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Remarks on neighborhood star-Lindel6f spaces

Yan-Kui Song?

Institute of Mathematics, School of Mathematical Science, Nanjing Normal University, Nanjing 210046, P.R. China

Abstract. A space X is said to be neighborhood star-Lindeldf if for every open cover U of X there exists
a countable subset A of X such that for every open O 2 A, X = SO, U). In this paper, we continue
to investigate the relationship between neighborhood star-Lindel6f spaces and related spaces, and study
topological properties of neighborhood star-Lindelof spaces.

1. Introduction

By a space, we mean a topological space. In the rest of this section, we give definitions of terms
which are used in this paper. Let X be a space and U a collection of subsets of X. For A C X, let
SHA, U)=U{U e U : UN A # 0}. As usual, we write St(x, U) for St({x}, U).

Recall that a space X is strongly starcompact (see [5,7,8] - under different name) if for every open cover
U of X there exists a finite subset A of X such that X = St(A, U); A space X is strongly star-Lindelof (see [1,
2,5, 8, 9] - under different name) if for every open cover U of X there exists a countable subset A of X such
that X = St(A, U); A space X is starcompact (resp., star-Lindeldf)(see [5, 8] - under different name) if for every
open cover U of X there exists a finite (resp., countable) subset V of U such that X = St(lJ V, U). Clearly,
every strongly starcompact space is strongly star-Lindelof, every strongly starcompact space starcompact,
every strongly star-Lindelof space is star-Lindelof and every strongly star-Lindelof space is star-Lindelof.
It is known that every countably compact space is strongly starcompact, and every Hausdorff strongly
starcompact space is countably compact (see [5, 8]).

It is natural in this context to introduce the following definitions:

Definition 1.1. ([3]) A space X is said to be weakly starcompact if for every open cover U of X there exists a
finite subset A of X such that for every open O 2 A, X = 5t(O, U).

Definition 1.2. ([4]) A space X is said to be neighborhood star-Lindeldf if for every open cover U of X there
exists a countable subset A of X such that for every open O 2 A, X = St(O, U).

From the definitions, it is clear that every weakly starcompact space is neighborhood star-Lindelsf, every
strongly star-Lindelof space is neighborhood star-Lindelof space and every neighborhood star-Lindelof
space is star-Lindelof.
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The purpose of this note is to investigate the relationship between neighborhood star-Lindel6f spaces
and related spaces, and study topological properties of neighborhood star-Lindelof spaces.

Throughout this paper, let w denote the first infinite cardinal, w; the first uncountable cardinal, ¢ the
cardinality of the set of all real numbers. For a cardinal x, let k* be the smallest cardinal greater than
k. For each pair of ordinals «,  with a < , we write [a,f) = {y:a <y < B, (@Bl ={y:a <y <B},
(a,B)={y:a<y<pland[a,B]l =1{y:a <y < B). Asusual, a cardinal is an initial ordinal and an ordinal is
the set of smaller ordinals. Every cardinal is often viewed as a space with the usual order topology. Other
terms and symbols that we do not define follow [6].

2. Neighborhood star-Lindel6f spaces and related spaces

In this section, we give some examples to clarify the relationship between neighborhood star-Lindelof
spaces and related spaces. Recall that a space is called Urysohn if every two distinct points have neigh-
borhood with disjoint closures. Clearly, the property is between the Hausdorff condition and regularity.
Bonanzinga et al. in [3] showed that the three properties, countable compactness, strongly starcompactness,
and weak starcompactness are equivalent for Urysonn spaces.

Example 2.1. There exists a Tychonoff neighborhood star-Lindeldf space X that is not weakly starcompact.

Proof. Let X = w be the countably infinite discrete space. Clearly, X is not weakly starcompact. Since X
is countable, then X is strongly star-Lindel6f, hence X is neighborhood star-Lindel6f, since every strongly
star-Lindelof space is neighborhood star-Lindelof. [

For the next example, we need the following Lemmas.
Lemma 2.2. A space X having a dense Lindelof subspace is star-Lindelof.

Proof. Let X have a dense Lindeltf subspace D. We show that X is star-Lindeltf. Let U be an open cover of
X. Since D is a dense Lindelof subset of X. Then there exists a countable subset V of U such that D C | J V.
Hence St(|J V, U) = X, which shows that X is star-Lindelof. O

Lemma 2.3. ([4]) A space X is neighborhood star-Lindeldf if and only if for every open cover U of X there exists a
countable subset A of X such that St(x, U) N A + 0 for each x € X.

Example 2.4. There exists a Tychonoff star-Lindelof space that is not neighborhood star-Lindelof.

