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Abstract. In the paper, the authors introduce concepts of m- and (a, m)-logarithmically convex functions
and establish some Hermite-Hadamard type inequalities of these classes of functions.

1. Introduction

For convex functions, the following Hermite-Hadamard type inequalities were given in [8].

Theorem A ([8]). Let f : I € R — R be a differentiable mapping on I° and a,b € [ witha < b. If |[f'(x)" for g > 1
is convex on [a, b], then

f@)+ f(b) 1 b b—a(lf' @ +[f b7\
2 _b—aj;f(x)dx’s 2 ( 2 ) (1.1)
and
a+b 1 b b—a(lf @ +f )1\
f( 2 )_b—afaf(x)dxs z ( 2 ) ' (12)

The m-convex function was defined in [12] as follows.

Definition 1.1. A function f : [0,b] — R is said to be m-convex if

fltx+m(1 - t)y) <tf(x) +m(1 - 1)f(y) (1.3)
holds for all x,y € [0,b], t € [0,1], and m € (0, 1].
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In[1, p. 48, Theorem 2] and [2], the following Hermite-Hadamard type inequality for m-convex functions
was proved.

Theorem B. Let f : [0, 00) — R be m-convex and m € (0,1]. If f € L([a,b]) for 0 < a < b < oo, then

b
" f f(x)demin{f @ mym (“/”;“f(b)}. (14)

The (a, m)-convex function was defined in [7] as follows.

Definition 1.2. A function f : [0,b] — R is said to be («, m)-convex if

flex+m(1=t)y) < t2f(x) + m(1 = 19) f(y) (1.5)
is valid for all x,y € [0,b], t € [0,1], and (o, m) € (0,1] x (0, 1].
For (a, m)-convex functions, the following Hermite-Hadamard type inequalities appeared in [5].

Theorem C ([5, Theorem 2.2]). Let I O [0, o) be an open real interval and let f : I — R be a differentiable function
on I such that f" € L([a,b]) for 0 < a < b < co. If |f"(x)7 is m-convex on [a, ] for some given numbers m € (0,1]
and q € [1, o), then

b
H(50) - 52 [ fwax <

Theorem D ([5, Theorem 3.1]). Let I O [0, oo) be an open real interval and let f : I — R be a differentiable function
on I such that f" € L([a,b]) for 0 < a < b < oo. If |f'(x)| is (o, m)-convex on [a, b] for (a, m) € (0,1] x (0,1] and
g € [1,00), then

b b _
‘f(a);rf( ) _biafa Fooda| < 120

a(1\'""v1
(3)

b—a . ((If' @ +mlf b/m)I\YT m|f (a/m)| + | f (b)|7\/9
1 mm{( 2 ) ( 2 ) } (16)

x min{[vl F @I + 0 f(n%) q]w, [Ugm f(%)r + 0] f’(b)lq]l/q}, (1.7)
where
o= m(o‘ ‘3 ) and 02 =07 1)1(a +2)(Oz2 +2a - zla) (18

The aim of this paper is to introduce concepts of m- and («, m)-logarithmically convex functions, and
then to present some Hermite-Hadamard type inequalities for them.
2. Definitions and lemmas

Firstly we introduce concepts of m- and («, m)-logarithmically convex functions.

Definition 2.1. A function f : [ — (0, 00) is said to be m-logarithmically convex if the inequality
fltx+m(1=-ty) < [f(x)]t[f(y)]m(lft) 21
holds for all x,y € [0,b], m € (0,1], and t € [0, 1].

Obviously, if putting m = 1 in Definition 2.1, then f is just the ordinary logarithmically convex function
on [0, b].



R.-F. Bai, F. Qi, and B.-Y. Xi/Filomat 27:1 (2013), 1-7 3
Definition 2.2. A function f : [ — (0, o0) is said to be («t, m)-logarithmically convex if

fltx+m(1 - t)y) < [F@I°[f (y)]m(l_tﬂ) (2.2)
holds for all x,y € [0, 0], (o, m) € (0,11 x (0, 1], and t € [0, 1].

Clearly, when taking @ = 1 in Definition 2.2, then f becomes the standard m-logarithmically convex
function on [0, b].
Secondly, we recite the following lemmas which will be used in proofs of our main results.

