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Conditional integral transforms with related topics on function space

Hyun Soo Chung?, Jae Gil Choi? Seung Jun Chang*?

*Department of Mathematics, Dankook University, Cheonan 330-714, Korea

Abstract. In this paper we study the conditional integral transform, the conditional convolution product
and the first variation of functionals on function space. For our research, we modify the class S, of func-
tionals introduced in [7]. We then give the existences of the conditional integral transform, the conditional
convolution product and the first variation for functionals in S,. Finally, we give various relationships and
formulas among conditional integral transforms, conditional convolution products and first variations of
functionals in S,.

1. Introduction and definitions

Let Co[0, T] denote one-parameter Wiener space; that is the space of real-valued continuous functions
x on [0, T] with x(0) = 0. Let M denote the class of all Wiener measurable subsets of Cy[0, T], and let m
denote Wiener measure. (Co[0, T], M, m) is a complete measure space, and we denote the Wiener integral
of a Wiener integrable functional F by

f F(x)dm(x).
Col0,T]

A subset B of Cy[0,T] is said to be scale-invariant measurable provided pB is M-measurable for all
p = 0, and a scale-invariant measurable set N is said to be a scale-invariant null set provided m(pN) = 0 for
all p > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.) [9].

Let K = Ko[0, T] be the space of all complex-valued continuous functions defined on [0, T] which vanish
at t = 0 and whose real and imaginary parts are elements of Cy[0, T]. In many papers [3-5, 10, 13, 14], the
authors studied the integral transform

%, 5F(1) = T (F)(y) = f

Col0,T

]F()/x + By)dm(x), yeKk (1)
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and the convolution product

. _ y+ yx) (y - yx)
e, [ () e, vex 2
for functionals in various classes. Also, they established various basic relationships between the integral
transform and the convolution product involving the first variation. In [7], the authors studied a generalized
integral transform and a convolution product by using a Gaussian process for functionals in S,,.

Now we will the useful simple formula introduced by Park and Skoug in [16].

Let F : Co[0,T] — C be a Wiener integrable functional and let X : Co[0,T] — R be a B(Col0, T])-
measurable functional defined by

X(x) = x(T). (3)

For real number 7, E[F|X](n) denotes the conditional Wiener integral of F given X. For a more detailed
study of the conditional Wiener integral, see [2, 6, 15-17].

In [16], Park and Skoug obtained a simple formula for expressing conditional Wiener integrals with
a vector-valued conditioning function in terms of ordinary Wiener integral, and then used the formula
to derive the Kac-Feynman integral equation for time dependent potential function on Wiener space. In
particular, for given conditioning function X given by (3), they gave a useful simple formula for expressing
conditional Wiener integrals in terms of ordinary Wiener integrals, namely that,

E[FIXI() = f

F(x-——xT+—)dmx. 4
o FxO = g0+ afin) @
The integration formula (4) is called a simple formula for the conditioning function X given by (3). In [11],
using the simple formula the authors studied the conditional integral transform(CIT) and the conditional
convolution product(CCP) involving the first variation of functionals in a class Ey. Also see paper [12] for
further work involving CITs and CCPs.

In this paper, we obtain various relationships among the CIT, the CCP and the first variation for

functionals in S, which was introduced in [7].
For v € L,[0,T] and x € Co[0, T, let (v, x) denote the Paley-Wiener-Zygmund (PWZ) stochastic integral.
One can show that for each v € [,[0, T], (v, x) exists for a.e. x € Cy[0,T] and if v € L,[0, T] is a function of

bounded variation on [0, T], (v, x) equals the Riemann-Stieltjes integral foT v(f)dx(t) for s-a.e. x € Col0, T].

Also, (v, x) has the expected linearity property. Furthermore, if v # 0, then (v, x) is a Gaussian process with

mean 0 and variance ||v||§. For a more detailed study of the PWZ stochastic integral, see [3, 4,7, 8, 10, 11, 13].
First we give the definition of the CIT of a functional F on K.

