C such that for each i < n(D), if a(ﬁ;)za(ﬁi), then Top(ﬁ;‘) C Top(E-) and for each
m e w, Wiu(D)={WND*: W e W,,.1(D)},
(h) if R satisfies (++) with k(R) < n(D), then there is an i < k(R) such that a(D;) < a(D)).

By the above constructions, we infer that the families Z,.1 and D, satisfy the consequents of (8) (a) ~

(h). Put Z=U,,e,Zy. Our proof will be complete if we show the following claim.

icw

Claim 3.5. Z is a o-disjoint open refinement of G.

By (8) (a), (b) and the induction, Z is a o-disjoint collection of open sets in X“. It suffices to show that
Z covers X“. To show this, assume the contrary. Let x=(xx) € X¥ — UZ. By (7) and (8) repeatedly, there are
{A(m) : m > 1} € AR(m)), {R(m) : m = 1} c R(D(m — 1)), {D(m) : m € w} C D(R(m)) C B, where D(m) and
R(m) are denoted by []c,, D(m); and [];<p(,-1) R(m); respectively, satisfying that: for eachm > 1,

9) (@) x=(xx) € D(m), n(D(m)) > n(D(m — 1)) and for each i € w, a(D(m);) < a(D(m — 1);),

(b) for each i < n(D(m)), if a(D(m + 1);)=a(D(m);), then Top(D(m + 1);) € Top(R(m);) and for each
j € w, (Wi,j(D(T}’l +1)=(WnNnDm+1),: We (Wi,j+1(D(T}’l))},

(c) if each R(m) satisfies (++) with k(R(m)) < n(D(m — 1)), then there is an i < k(R(m)) such that
a(D(m);) < a(D(m —1);).

Fix ani € w. By (9) (a), n(D(m)) > n(D(m — 1)) for each m > 1. Then there is an s; € w such that
i <n(D(s;)). Letsi=inf{m € w : i <n(D(m))}. And then, n(D(m)) > i for each m > s;. In addition, by (9)
(a), a(D(m);) < a(D(m — 1);) for each m > 1. Then, there is a t; € w such that a(D(t);)=a(D(t;);) for each
t > t;. Let m;=max{s;,t;}. Hence, i < n(D(m})) and a(D(m);)=a(D(m);) for m > m;. Moreover, by (9) (b),
Top(D(m + 1);) € Top(R(m);) for m > m:. Then there is a sequence {W(m) : m > m’} of open subsets of X such
that for each m > m;, W(m) € Wi yp:+1(D(m])) and Top(R(m);) € Wy,

Let Ki=Nyzm: Top(D(m)i)=Nzm: Top(R(m);). It follows from Lemma 2.2 that K; is nonempty and compact.
And then, let K=]];,, Ki. Clearly, K is compact. Hence, by Wallace theorem in Engelking [4], K c G for
some G € G. Define p=inf{n(V) : K ¢ V ¢ V c G}, where V=[], V is an open subset of X*. Then, there
exists an my € w such that p < n(D(my)). Let my=max{m; : i < p}. And let m*=max{mp, m1}. Then, we infer
that p <n(D(m")) and for each i < p, m: < m"* and Top(D(m*);) C V;.

Then R(m* +1) C V and hence, R(m" + 1) satisfies (++). Then, by (9) (c), k(R(m* +1)) < p < n(D(m")). Thus,
there is an i < k(R(m* + 1)) such that a(D(m* + 1);) < a(D(m*);), which is a contradiction.

It follows from the Claim 3.5 that X“ is screenable. [
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Remark 3.6. If {X, : n € w)} is a countable collection of Cech-scattered screenable spaces, we can assume
that X,,=X for each n € w, and X is topped with Top(X)={a} for some a € X, see [1, 8]. Therefore, by Theorem
3.4, the product [],,, X, is screenable.

4. The equivalency of screenable spaces

For an inverse system {X,, 7}, w} and its limit S, let 7, be the projection from S into X,, for each n € w
(for the detailed definition of inverse limit, see [2.5, 4]).

Lemma 4.1. Let {X,,, 70}, w} be an inverse system and S its inverse limit with each projection 7, being an open and
onto map. Suppose that S is countably paracompact. If each space X, is screenable, then so is S.

Proof. Let G={G¢ : £ € E} be an open cover of S. For eachn € w and & € E, let V,,;=U{V : V is open
in X,, and 7,}(V) C G} and put V,=U{V, s : £ € E}. Then {m,}(V,) 1 n € w}is an open cover of S with
7,' (V) € 101 (Vyui1) for each 1 € w. By the countably paracompactness of S, there is a monotone increasing
collection {E, : n € w} of open sets of S such that E, C 7, }(V,) for each n € w. Fix an n € w. Define
Z,=U{V : Vis open in X, and 7, }(V) C E,}. Then {r,}(Z,) : n € w}is an open cover of S with 7, Y(Zy) C E.
Again since S is countably paracompact, there is a locally finite open covering {W, : n € w} of S such that
W, C 7,Y(Z,) for each n € w. Take an n € w. Clearly, Zn C V, and hence, there is an open refinement
0,,=Uic,0y of {V,, ¢ : £ € B} such that for each i € w, O,,;={0,,;¢ : £ € B} is disjoint in Zn.

For each n,i € w, put H,,;={W,, N 71,}(Oy,i¢) : & € E}. Then, it is easy to check that H=Uyeq Uiew Hriis a
o-disjoint open refinement of G. [

Theorem 4.2. If a product space S=]],c,, Xi is countably paracompact, then the following are equivalent:
(1) S is screenable;
(2) The product [1,e, X; is screenable for each o € [w]<*;
(3) The product [1,., X; is screenable for each n € w.

Proof. (1)=(2)=(3) hold trivially. Now, we infer that (3)=(1):
Foreachn € w,leto,={0,1,---,n}. Then, Z={0, : n € w}is directed by the relation c. Define X,;, =]];.,, X;

for each n € . For each i, j € w with i < j, let iy’ : X,;; — X,; be the projection map. Then, each 7! is open

and onto. Denote S'=M{Xgi, ng;}. Then, it is easy to check that S is homeomorphism with S. It follows

from Lemma 4.1 that S’ is screenable, and hence sois S. [

By [Theorem 2, 9] and Theorem 4.2, the following result is obtained.

Corollary 4.3. Let {X, : n € w} be a countable collection of screenable spaces. Then the product [],c, Xn is
paracompact if and only if it is countably paracompact.
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