Lemma 2.1 ([3]). Let f : I € R — R be a differentiable mapping on I° and a,b €  witha < b. If f € L([a, b]), then

b ' —a ("
f(a);‘f()_biafaf(x)dxszafo(1—2t)f’(ta+(1—t)b)dt. (2.3)

Lemma 2.2 ([4]). Let f : I € R — R be a differentiable mapping on I° and a,b € I witha < b. If f € L([a, b]), then

a+by 1 (* 1z 1 ,
f(T)—mfuf(x)dxz(b—a)[fo tf(ta+(1—t)b)dt+fl/2(1—t)f(ta+(1—t)b)dt. 2.4)

3. Hermite-Hadamard type inequalities

In this section, we will present several Hermite-Hadamard type inequalities for the m- and (a, m)-
logarithmically convex functions.

Theorem 3.1. Let I D [0, o) be an open real interval and let f : I — (0,00) bea di]j‘erentiable function on I such that
f € L([a,b]) for 0 <a < b < oo. If|f'(x)|7 is (o, m)-logarithmically convex on [0 ]for (a,m) € (0,1] x (0, 1], then

b b g "
f(ﬂ)+f( ) f f( ¥)dx ’S T(_) f/(a) [El(a,mlq)]l/q (3.1)
is valid for g > 1, where
1
- =1
If @) 2’ we
) IféT)l'” Exlm, q) =\ F(u, ag), u<t, (3.2)
pE (g aq), p>1,
and
Fi(u,0) = ﬁ[v(w ~DInu—2(u"? - 1)2] (3.3)

foru,v>0andu # 1.

Proof. When g > 1, by Definition 2.2, Lemma 2.1, and Holder inequality, we have

f0+0) j*ﬂ)dx

1
uf(l—Zt)f’(ta+(1—t)b)dt‘
0

1—1/q 1 1/q
f 11— 26l f'(ta + (1 = DB dt)

1/q
f|1 2t|mf”dt :

IA

b—a 1 - 1/‘7
2 (E
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For p =1, we have

! . ! 1
f|1—2t|mf‘ dt:f [1-2tdt==.
0 0 2

For u < 1, we have pf"" < u®¥, thereby

fl - 2t|;ﬂt” df < fl - 2t|y"‘qt die aguInp —agqlny —2u* + 4yaq/2 _
0 0

a2q?In’ u

For i > 1, we have u < p7@+1-0 thereby

1 . 1 aq | 1 20 + 4 aq/2 _
f |1 _ 2t|[,lqt dt < Hq(l_a)f |1 _ 2t|[.laqtdt — Hq(l @) aqtu nyg—agnu—2su H
0 0 a2g?In® u
Thus, the inequality (3.1) follows.
When g = 1, we have
+ f(b b —a| (*
‘f(”)zf( ) —biaf Fodx :b—”‘f (1—20)f"(ta + (1 - Hb) d ¢
. m(1-£) b—al| ,(b\"
26 @) f( ) dt < 5 f(%) E1(o, m,q).

The proof of Theorem 3.1 is complete. []

Corollary 3.2. Let I O [0, c0) be an open real interval and let f : I — (0, 00) be a differentiable function on I such that
f" € L([a,b]) for 0 <a < b < oo. If |f"(x)1 is m-logarithmically convex on [0, %] for some given numbers m € (0,1],

then
Gl

Theorem 3.3. Let I O [0, 00) be an open real interval and let f : 1 — (0, 00) bea di}j‘erentiable function on I such that
f e L([a,b])for0 <a<b<oo. If|f'(x)1 is (o, m)-logarithmically convex on [0 ]for (a,m) € (0,1] x(0,1], then

b
fla) + f(b) _bl f fdx

b—a(1\"Y
<—0=
; (5)

2 \2

[El(]-/m/ ‘7)]“’1 (34)

holds for q > 1, where E, is defined as in Theorem 3.1.

a+b —a(1\'" b y\"
e 20G) TG Eame 65)
is valid for g > 1, where y is defined by (3.2) and
1/g
£
Ex(a,m,q) = [Fa(u, aq)]V7 + [Fa(u, aq)]'4, O<pu<l1 (.6
= [Fa(w, aq)]Y7 + [Fa(u, aq)]V7), p>1
with
Fr(u,v) = ( u?lnu—-u /2+1) and Fs(u,v) = (u ——u”/zlnu—uz’/z) 3.7
2(u,0) 2 \2 3(1,0) TN, > (3.7)

foru,v>0andu # 1.
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Proof. When g > 1, by Definition 2.2, Lemma 2.2, and Holder inequality yield