Definition 1.1. Let F be a functional defined on K and let X be given by (3). For each nonzero complex numbers y
and B, the CIT F, g(F||X) of F given X is given by the formula

PO = [ () = 22D + 700+ by ime) ®)

Co[0,T]

fory € Kand n € R if it exists.
Next, we give the definition of the CCP of functionals F and G on K.

Definition 1.2. Let F and G be functionals defined on K and let X be given by (3). For each nonzero complex number
y, the CCP ((F = G), ||X) with respect to y of F and G given X is given by the formula

B A C R CORERGRT))
Y

G{ 590 = Zo(x0 = ) + oo

v+

fory € Kand 1 € R if it exists.
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We finish this section by giving the definition of the first variation of a functional F on K.

Definition 1.3. Let F be a functional defined on K. Then the first variation of F is defined by the formula
d
OF(xlu) = = F(x + ku)| , x,u €k, (7)
dk k=0

if it exists.

2. A class S, of functionals

In this section we define a modified class S, of functionals [7].

First, we recall an integration formula which will be used several times in this paper. For each @ € C
and for v € L,[0,T],

2
f explao, x))dm(x) = exp{%nvug}. ®)
Col0,T]

For each complex number «, let S, be the class of functionals which has the form

Fx) = f explaco, V(o) ©)
L,[0,T]

and exists for s-a.e. x € Co[0, T], where f is in M(L,[0, T]), the class of all complex valued countably additive
Borel measures on L,[0, T].

Remark 2.1. One can show that for each a = ip,p € R, the class S, is a Banach algebra with the norm

IEl = 1£1 = fL | MO, f € Mal0,T)

One can show that the correspondence f — F is injective, carries convolution into pointwise multiplication and that
for each complex number «, the space S, is a Banach algebra. In particular, if @ = i, then S, is the Banach algebra S
introduced by Cameron and Storvick in [1].

Definition 2.2. Let C be the class of all complex numbers. For each o € C, let

E, =1{(y,B) € Cx C : Re(a®y*) < 0 and Re(a®?) < 0}.

Note that for F € S,, as we will see theorems and formulas below, when evaluate the CIT, the CCP and
the first variation we encounter the PWZ stochastic integral (v, x(-) — 7x(T) + 71). Let

1 T
b= 7 fo o(b)dt

for v € [,[0, T]. Then b, is an element of L,[0, T] and
©,2() = 7x(T) + ) = (© = bo, ) + 7bo.

Remark 2.3. When we evaluate the CIT, the CCP and the first variation of functionals in S,, we have to consider
the existences of some integrals as follows;
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(1) First we could consider the following integral,

f exp{a(v, x) + Cby}df(v), CeC. (10)
L,[0,T]

If we assume that

fL . exp 0 fo ) o0t i) < oo (1)

for all complex number C, then

f expf{alv, x)}df(v) and f explaynb,ldf(v)
L»[0,T] L,[0,T]

exist. However, the integral (10) might not exist because the product of Li-functionals might not be in L;.

(2) In view of (1) in Remark 2.3, we need a condition for f in M(L,[0, T]) to show the existence of the integral in
equation (10).
i) If v € L,[0, T] is a function of bounded variation, then for each y € Co[0, T],

Ko, 2)] < [lxllos ([AT)| + Vi (0)) < o0,

where VI (v) is the total variation of v on [0, T]. Hence if we assume that

j;[(m exp{lCl[lv(T) +Vg (@) + j: |v(t)|dt]}|df(v)| < oo, 12

then the integral the integral (10) always exists.
ii) Let v be an element of L,[0, T]. Then we note that

o, ) = lim (v, )] < 1im lxlloo (fon (T)] + Vi (@) (13)

n
where v,(t) = Y. (v, ax)oak(t), (o} is a complete orthonormal set in L,[0, T and (-, -), is the inner product
k=1
on L[0, T]. Hence if we add a condition

lim (o (T)] + V3 (00) (14)

exists, then we can obtain the existence of the integral (10) under the condition which is similar to the
condition (12).
iii) In fact, if Cis a purely imaginary, then the integral (10) always exists.
(3) As mentioned above, we can give the condition (14) because the expression (13) is independent of the choice of
the complete orthonormal set {a} and the all expressions in equation (13) exists for s-a.e. x € Co[0, T]. Hence,
we assume that for f € M(L,[0, T1) which satisfies the condition (11) above, the integral (10) always exists.

