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Abstract. The number of independent sets is equivalent to the partition function of the hard-core lattice
gas model with nearest-neighbor exclusion and unit activity. We study the number of independent sets
mgp(n) on the generalized Sierpinski gasket SGu,(11) at stage n with dimension d equal to two, three and
four for b = 2, and layer b equal to three for d = 2. Upper and lower bounds for the asymptotic growth
constant, defined as zsg i = lim, o In 1,4, (1) /v where v is the number of vertices, on these Sierpinski gaskets
are derived in terms of the numbers at a certain stage. The numerical values of these zsg,, are evaluated
with more than a hundred significant figures accurate. We also conjecture upper and lower bounds for the
asymptotic growth constant zsg,, with general d, and an approximation of zs,, when d is large.

1. Introduction

The lattice gas with repulsive pair interaction is an important model in statistical mechanics [1-4]. For
the special case with hard-core nearest-neighbor exclusion such that each site can be occupied by at most
one particle and no pair of adjacent sites can be simultaneously occupied, the partition function of the
lattice gas coincides with the independence polynomial in combinatorics [5, 6]. This model is a problem of
interest in mathematics [7-10]. While an activity (or fugacity) A can be associated to each occupied site, the
special case with A = 1 counts the number of independent (vertex) sets Nis(G) on a graph G [11]. Kaplansky
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considered the number of k-element independent sets on the path and circuit graphs almost 70 years ago
[12]. For a graph G with v(G) vertices, the number of independent sets can grow exponentially when v(G) is
large. ¥ For the m x n grid graph, i.e. the square lattice (sq), it was shown that the limit limy;, ;e Nys(sq)"/™"
exists and its upper and lower bounds were estimated [13]. Baxter has obtained the numerical value for
the square lattice to 43 decimal places [14]. The number of independent sets and its bounds had been
considered on various graphs [15-17].

It is of interest to consider independent sets on self-similar fractal lattices which have scaling invari-
ance rather than translational invariance [18]. Fractals are geometric structures of (generally noninteger)
Hausdorff dimension realized by repeated construction of an elementary shape on progressively smaller
length scales [19, 20]. A well-known example of a fractal is the Sierpinski gasket which has been extensively
studied in several contexts [21-37].

We shall derive the recursion relations for the numbers of independent sets on the Sierpinski gasket
with dimension equal to two, three and four, and determine the asymptotic growth constants. We shall
also consider the number of independent sets on the generalized two-dimensional Sierpinski gasket with
layer equal to three.

2. Preliminaries

We first recall some relevant definitions for graphs and the Sierpinski gasket in this section. A connected
graph (without loops) G = (V,E) is defined by its vertex (site) and edge (bond) sets V and E [38, 39]. Let
v(G) = |V| be the number of vertices and ¢(G) = |E| the number of edges in G. The degree or coordination
number k; of a vertex v; € V is the number of edges attached to it. A k-regular graph is a graph with the
property that each of its vertices has the same degree k. An independent set is a subset of the vertices such
that any two of them are not adjacent.

When the number of independent sets N;s(G) grows exponentially with v(G) as v(G) — oo, let us define
a constant z¢ describing this exponential growth:

. InNis(G)

%G v(g)liloo U(G) ’ (1)
where G, when used as a subscript in this manner, implicitly refers to the thermodynamic limit. We will
see that the limit in Eq. (1) exists for the Sierpinski gasket considered in this paper.

The construction of the two-dimensional Sierpinski gasket SGy(n) at stage n is shown in Fig. 1. At
stage n = 0, it is an equilateral triangle; while stage (n + 1) is obtained by the juxtaposition of three n-stage
structures. In general, the Sierpinski gaskets SG; can be built in any Euclidean dimension d with fractal
dimension D = In(d + 1)/ In2 [22]. For the Sierpinski gasket SG,4(1), the numbers of edges and vertices are
given by

e(SG4(n)) = (d Z 1)(01 +1)" = g(d +1)", (2)
d+1
v(SG4(n)) = T[(d +1)"+1]. 3)

Except the (4 + 1) outmost vertices which have degree d, all other vertices of SG4(1) have degree 2d. In the
large n limit, SG,; is 2d-regular.