H(0)- bljf:f(x)dx
) o
oy

4 \2

1

< (b—a)[fol/z HF (ta + (1 —t)b)|dt+fl/2(1 CHIf(ta+ (1 —t)b)ldt]
. ( % ) ng(1-1) . ( % ) mg(1-1) dt]l/q}
1

m 1/2 1/q 1/q
{( f " dt) N [ (1 - dt] }
0 172

IA

1/q 1 a
dt] + [ (1= If (@)
12

If u =1, we have

12\l 1 R L 1\
(f tut dt) + [f (1 -t dt] =2(—) :
0 1/2 8

If u < 1, we obtain

1

1/2 . 1/q 1 . 1/q 1/2 1/q 1/q
(f tut dt) + [f (1 -t dt] < (f ty“‘ifdt) +[ 1 —t)y“qfdt]
0 1/2 0 1/2

1 % aq/2 _ /2 )]Uq [ 1 ( aq_ﬂ aq _ aq/z)]l/q
(2/.1 Inp —u*= +1 +0z2q u 5 H Inp—p .

[a2q2 In” u 21n* u

If u > 1, then
1

2\ 1 Ll 1/2 1/q 1/q
( f tudt dt) + [ f (1 -t dt] < ( f ty"(‘”“‘“)dt) +[ (1 —t)y"("’t”‘“)dt]
0 1/2 0 1/2

_ 1 (aq 1 1 aq g
— gyl = (1 aq/2 Inu— ag/2 + 1)] + [—( ag _ 10018y — aq/Z)] }
H {[azqzlnzy 5 W Inp = o G

Thus, the inequality (3.5) follows.
When g = 1, we have

‘f(b%b)— biu fubf(x)dx < bz;”[fol/zﬂf'(tm (1-BHb)|dt+ 1/12(1 —HIf (ta+ (1 - t)b)|dt]
<o- a)[fol/z t|f’(a)|tﬂ f'(%) m(1-t%) s 1/12(1 _ t)|f’(a)|t“ f’(%) m(1-t%) dt]
<(b-a) f’(%) mEz(a, m,1).

This completes the proof of Theorem 3.3. [

Corollary 3.4. Let I D [0, c0) be an open real interval and let f : I — (0, 00) be a differentiable function on I such that
f e L([a,b])for0 <a<b<oo. If|f'(x)|1 is m-logarithmically convex on [0, %]for some given numbers m € (0,1],

then
(555 [ road <52 G) ()

holds for q > 1, where E; is defined as in Theorem 3.3.

m

E,(1,m,q) (3.8)

<

b—a
4
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Theorem 3.5. Let f,g : [0,00) — (0,00) such that f,g € L([a, b])forO <a<b< oo If fx)is (a,m)-
logarithmically convex and g(x) is («, my)-logarithmically convex on [0 for (a,m;) € (0,11 X (0,1] and i = 1,2,

then
— f fegedx < e-aff(-=)] o)) B (3.9)
where
1, n=1,
b b r-1 0<n<i
n= f(a)g(a)[f(m—l)] [g(m—z)] and  Ex(a) = 1;)411_2(11]& ) (3.10)
ocl—nn’ n> 1

Proof. The (a, m)-logarithmic convexity of f(x) and g(x) yields

1-t%)

laema-o( L) s [(L)] " and gfrmema o L) <o 2]

from which it follows that

b 1
f fX)g(x)dx = (b - a)f flta+1—tb)g(ta+1—tb)dt
a 0

<t-o [ oroor (L) o) a
= ool o)l | (@@t A 2)] ") ar

When 1 = 1, we have fol n" dt = 1. When 1 < 1, we have

1 1
a 0(_1
f u dtsf rrde= T
0 0 U(IHT]

When 1 > 1, we have

1 1 l-a(a _
fnt“dtsf’?“t”“dt:—” 1)
0 0 alnn

Theorem 3.5 is thus proved. O

Corollary 3.6. Letf g :[0,00) —= (0, 00) such thatf g € L([a,b]) for 0 < a < b < oo. If f(x) is my-logarithmically
convex and g(x) is my-logarithmically convex on [0, L -] for i = 1,2 and some given numbers my, my € (0,1], then

blTa f b FRg)dx < (b - a)[ f(mil)]m [g(miz)]mz}ssa), (3.11)

where E3 is defined as in Theorem 3.5.

Corollary 3.7. Let f,g : [0,00) — (0, 0) such that f-g € L([a,b]) for 0 < a < b < oo. If f(x) and g(x) are
(o, m)-logarithmically convex on [0 ] for (o, m) € (0,1] % (0, 1], then

- f fg@ dx < 6 -alf( 2o 2] Exta) (3.12)

where E3 is defined as in Theorem 3.5.
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Corollary 3.8. Let f,g : [0,00) — (0, 0) such that f-g € L([a,b]) for 0 < a < b < co. If f(x) and g(x) are
m-logarithmically convex on [O, %] for some given number m € (0, 1], then

blTa fa ’ g dx < (b - a)[ f(%)g(%)]m}ss(l), (3.13)

where Ej is defined as in Theorem 3.5.