3. Existence theorems

In this section, we establish the existence of the CIT, the CCP and the first variation for functionals in
S..
In our first theorem, we obtain the formula for the CIT of functionals from S, into S,;.
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Theorem 3.1. Let F € S, be given by equation (9) whose associated measure f satisfies the condition (11) above.
Then for all (y, B) € E,, the CIT ¥, s(F||X) of F given X exists and is given by the formula

2 2

%, 5 (FIX)(y, 1) = fL - exp{aﬁw m+ ot I|§+a)/nbv}df(v) (15)

]Ifor fs—a.e. y € Co[0, T] and real number 1. Furthermore, the CIT F, s(F||X), as a function of y, is an element of Sup.
n fact,

7 o (FIX) W) = fL | explafo, Idgl)

where ¢} is an element of M(L,[0, T]).
Proof. Using equations (5) and (8) it follows that for s-a.e. y € Co[0, T,
F,8EIX) (Y, 1)
= f f explay(v — by, x) + aynb, + afv, Y)Y f(v)dm(x)
Col0,T] JLo[0,T

= f exp{aﬁ(v, v+ a
L,[0,T]

and so we have established equation (15). Since (y, f) € E,, f satisfies the condition (11) above and by the
hypothesis of Remark 2.3, the last expression in equation (16) exists. Now let ¢ be a set function defined

by

(16)
24,2

L llo - bulB + aynbo )

2.,2
O(E) = f exp{%nv AT a)/r]bv}d (o)
E

for E € B(L,[0,T]). Then (P;] is an element of M(L[0, T]) since (y,B) € E, and so the last expression in
equation (16) becomes

f exp{ap(v, y)}do] (v)
L2[0,T]

Hence the CIT 7, g(F||X) is an element of Spg. [

Remark 3.2. Note that for a given o, we can take complex numbers y and B so that Re(a*y?) < 0 and Re(azﬁz) <0.
Let oy = a+iband af = ¢ + id. Then a*y* = (a* — b*) + 2iab and ap* = (¢* — d) + 2icd and hence Re(a?y?) < 0
and Re(aB?) < 0 imply a* — b* < 0 and ¢* — d*> < 0. Hence we can take y so that |a| < |b| and |c| < |d|. For example,
ifa=1+2i, then we can take y =3 + 2iand f =1 + 2i.

In the next theorem, we obtain the formula for the CCP of functionals from S, into S,,.

Theorem 3.3. Let F and f be as in Theorem 3.1. Let G € S,, be given by

Gx) = f expl{aw, x)}dg(w)
L,[0,T]

for s-a.e. x € Col0, T], where g is an element of M(L>[0, T1) which satisfies the condition (11) above. Then for all
(y,B) € Ea, the CCP ((F * G), |IX) of F and G for given X exists and is given by the formula

((F = G),I1X)(y,m)
2,,2
an,

f f < v+ 20 boull2 + Jaf@g(e) a7
expy —(v+w, — |0 =W — Oy—w v—w o w
Lo[0,T] J1,00,T] p Y 4 22 7
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for s-a.e. y € Col0, T] and real number 1. Furthermore, the CCP ((F * G),||X), as a function of y, is an element of S,,.
In fact,

(F* G, 1K), 1) = f explatk, y)ldg(0),
L,[0,T]

where ¢ is an element of M(L[0, T1).
Proof. Using equations (6) and (8) it follows that for s-a.e. y € Co[0, T,

((F* G lIX)(y, n)

f f f exp —((U b, —w + by), x)
Col0,T] JL[0,T] JIL,[0,T]

+ T(bv “by) + ﬁw +w, y)}d F(0)dg(w)dm(x)

a?y? ayn
=[] ep{ s+ - bl + b s
L,[0,T] JL,[0,T] V2

and so we have established equation (17). By a similar method in the proof of Theorem 3.1, we can show
that the last expression in equation (18) exists. Now, let ¢ be a set function defined by

(18)