The Sierpinski gasket can be generalized, denoted as SG; (1), by introducing the side length b which
is an integer larger or equal to two [40]. The generalized Sierpinski gasket at stage n + 1 is constructed
from b layers of stage n hypertetrahedrons (the generalization of a tetrahedron to d dimensions). The
two-dimensional SG;(n) with b = 3 at stage n = 1,2 and b = 4 at stage n = 1 are illustrated in Fig. 2.
The ordinary Sierpinski gasket SG4(n) corresponds to the b = 2 case, where the index b is neglected for
simplicity. The Hausdorff dimension for SGg is given by D = In (b+g_1) /Inb [40]. Notice that SG,; is not
k-regular even in the thermodynamic limit.

DFor certain graphs, e.g. complete graph, the number of independent sets do not grow exponentially.
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Figure 1: The first four stages n = 0,1, 2,3 of the two-dimensional Sierpinski gasket SG»(1).

N - -

5Gy3(1) 5G»3(2) 5Gy4(1)

Figure 2: The generalized two-dimensional Sierpinski gasket SG; (1) with b = 3 at stagen = 1,2 and b = 4 at stage n = 1.

3. The number of independent sets on SG,(n)

In this section we derive the asymptotic growth constant for the number of independent sets on the
two-dimensional Sierpinski gasket SG,(n) in detail. Let us start with the definitions of the quantities to be
used.

Definition 3.1. Consider the generalized two-dimensional Sierpinski gasket SG, ,(n) at stage n. (i) Define my ,(n) =
Nis(SGap(n)) as the number of independent sets. (ii) Define f, (1) as the number of independent sets such that all
three outmost vertices are not in the vertex subset. (ii) Define g, (1) as the number of independent sets such that only
one specified vertex of the three outmost vertices (illustrated in Fig. 3) is in the vertex subset. (iii) Define hy;(n) as
the number of independent sets such that exact two specified vertices of the three outmost vertices (illustrated in Fig.
3) are in the vertex subset. (iv) Define p,;(n) as the number of independent sets such that all three outmost vertices
are in the vertex subset.

Since we only consider the ordinary Sierpinski gasket in this section, we use the notations mj,(n), fo(n),
g2(n), ha(n) and po(n) for simplicity. They are illustrated in Fig. 3, where only the outmost vertices are
shown. Because of rotational symmetry, there are three possible g>() and three possible /(1) such that

my(n) = fo(n) + 3g2(n) + 3ha(n) + pa(n) . (4)

The initial values at stage zero are f,(0) = 1, g2(0) = 1, h2(0) = 0, p2(0) = 0 and m,(0) = 4. The purpose of
this section is to obtain the asymptotic behavior of m,(n) as follows. The four quantities f»(1), g2(n), ha(n)
and p(n) satisfy recursion relations.
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Figure 3: Illustration for the configurations f>(1), g2(1), h2(n), and py(1). Only the three outmost vertices are shown explicitly, where a
solid circle is in the vertex subset and an open circle is not.

Lemma 3.2. For any non-negative integer n,

fln+1) = £n) +3f2(m)g3n) + 3g3mha(n) + 1), (5)
ga(n +1) = F2)g2(n) + 2fa(m)g2(ma(n) + g3(n) + 202(m)h3(n) + GEm)pa(n) + K(m)pa(n) (6)
(i +1) = fo(m)g3n) + Fa(m)3(n) + 23(m) () + H3(n) + 22 (mea()pa(n) + ha(m)p(n) 7)
pa(n +1) = g3(n) + 3g2(IB(n) + 33(m)pa(n) + p3(n) . ®)

Proof The Sierpinski gasket SGy(n + 1) is composed of three SG,(n) with three pairs of vertices
identified. The number f,(n + 1) consists of (i) one configuration where all three SG,(n) belong to the class
that is enumerated by f»(n); (ii) three configurations where one of the SG,(1) belongs to the class enumerated
by f»(n) and the other two belong to the class enumerated by g»(n); (iii) three configurations where two of
the SG;,(n) belong to the class enumerated by g,(1) and the other one belongs to the class enumerated by
hy(n); (iv) one configuration where all three SG,(n) belongs to the class enumerated by h;,(n) as illustrated
in Fig. 4. Eq. (5) is verified by adding these configurations.