Proof. Let D = {d, : a < ¢} be a discrete space of cardinality ¢ and let Y = D U {y.} be one-point compactifi-
cation of D.
Let
X =(YxI[0,w)) U (D x{w})
be the subspace of the product space Y X [0, w]. Then that X is star-Lindel6f by lemma 2.2, since Y X [0, w)

is a dense Lindelof subset of X.
Next we show that X is not neighborhood star-Lindelof. For each a < ¢, let

U, =1{d,} X [0, w].

Then
U,NnU, =0fora #«'.

Let
U={U,:a<dU{YX|0,w).

Then U is an open cover of X. Let us consider the open cover U of X. It suffices to show that for any

countable subset A of X, there exists a point x € X such that St(x, ) N A = 0 by Lemma 2.3. Let A be any
countable subset of X. Then {a : AN U, # 0} is countable. Pick ay < ¢ such that A N U,, = 0. Since U,, is
the only element of U containing the point (d,,, w), then St({(dy,, w), U) = U,,. By the constructions of the

topology of X and the open cover U, we have St({d,,, w), U) = U,,. Thus we complete the proof. O
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Remark 2.5. Bonanzinga et al. in [4] showed that there exists a Urysohn neighborhood star-Lindel6f space
that is not strongly star-Lindelof. But the author does not know if there exists a Tychonoff example.

3. Properties of neighborhood star-Lindel6f spaces

In this section, we study topological properties of neighborhood star-Lindel6f spaces. The Isbell-Mrowka
spaceis X = w UR (see [10]), where R is a maximal almost disjoint family of infinite subsets of w with |R] = c.
The space X is strongly star-Lindelof, since w is a countable dense subset of X. Thus X is neighborhood
star-Lindel6f. The space X shows that a closed subset of a Tychonoff neighborhood star-Lindel6f space X
need not be neighborhood star-Lindelof, since R is a discrete closed subset of cardinality ¢. Now we give
a stronger example showing that a regular-closed subset of a Tychonoff neighborhood star-Lindelof space
X need not be neighborhood star-Lindelof. Here a subset A of a space X is said to be regular-closed in X if
ClxintxA =A.

Example 3.1. There exists a Tychonoff neighborhood star-Lindelof space having a reqular-closed subspace which is
not neighborhood star-Lindelof.

Proof. Let S; be the same space X in the proof of Example 2.4. Then S; is Tychonoff, not neighborhood
star-Lindelof.
Let R be a maximal almost disjoint family of infinite subsets of w with |R| = ¢. Let

S =R U ([0, ") X w).

We topologize S, as follows: [0, ¢*) X w has the usual product topology and is an open subspace of X, and
a basic neighborhood of r € R takes the form

Gpi(r)=({a:p<a<cyx(r\K)uUf{r}

for B < ¢ and a finite subset K of w. To show that S, is neighborhood star-Lindel6f. We need only show
that S, is strongly star-Lindelof, since every strongly star-Lindelof space is neighborhood star-Lindel6f. To
this end, let U be an open cover of S,. For each 1 € w, since [0, ¢*) X {n} is countably compact, there exists a
finite subset F,, C [0, ¢*) X {n} such that

[0, ¢*) X {n} C SKF,, U).

Let F/ = U, e, Fn. Then

new

[0, ¢") x w C SHEF', U).
On the other hand, for each r € R, take U, € U withr € U,, and fix &, < ¢" and n, € r such that

{a,ny:a, <a <ty cU,.

For each n € w, let
Ry ={reR:n, =n}and o, = supla, : r € R,}.

Then a;, < ¢, since [R,| < ¢. Pick a, > a;,. Then R, C St({ay, 1), U). Thus, if we put F’ = {{a,,n) : n € w},
then R C St(F”’,U). Let F = F’ U F”. Then F is a countable subset of S, such that S, = St(F, U), which
completes the proof.

We assume S1 NS, = 0. Let m: D X {w} — R be a bijection. Let X be the quotient image of the disjoint
sum S; @ S, obtained by identifying (d,, w) of S; with 1({(d,, w)}) of Sp forevery a < ¢. Letp : 519 S, — X
be the quotient map. It is clear that ¢(S;) is a regular-closed subspace of X which is not neighborhood
star-Lindelof, since it is homeomorphic to S;.

Finally we show that X is neighborhood star-Lindel6f. We need only show that X is strongly star-
Lindelof. To this end, let U be an open covers of X. Since ¢(S;) is homeomorphic to Sy, then ¢(S;) is
strongly star-Lindel6f, there exists a countable subset F’ C ¢(S;) such that

@(S2) € St(F1, U).
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On the other hand, for each 1 € w, since (Y X {n}) is homeomorphic to Y X {n}, then p(Y X {n}) is compact,
we can find a finite subset F,, € (Y X {n}) such that

oY x {n}) € SHF,, U).
LetF = F'UU, e, Fn. Then Fis a countable subset of X such that X = St(F, U), which completes the proof. [

It is known that a continuous image of a strongly star-Lindelof space is strongly star-Lindelsf. Similarly,
we show that neighborhood star-Lindeldfness is preserved by continuous mappings.