1E) a?y? 2, AN
® = [ ep{ Tl - w- bl + Db fif o)

for E € B(L,[0,T] x L,[0, T]) and let p : Lp[0,T] x L,[0,T] — L>[0,T] be a function defined by p(v,w) =
(v + w)/ V2. Then qbr’ ¢ o p7! is an element of M(L,[0, T]) since (y,f) € E, and so the last expression in
equation (18) becomes

f expflack, y)}dqb;’(k).
L,[0,T]

Hence the CCP ((F * G), ||X) is an element of S,,. [

Let
t
A= {u € Col0, T] : u(t) = f z(s)ds for some z € L;,[0, T]}.
0

Note that for all w, v € L,[0, T], we have
l(w, v)2| < [|[wll2[[o]l2-
Furthermore, for u € A and v € L,[0, T], the PWZ integral (v, u) exists and is given by the formula
T
= [ oz = 0,2
0
and hence [(v, u)| < [[v]l2]Iz]l2-

The following observation below will be very useful in the development of our theorems. For F € S,,
we will assume that the associated measure f in M(L,[0, T]) of F always satisfies the following inequality

f lafl[vllzldf ()] < oo. (19)
L[0,T]

In our next theorem, we obtain the formula for the first variation of functionals from S, into S,,.
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Theorem 3.4. Let F and f be as in Theorem 3.1 and let u € A. Assume that

exp{a(v, x + ku)}| < L(x) (20)

5
where L(x) is integrable on Co[0, T1. Then the first variation OF (x|u) of F exists and is given by the formula

OF (x|u) = fL[O . av, uy explalv, x)}df (v) (21)

for s-a.e. x € Co[0, T]. Furthermore, as a function of x, 6F is an element of S,. In fact,

OF (x|u) = f exp{alv, x)}dps(v),
L,[0,T]
where ¢3 is an element of M(L,[0, T]).
Proof. Using equation (7) it follows that for s-a.e. x € Cy[0, T,
OF (x|u) = %F(x + ku)

_ %( fL L eplat@ s ak(v,u)}df(v))

k=0

(22)
k=0

= f av, uyexpfa(v, x)}df(v)
L,[0,T]

The third equality of (22) follows from condition (20) and so by a similar method in the proof of Theorem
3.1, the last expression in equation (22) exists. Thus we have established equation (21). Now let ¢3 be a set
function defined by

$s(E) = fE oo, u)df (o)

for E € B(L,[0, T]). Then we see that ¢3 is an element of M(L,[0, T]) by using equation (19) and the last
expression in equation (22) becomes

f expla(v, x)}dps(v).
L,[0,T]

Hence 6F is an element of S,,. [

4. Relationships involving exactly two operations

In this section we consider the relationships involving exactly two of the three operations CIT, CCP and
first variation for functionals in S,. These relationships and formulas, as well as alternative expressions for
some of them are given by equations (23), (25), (26), (27) and (28) below.

In our first theorem we obtain the relationship involving the CIT and the CCP, that is to say, the CIT of
the CCP is the product of their CITs.

Theorem 4.1. Let F, G, f and g be as in Theorem 3.3. Then for all (y,p) € E,,

5 (F * G X6 X)W, 1) = Fop(FIXN (-, P 7 (Glixy(—, 2N

V2 oG

as elements of Syp. Also, both sides of the expression in equation (23) are given by the formula

) (23)

0(2 2
oo | e S+ o= bl o bulf) + b+ b M ),
[0,T] JL2[0,T] V2
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Proof. The left hand side of equation (23) exists by Theorems 3.1 and 3.3, while the right hand side of
equation (23) exists by Theorem 3.1. Hence equation (23) immediately follows from Theorem 2.1 in [11].
Furthermore, using equations (17) and (15) it follows that for s-a.e. y € Co[0, T] and real numbers 11, 7, and

13,
Fy,p(((F * G, [IX)(, nlIX)(y, m2)

f f f {“ﬁ @+ 10,y + L0+ 0 — by, 1)
= expy —(v+w, —(vt+w-— X
Col0,71 JL10,T] JLa[0,T] P V2 Y V2 o