Figure 4: Illustration for the expression of f>(1+1). The multiplication of three on the right-hand-side corresponds to the three possible
orientations of SGy(n + 1).

Similarly, g»(n + 1), ha(n + 1) and pa(n + 1) for SGy(n + 1) can be obtained with appropriate configurations
of its three constituting SG,(n) as illustrated in Figs. 5, 6 and 7 to verify Egs. (6), (7) and (8), respectively.
There are always 8 = 23 terms (counting multiplicity) in Egs. (5) - (8) because for each of the three pairs of
identified vertices it can be either in the vertex subset or not. O

Figure 5: Illustration for the expression of g»(n + 1). The multiplication of two on the right-hand-side corresponds to the reflection
symmetry with respect to the central vertical axis.

Alternatively, it is known that the number of dimer-monomers (known as a matching in combinatorics)
on a graph G is the same as the number of independent sets on the associated line graph L(G) [41]. Consider
the sequence of graphs H(n) shown in Fig. 8 that is obtained by adding an extra edge to each of the
outmost vertices of the Hanoi graph. As H(n) has SG»(n) as its line graph, the enumeration of the number
of independent sets on SG,(n) is equivalent to the enumeration of the number of dimer-monomers on these
H(n). One can define corresponding quantities of f,(1), g2(n), ha(n), p2(n) on H(n) that satisfy the same
recursion relations as in Lemma 3.2.
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Figure 6: Illustration for the expression of hy(n + 1). The multiplication of two on the right-hand-side corresponds to the reflection
symmetry with respect to the central vertical axis.

Figure 7: Illustration for the expression of p>(1+1). The multiplication of three on the right-hand-side corresponds to the three possible
orientations of SGy(n + 1).
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Figure 8: The first four stages n = 0,1, 2,3 of the graph H(n).
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The values of f,(n), g2(n), ha(n), p2(n) for small n can be evaluated recursively by Egs. (5) - (8) as listed
in Table 1. These numbers grow exponentially, and do not have simple integer factorizations. To estimate
the value of the asymptotic growth constant defined in Eq. (1), we need the following lemmas.

For the generalized two-dimensional Sierpinski gasket SG, (1), define the ratios

g2,6(1) _ ha (1) _ pa2,p(n)
fany . PO = ey v =y

where 7 is a positive integer. For the ordinary Sierpinski gasket in this section, they are simplified to be
aa(n), B2(n), y2(n) and their values for small 2 are listed in Table 2. From the initial values of f,(n), g2(n), h2(n),
p2(n), it is easy to see that f>(n) > g»(n) > ha(n) > po(n) for all non-negative n by induction. Alternatively,
these inequalities can be obtained by an injection. For instance, if one of the independent sets enumerated
by g2(n) is given, one can remove the corner vertex to obtain another independent set that is among those
that are enumerated by f,(n) such that f,(11) > g2(n) is established. Similarly, the other two inequalities can
be established. It follows that as(n), f2(1), y2(n) € (0,1].

©)

agp(n) =

Table 1: The first few values of f»(n), g2(n), ho(n), p2(n), ma(n).

[ n Jo] 1] 2] 3 ] 4]
fn) || 1| 4| 125 | 4,007,754 | 132,460,031,222,098,852,477
gpn) | 1] 2| 65| 2,089,888 | 69,073,020,285,472,159,669
hy(n) || O 1| 34| 1,089,805 | 36,019,032,212,213,865,476
p2(n) | O] 1| 18 568,301 | 18,782,596,680,434,060,148
my(n) || 4 | 14 | 440 | 14,115,134 | 466,518,785,395,590,988,060

Table 2: The first few values of a (1), p2(n), y2(n). The last digits given are rounded off.