Theorem 3.2. A continuous image of a neighborhood star-Lindelof space is neighborhood star-Lindelof.

Proof. Let f : X — Y be a continuous mapping from a neighborhood star-Lindelof space X onto a space Y.
Let U be an open cover of Y. Then f~1(U) = {f~1(U) : U € U} is an open cover of X. Since X is neighborhood
star-Lindeldf, there exists a countable subset A of X such that for every open O 2 A, X = St(O, f~}(U)). Then
f(A) is a countable subset of Y such that for every open W 2 f(A), Y = St(W, U). In fact, let y € Y. Then
there is x € X such that f(x) = y. Let W be an open subset of Y such that f(A) € W. Then f~}(W) is an open
subset of X such that A C f~Y(W), St(f~1(W), f1(U)) = X, Hence there exists U € U such that x € f~1(U)
and f~H(U) N f~Y (W) # 0. Thus y = f(x) € f(f~1(U)) = Uand U N W # (. This means that y € SHW, U). O

Next we turn to consider preimages. To show that the preimage of a neighborhood star-Lindel6f space
under a closed 2-to-1 continuous map need not be neighborhood star-Lindelof, we use the the Alexandorff
duplicate A(X) of a space X. The underlying set A(X) is X X {0, 1}; each point of X x {1} is isolated and a basic
neighborhood of (x,0) € X x {0} is a set of the form (U x {0}) U (U x {1}) \ {{x, 0)}), where U is a neighborhood
of x in X.

Example 3.3. There exists a closed 2-to-1 continuous map f : X — Y such that Y is a neighborhood star-Lindelof
space, but X is not neighborhood star-Lindeldf.

Proof. Let Y be the same space S; in the proof of Example 3.1. As we proved in Example 3.1 above, Y
is neighborhood star-Lindelof. Let X be the Alexandorff duplicate A(Y) of the space Y. Then X is not
neighborhood star-Lindelof. In fact, let A = {{r,1) : r € R}. Then A is an open and closed subset of X
with |A| = ¢, and each point (r, 1) is isolated. Hence A(X) is not neighborhood star-Lindelof, since every
open and closed subset of a neighborhood star-Lindelof space is neighborhood star-Lindeltf and A is not
neighborhood star-Lindelof. Let f : X — Y be the projection. Then f is a closed 2-to-1 continuous map,
which completes the proof. [

Example 3.4. There exist a neighborhood star-Lindelof space X and a compact space X such that X XY is not
neighborhood star-Lindeldf .

Proof. Let X = w URbe the Isbell-Mréwka space [10], where R is a maximal almost disjoint family of infinite
subsets of w with |R| = ¢. Then X is neighborhood star-Lindelof.
Let D = {d, : a < ¢} be a discrete space of cardinality ¢ and let Y = D U {y.} be the one-point
compactification of D.
We show that X X Y is not neighborhood star-Lindel6f. Since |R| = ¢, we can enumerate R as {r, : a < ¢}.
Let
U, = {n} x Y foreachn € w,

Va=Xx{d,} foreacha < ¢

and
W, = ({ra} Uw) X (Y \ {d,}) for each a < c.

Let
U={U,: new}U{Vy:a<ddU{W,:a<d.
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Then U is an open cover of X X Y. Observe that (r,,d,) € U € U if and only if U = V,,. Let us consider
the open cover U of X X Y. It suffices to show that for any countable subset A of X X Y, there exists a point
(x,y) € X X Y such that St({x,y), U) N A = @ by Lemma 2.3. Let A be any countable subset of X X Y. Then
there exists @ < ¢ such that A NV, = 0. Since V,, is the only element of U containing the point (r,,d,),
then St((r,,da), U) = V,. By the constructions of the topology of X X Y and the open cover U, we have

St({ta,da), U) = V,, which shows that X x Y is not neighborhood star-Lindelof. Thus we complete the
proof. [

Remark 3.5. Example 3.4 shows that the preimage of a neighborhood star-Lindelof space under an open
perfect map need not be neighborhood star-Lindelof.

The following well-known example shows that the product of two countably compact(and hence neigh-
borhood star-Lindelof) spaces need not be neighborhood star-Lindeltf. Here we give the proof roughly for
the sake of completeness. For a Tychonoff space X, let X denote the Cech-Stone compactification of X.

Example 3.6. There exist two countably compact spaces X and Y such that X XY is not neighborhood star-Lindelof.