2+,2

a)/nzbv+w aymbo—w
+ llo = w — byoll3 + + }d (v)dg(w)dm(x)
R 2 SO
24
f f eXP <U+w y>+ ||U+w—bv+w”§ ( )
L,[0,T] JL,[0,T]
7/ aVﬂvaer (X)/Thbvfw
w= byl + + Jaf (g
T T e

(”Z) -b “2 + [lw - bw”z) + (n2b0+w + T]lbv w)}df(v)dg(w)

ex —(U+w )+
jL‘z[OT\fL‘ZOT P Y V2

The second equality in equation (24) follows immediately from equation (8) and the last equality in equation
(24) follows from the parallelogram law of the norm. Hence we have the desired result. [J

In our next theorem we obtain a formula relating the CIT and the first variation, that is to say, the CIT
of the first variation is the first variation of the CIT.

Theorem 4.2. Let F, f and u be as in Theorem 3.4. Assume that F satisfies the hypothesis of Theorem 3.4. Then for
all (y,B) € Eq,

BTy pOFClilIX)(y, n) = 65, s(FIX)(ylu, 1) (25)

as elements of Syp. Also, both sides of the expression in equation (25) are given by the formula

22
f afv, u) exp{aﬁ(v, y+ Tyllv - bvlli + a)/r]bv}df(v).
L,[0,T]

Proof. Both sides of equation (25) exists by Theorems 3.4 and 3.1. Furthermore, using equations (21), (15)
and (8), it follows that for s-a.e. y € Cy[0, T] and real number 7,

5, s OFCIIX)(y, m)
= f f alv, u) exp{aﬁ(v = by, x) + af(v, y) + ozynbv}df(v)dm(x)
Col0,T] JL[0,T]

2 2

- f (v, uy exp{aﬁ(v 9+ Lo~ bolB + ayi, }d (o).
L2[0,T]
On the other hand, using equations (15), (7) and (8), it follows that for s-a.e. y € Cy[0, T] and real number 7,
6F,p(FIIX)(ylu, n)

a?y?
ak[‘sz exp aﬁ(v y) + apklv, u) + —||v -b ||2 + aynb, }df(v)] o
)

= f ap{v, u) exp{aﬁ(v, v+ Tyllv - bvllé + aynbv}df(v),
L,[0,T]

which completes the proof of Theorem 4.2. [
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Remark 4.3. From Theorems 3.1 thru 4.2 above, we gave some conditions for existences of all operations. In the
similar method, we can give appropriate conditions for existence of all operations for the rest theorems and formulas in
Sections 3 and 4. Now, to simplify the expressions, we will only state the formulas without conditions for existences.

Now, we consider relationships involving the CIT, the CCP and the first variation.

In our first formula, we obtain a relationship for the CCP of CITs. Equation (26) follows from Theorems
3.1, 3.3 and equation (8).

(1) A formula for the CCP with respect to the first argument of the CIT : Let F,G, f and g be as in
Theorem 4.1. Then ((F, s(FIIX)(:In1) * F,6(GIIX)([n2)),)IIX)(v, 3) exists as an element of S,3 and is given by
the formula

((Fy (FIX)(Im) * F p(GIX) (112))I1X) (Y, n3)

af a?)p? :
= exp{—=(©+w,y) + [0 —w — by—ul|
fl;[O,T] fl;[o,T] p{ V2 Y 4 ( 2 (26)
a%y? a
+ E (= bl + oo - balB) + % o+ @b + abu) ) ()

for s-a.e. y € Cy[0, T] and real numbers 11, n; and 7.

In our next formula, we obtain a relationship for CCP with respect to the first argument of the first
variations. Equation (27) immediately follows from equations (21), (17) and (8).

(2) A formula for the CCP with respect to the first argument of functionals : Let F, G, f and g be as in
Theorem 4.1 and let u be as in Theorem 3.4. Then ((6F(:|u) * 6G(-|u),)IIX)(y, 1) exists as an element of S, and
is given by the formula

2,2

(OF(-fur) * 6G(|u) )IX)(y, 1)
ay

) f f @, u)w “>exp{i<v+ w0, y) + —— (Il — w = bo—o | + (27)
L[0,T] JL,[0,T] ’ ! V2 4 2 o—wll

ayn
Ebv_w}d F(0)dg(w)

for s-a.e. y € Cy[0, T] and real number 7.