Remark 3.1. In [6, 9-11, 13-16] the authors and their coauthors obtained some results on Hermite-Hadamard type
inequalities for convex functions and for m- and («, m)-geometrically convex functions.

Acknowledgements

The authors would like to thank Dr. Mevliit Tung for his reminding us of some errors in the original
version of this manuscript.

References

[1] S.S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-convex functions, Tamkang J. Math. 33 (2002) 45-55.

[2] S.S. Dragomir, G. Toader, Some inequalities for m-convex functions, Studia Univ. Babes-Bolyai Math. 38 (1993) 21-28.

[3] S.S.Dragomir, R. P. Agarwal, Two inequalities for differentiable mappings and applications to special means of real numbers and
to trapezoidal formula, Appl. Math. Lett. 11 (1998) 91-95; Available online at http://dx.doi.org/10.1016/S0893-9659(98)
00086-X.

[4] U.S. Kirmaci, Inequalities for differentiable mappings and applications to special means of real numbers to midpoint formula,
Appl. Math. Comput. 147 (2004) 137-146; Available online at http://dx.doi.org/10.1016/S0096-3003(02)00657-4.

[5] M. K. Bakula, M. E. Ozdemir, J. Pe¢ari¢, Hadamard type inequalities for m-convex and (a, m)-convex functions, J. Inequal. Pure
Appl. Math. 9 (2008), no. 4, Art. 96, 12 pages; Available online at http://www.emis.de/journals/JIPAM/article1032.html.

[6] W.-D. Jiang, D.-W. Niu, Y. Hua, E. Qi, Generalizations of Hermite-Hadamard inequality to n-time differentiable functions which
are s-convex in the second sense, Analysis (Munich) 32 (2012) 209-220; Available online at http://dx.doi.org/10.1524/anly.
2012.1161.

[7] V. G. Mihesan, A generalization of the convexity, Seminar on Functional Equations, Approx. Convex, Cluj-Napoca, 1993.
(Romania)

[8] C.E.M. Pearce, ]. Peari¢, Inequalities for differentiable mappings with application to special means and quadrature formulae,
Appl. Math. Lett. 13 (2000) 51-55; Available online at http://dx.doi.org/10.1016/S0893-9659(99)00164-0.

[9] E Qi, Z.-L. Wei, Q. Yang, Generalizations and refinements of Hermite-Hadamard’s inequality, Rocky Mountain J. Math. 35 (2005)
235-251; Available online at http://dx.doi.org/10.1216/rmjm/1181069779.

[10] E Qi, M.-L. Yang, Comparisons of two integral inequalities with Hermite-Hadamard-Jensen'’s integral inequality, Int. J. Appl.
Math. Sci. 3 (2006) 83-88.

[11] E Qi, M.-L. Yang, Comparisons of two integral inequalities with Hermite-Hadamard-Jensen'’s integral inequality, Octogon Math.
Mag. 14 (2006) 53-58.

[12] G. Toader, Some generalizations of the convexity, Proceedings of the Colloquium on Approximation and Optimization, Univ.
Cluj-Napoca, Cluj-Napoca, 1985, 329-338.

[13] S.-H. Wang, B.-Y. Xi, F. Qi, Some new inequalities of Hermite-Hadamard type for n-time differentiable functions which are
m-convex, Analysis (Munich) 32 (2012) 247-262; Available online at http://dx.doi.org/10.1524/anly.2012.1167.

[14] B.-Y. Xi, R.-F. Bai, F. Qi, Hermite-Hadamard type inequalities for the m- and («, m)-geometrically convex functions, Aequationes
Math. 84 (2012) 261-269; Available online at http://dx.doi.org/10.1007/s60010-011-0114-x.

[15] B.-Y. Xi, F. Qi, Some integral inequalities of Hermite-Hadamard type for convex functions with applications to means, J. Funct.
Spaces Appl. 2012 (2012), Article ID 980438, 14 pages; Available online at http://dx.doi.org/10.1155/2012/980438.

[16] T.-Y.Zhang, A.-P.Ji, F. Qi, On integral inequalities of Hermite-Hadamard type for s-geometrically convex functions, Abstr. Appl.
Anal. 2012 (2012), Article ID 560586, 14 pages; Available online at http://dx.doi.org/10.1155/2012/560586.