Proof. Let D be a discrete space of cardinality ¢. We can define X = (U, E« and Y = {J,,, Fa, where E,
and F, are the subsets of D which are defined inductively so as to satisfy the following conditions (1),(2)
and (3):

(D) E.NFg=Difa#+p;

(2) |[Eal < cand [Fg| < ¢;

(3) every infinite subset of E,(resp., F,) has an accumulation point in E,1(resp.,Fq+1)-

These sets E, and F, are well-defined since every infinite closed set in fD has cardinality 2° (see [11]).
Then X X Y is not neighborhood star-Lindeltf, because the diagonal {{(d,d) : d € D} is a discrete open and
closed subset of X X Y with cardinality ¢ and the open and closed subsets of neighborhood star-Lindelof
spaces are neighborhood star-Lindel6f. [0

In [5, Example 3.3.3], van Douwen-Reed-Roscoe-Tree gave an example showing that there exist a
countably compact space X and a Lindelof space Y such that X X Y is not strongly star-Lindel6f. Now, we
shall show that the product space X X Y is not neighborhood star-Lindelof.

Example 3.7. There exist a countably compact (and neighborhood star-Lindelof) space X and a Lindeldf space Y such
that X X Y is not neighborhood star-Lindelof.

Proof. Let X = [0, w1) with the usual order topology. Then X is countably compact. Let Y = [0, w:] with the
following topology: each point @ with @ < w is isolated and a set U containing w; is open if and only if
Y \ U is countable. Then Y is Lindelof.

Now, we show that X X Y is not neighborhood star-Lindelof. For each o < w1, let

U, =[0,a] X [a,w1] and V,, = (a, w1) X {a}.

Then
VonV,=0ifa#a’ and U, NVg=0foranya <cf<c

let
U={Uy:a<w}U{V,:a<w}.

Then U is an open cover of X X Y. Let us consider the open cover U of X x Y. It suffices to show that
for any countable subset A of X X Y, there exists a point (x, y) € X X Y such that St({x, y), ) N A = 0 by
Lemma 2.3. Let A be any countable subset of X X Y. Then there exists @ < ¢ such that AN V,, = 0. Since V,
is the only element of U containing the point (a + 1, @), then St({a + 1, @), U) = V,, and V, N A = . By the
constructions of the topology of X and the open cover U, we have St({a + 1, a), U) = V,,, which shows that
X X Y is not neighborhood star-Lindel6f. Thus we complete the proof. [
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Now we give some conditions under which neighborhood star-Lindelofness implies strongly star-
Lindelofness. Recall that a space X is paraLindelof if every open cover U of X has a locally countable open
refinement.

Theorem 3.8. Every paraLindelof neighborhood star-Lindeldf space is Lindelof (hence star-Lindeldf).

Proof. Let X be a paraLindelof neighborhood star-Lindelof space and U be an open cover of X. Then there
exists a locally countable open refinement V of U. For each x € X, there exists an open neighborhood V'
of x such that V, C V forsome V€ Vand {V € V:V,NV # 0} is countable. Let V' = {V, : x € X}. Then
V' is an open refinement of V. Since X is neighborhood star-Lindeldf, there exists a countable subset A of
X such that for every open O 2 A, X = St(O, V).
Let
o= Jiviev:xeal

Then O is an open subset of X and A C O. Thus SO, V) = X.
Let
V' '={VeV:VNnO 0}

Then V" is a countable open cover of X. For each V € V", choose Uy € U such that V € Uy. Then
{Uy : V € V”} is a countable subcover of U, which shows that X is Lindelof. Thus we complete the
proof. [

Since every strongly star-Lindelof space is neighborhood star-Lindelof, the following corollary follows
from Theorem 3.8.

Corollary 3.9. A paraLindelof space X is neighborhood star-Lindeldf iff X is strongly star-Lindelof.

Since every paracompact space is paraLindeldf, the following Corollary follows from Corollary 3.9.
Corollary 3.10. A paracompact space X is neighborhood star-Lindelof iff X is strongly star-Lindeldf.

Recall that a space X is locally separable if x has a separable neighborhood at every point x € X.
Theorem 3.11. Every locally separable neighborhood star-Lindeldf space is star-Lindel-of .

Proof. Let X be a locally separable neighborhood star-Lindel6f space and U be an open cover of X. For
each x € X, there exists an open separable subspace V, of X such that x € V, € U for some U € U, since
X is locally separable. Let V = {V, : x € X}. Then V is an open cover of X. Since X is neighborhood
star-Lindelof, there exists a countable subset A of X such that for every open O 2 A, X = St(O, U).
Let
o= Jiviev:xea)

Then O is an open subset of X and A € O. Thus SO, Y) = X. For each x € A, since V, is separable, there
exists a countable dense subset D, of V,.
Let

F=| JiDs:xea).
Then F is a countable subset of X and St(F, U) = X, which shows that X is star-Lindel6f. [
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