In our next formula, we obtain a relationship for the first variation of the CCP. Equation (28) immediately
follows from equations (21), (17) and (8).

(3) A formula for the first variation of the CCP : Let F, G, f and g be as in Theorem 4.1 and let # be as in
Theorem 3.4. Then 6((F * G), [IX)(-, 7)(ylu) exists as an element of S, and is given by the formula

O((F = G IX)(, m(ylu)
24,2

ay o a~y 2 ayn
= —=(v +w, u)ex {—(v +w, Yy + ——|lv—w— byyll; + _bv—w}d (v)dg(w)
fL;[O,T] sz[O,T] \/E P \/E Y 4 2 \/E f g

(28)

for s-a.e. y € Cy[0, T] and real number 7.

5. Relationships involving all three concepts

In this section we establish various relationships involving the CIT, the CCP and the first variation where
each operation is used exactly once. It turns out that there are five distinct formulas, and these are given by
equation (30) through (35) below. Equations (23) and (25) are very useful relationships for developments
of this section.

Note that for F, G € S, whose associated measures f and g satisfy inequality (19), we have that

O(FG)(x|u) = OF (x|u)G(x) + F(x)0G(x|u) (29)

for s-a.e. x € Co[0, T] and u € A.
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In our first formula below, we obtain a relationship for taking the first variation of equation (23) and
using equation (29).

(1) A formula for the first variation of CIT of the CCP: Let F, G, f and g be as in Theorem 4.1 and let u
be as in Theorem 3.4. Then

O[F, s(((F *G)y”X))(' 171)||X)(‘ 12)1(ylu)
Yy m+m

:67:)/43(1:”}()('/ \/_ )(—\/_I—\/_)‘Fyﬁ(GIIX)(T N ) (30)
y M+ Yy oou
s s(Fl| X)(——= 1) G||IX ', —-—|—
+ 5l )(\/_ \/_)%,,e( 11X)( \/E (\/EI\/E)

as elements of Syg.

In our second formula, we obtain a relationship using equation (25) with ¥, g(6F(-[u)||X) replaced with
7,56 (F * G), (l)lIX).

(2) Formulas for the CIT with respect to the first argument of the first variation of CCP : Let F, G, f
and g be as in Theorem 4.1 and let u be as in Theorem 3.4. Then

By p(0((F = G, IX))C, n)Cl)lIX)(y, n2) = O1F, g((((F * G), IX)(, nlIX)(C, 12))(ylue) (81)

as elements of S,4. Furthermore using equation (30), we get another relationship

BF.p(O((F = G);/IIX))(' NI X)(y, 12)
Yy m+m

= 6F, (FIX)(-, 2 f )<7|7>m<cu (- f f ) )
+m<F||X)<\iF ot % M5, ﬁ él%)

as elements of Syp.

In our third formula, we obtain a relationship using equation (23) with F and G replaced with 6F and
0G, respectively and using equation (25).

(3) Formulas for the CIT of the CCP with respect to the first argument of the first variation: Let F, G, f
and g be as in Theorem 4.1 and let u be as in Theorem 3.4. Then

B2 p(((SF (1) * 5G(-|)), IX)(., m)IIX)(y, 12)

= B, sOFCIlIX)( \yf 2t 5 My F (GGCmIX(—=

\/_ )(7'“)67:)/ (GlIX)(,

Y m- 771)
\/’ e (33)

R

= 57"y,ﬁ(FIIX)('

as elements of Sy;.

In our next formula, we obtain a relationship using equation (25) with respect to each arguments.