L [ 1] 2 | 3| 4]
a(n) || 05 052 | 0.521461147565444 | 0.521463113425180
Ba(n) | 0.5 | 0523076923076923 | 0.521465743618797 | 0.521463113431998
ya(n) | 1| 0529411764705882 | 0.521470354785242 | 0.521463113438516

Lemma 3.3. For any positive integer n, the ratios satisfy
ax(n) < Pa(n) < ya(n) . (10)

When n increases, the ratio ay(n) increases monotonically while y,(n) decreases monotonically. The three ratios in
the large n limit are equal to each other

lim as(n) = lim o(n) = lim (1) . (11)
n—oo n—oo n—-oo

Proof Itis clear that Eq. (10) is valid for small values of # given in Table 2. In order to save space, we
will use a,, B, Vx to denote ay(n), f2(n), y2(n) for the lengthy equations in this Lemma. By definition, we
have

BVI CTZ Dl’l

Apy1 = Op——, ﬁn+1 = anB_n ’ Vn+l = anc_n (12)
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for a positive 1, where

A, = 1+ 30{% + 3a,315n + aiﬁi ,
B, = 1+2a,B,+a%+2a22+ a2, yn+ 2y,
Co = 1424200+ anfs + 2a,f5yn + anfoy?,
Dy = 1+38;+38n+BaVn, (13)
such that
1
Ap+l — Ay = A_{za 1+ an,Bn)(,Bn ap) + aiﬁn(l + .6721)(7/71 - an)} ’ (14)
1
Brs1 — an = B—{an(ﬁn +a, + anﬁn + uPryn)(Bn — ) + anﬁn(l + BnYn)(Yn — an)} . (15)
It follows that
Pn — an
Prsl — Gy = AB {an(ﬁn +a, + anﬁn + anﬁnyn)A - 20(n(1 + anﬁn) n}
+ D @B+ By, - (L + BB,
= ﬁjﬁ_B an(1+ anﬁn {(1 a nﬁnyn)(,gn —ay) + anﬁn(Vn — ) — Uéiﬁi(%« - ﬁn)}
—Qay
LU S 21+ %+ @2Bya) (B — ) + B0 — ) + Q2B + au) (v — )}
(16)
where
AuBy = 1+4a2 +2a,B, +3a% + 9438, + 20262 + a2Buyn + 30, + 120282 + a3 B3 + 3atBuy, + a2py,
+700By + 20,8, + 30 By + 3By + 20065 + 4By yn + anBuYn - (17)
Since Y, — an = (Vu — Bu) + (Bn — @n), Eq. (17) leads to
ﬁn+1 —Opt1 = BZ_B a,(1+ anﬁn {(1 + anﬁn a - anﬁnyn)(ﬁn ay) + (an,Bn - aiﬁi)(% - ﬁn)}
ay
+7/A B 2 {(1 + a +a ﬁn)/n)(,gn ap) + ,831(7/71 —ay) + a%ﬁ%(Z + an,Bn)(Vn - ﬁn)} .
(18)

Using the fact that a,, B, ¥ € (0,1] and the inequality 8, < y, to be shown below, a;,, < B, is proved by
induction. Define €, = y, — a,, which is larger than y,, — , and 8, — a,, as we shall prove 8, < y,,, then

2
En
Bu+1 — n1 < 1B {Ofn(l + ) + agBu(l + g + agBuyn + B, + 205, + aiﬁi)}
712 n
= g (o + 30+ @O+ @l + @2+ 2006 + il + )
2
< {14302 + 2038, + Q22 + B0l + OB} < €2 (19)
AnBy
Similarly, we have
1
Vn+1 —ay = C_{zanﬁn(l + ﬁn)/n)(ﬁn - an) + anﬁi(l + )/3,)(7/71 - an)} ’ (20)
n
and
P — 2
Vn+1 — ﬁn+1 = {zanﬁn(l + ﬁnVﬂ)Bn - an(ﬁn +a, + anﬁn + anﬁnyn)cn}

B,Cy
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Vn — Qn 3 > o
+ B.C, {anﬁn(l +v3)Bn — ay B (1 + ﬁn)/n)Cn}

ﬁ;n_Cjn a”{(l + BuYn = ) (Bu — tn)
BB + B + 25 — a2B2yn — 2BYDn — Bu) — nBryn(yn — )}
7/11; _C anﬁi{(l + @) (B = ) + BV — A + 200 B Vi) (Vi — )
+an.8n7/n(1 + ﬁnyn)(yn - ,Bn)}