(4) A formula for the CCP of the CIT of the first variation : Let F, G, f and g be as in Theorem 4.1 and
let u be as in Theorem 3.4. Then

BA(F, s (SFCDIX)C, ) * F, s OGC)IX) (-, n2) XNy, 113)

34
= (5, 5 (FIX)C, ) Cli) # 5, 5(GIX) (12, ) IR o 1K), 1) (34

as elements of S,;.
In our last formula in this section, we obtain a relationship using the linearity of CIT, equation (29) and
equation (25) with replaced F with FG.
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(5) Formulas for the first variation of the CIT of the product functional : Let F,G, f and g be as in
Theorem 4.1. Then

BIF 6 (OFCl)GOIX) (Y, n) + Fy, s FC)SGCIX)(y, )]
= B, s OEGYI)IX)(y, 1) )
= 0, s(FGIX)(, m)(ylu)

as elements of S,;.

6. Further results
See the four remarks below for some additional information and related results.

Remark 6.1. We obtain some observations for the CIT, the CCP and the first variation as below:
(1) Let r(t) = \/LT forall t € [0,T] and let v be an element of L,[0, T] such that (r,v), = 0. Then we have

by =1+ fOT o(t)dt = \/LT fOT r(t)o(t)dt = 0 and so

@, x() = 7(T) + ) =, %).
Hence the CIT reduces the integral transform ¥, g defined by (1), that is to say,

Frp(FIX)(y, n) = Fy5(F)(y)

fors-a.e. y € Col0, T] and real number 1.
(2) The convolution product (F = G),, defined by (2) is commutative. While the CCP is not commutative because

((F = G), I1IX)(y, m) = ((G = F), IX)(y, —n)

for s-a.e. y € Col0, T] and real number 1. However the usual additive distribution held for the CCP as see above
theorems and formulas in Sections 3 and 4.
(3) Note that for F € S, the first variation 6F(x|u) acts like a directional derivative in the direction of u.

To get an interesting relationship, let
Ax={(y,p) €E: >+ =1}

Remark 6.2. Let F and f be as in Theorem 3.1, and let (y1, 1) and (y2, p2) be elements of A, with (y1, 1) € Aag,
and (y2,P2) € Aap,. Then

F o Fra o FIX)C XN, 1) = Fr gy (Fra o (FIXNC nO)IX) (Y, 12) (36)

as elements of Sag,p, if and only if y11m1 = yan2. Also, both sides of the expression in equation (36) are given by the
formula

2
| | ]eXp{aﬁ1l32<v, 9+ 502+ B30 = bulB + abu( + 2 + yam) ifo).
Lo[0,T

In [4, 7], the authors obtained a formula

7:}/2,,32 (7:)/1,,311:)(]/) = 7:)/0,50 (F)(y)

for some complex numbers yo and o where F, p is the integral transform defined by equation (1). Unfortunately we
can see that there is no pair (yo, Po) € E4 (or Ay) such that

?d)/z,ﬁz(fﬁ,ﬁl (F”X)(/ T]Z)HX)(]// Th) = ?d)/o,ﬁo(F”X)(y/ T]3)
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Remark 6.3. Let F € S, be given by equation (9) and let v € L,[0,T] be a function of bounded variation. Let
{(Yn, Bn)} be a sequence in E, with y, — y # 0and B, — B # 0as n — oo for some (y,B) € E,. Suppose that
lae| < M for some positive real number M. Then using the dominated convergence theorem,

)}I—I}(;Io }T)’nrﬁn (F”X)(y’ 17)
0[2,)/2
2

= lim exp{aﬁn@, 0+ 200 bR + aynnbv}d (o)
n—o00 Lz[O,T]

2+,2

a
= f exp{aﬁ(v, y+ 2)/ llo - boll3 + aynbv}df(v)
Lo[0,T]

=, p(FIIX) (v, 1.

We finish this paper by stating the inverse CIT.

Remark 6.4. In many paper [3, 4, 7, 10, 14], the author gave the existence of the inverse integral transform for the
integral transform ¥, g defined by (1). That is to say, they obtained the following equation

Fir 1 (Fr )W) = Fy) = Fp(Fiz 1 F)(W).

Also, they established several relationships involving the inverse integral transform. Unlike the integral transform,

the

inverse CIT does not exist because
7",% (F s (FIX)C, n)IX) (Y, 1m2)

1
"B

= f exp{a(v, Yy + ayby(m + inz)}df(v)
L,[0,T]
# F(y).
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