ﬁn_ana {(1+ —a. B —a Bt _

B.C. (L By = by = anfluyn) (B = ta)
BB + anfi + a2 — 2By — 2BV — By ) (yn — ﬁn)}

7’; _C oznﬁf,{(l + @) (B = Q) + BV — A + 200 B Vi) (Vi — )

+a3 Byl + Buy) v = B))

where the last equality holds using v, — a, = (Vs — Bu) + (Bx — @), and

B,C,

Vn+l

- ,Bn+1

30

(21)

1+ a2 +4da,p, + ﬁn + 2a§ﬁg + 7a§,ﬁ§ + 3an§ﬁ5+ af,ﬁnyg Jg?.gvnﬁ%yg 2553/33 + glaﬁﬁﬁ + §a§ﬁ§,yn
+6an;8nyn + an.gnyn + Zanﬁn + 70(,,‘57,)/71 + anﬁnyn + 3anﬁnyn + zanﬁnyn + an.gnyn + 4an,8nyn
+an.8nyn + anﬁnyn .

Using the fact that ay,, f,, yn € (0, 1] and the inequality a,, < 8, proven above, 5, <y, is proved by induction.
We also have

IN

<

2
6
B (AL + Buyn + B+ anfiy + o)

B2+ @y + Buy + 20uBh Y + QoY + A2BAYVE))
2

E, C {l + 3B + 3o + 20065 + 20283y, + anﬁnyn} <é

(22)

Bec {0(,, + za"ﬁn + a”ﬁnyﬂ + zanﬁn + anﬁn + “nﬁnVn + anﬁnyn + Zanﬁnyﬂ + an nyn}

(23)

From Egs. (19) and (23), we obtain €,,1 < 2¢€2 for all positive n by induction. It follows that for any positive
integer m < n,

€, < 26721_

L < 2[2e§_2]2 << %[Zem]w.

(24)

Taking m as an integer larger than one so that €,, < 1/2, then we have the values of &, ,, v, are close to
each other when n becomes large.
Finally, it is clear that a, (1) increases monotonically as # increases by Eq. (14). As

Vn

—Vn+l =

Cin{(l + ,Bﬁ)(Yn —ay) + 2anﬁn(1 + ﬁn?n)(?n - ,Bn)} ’

we know y;(n) decreases monotonically as 7 increases, and the proof is completed. O

Numerically, we find

lim ay(n) = lim Ba(n) = lim y,(n) = 0.521463113428094965776...
n—0oo n—00 n—00

From the above lemma, we have the following bounds for the asymptotic growth constant.

(25)

(26)
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Lemma 3.4. The asymptotic growth constant for the number of independent sets on SG,(n) is bounded:

In[f2(m)] + 3im In[1 + a3(m)] < zsg, < % In[f2(m)] + 3% In[1 + ga(m)], (27)

3m+1
where m is a positive integer.

Proof From Eq. (5) and Lemma 3.3, we have the upper bound for f,(n),

A = Fn-1)[1+3a30m-1)+3a3(n - Dpa(n — 1) + a3(n - 13 (n - 1)]
< Ro-D1+ge-1]
< {Bn-2)1+pn- 2)]3}3[1 + Bi(n - 1)]3 <.
3 b \13E-1)
< [Am)] [1+p0m)] : (28)

From Eq. (4), the number of independent sets has the upper bound

T m] . @9

gn-m 3

ma(n) = fo(n)[1+3az() + 3ax(m)Ba() + ax(Wa(m)y2(m)] < [fum)| [1+BEm)]*

As the number of vertices of SGy(n) is 3(3" + 1)/2 by Eq. (3), the upper bound for zsg, defined in Eq. (1)
follows. The lower bound for zg;, can be derived similarly. O

As m increases, the difference between the upper and lower bounds in Eq. (27) becomes small and the
convergence is rapid. The numerical value of zs;, can be obtained with more than a hundred significant
figures accurate when m is equal to eight.

Proposition 3.5. The asymptotic growth constant for the number of independent sets on the two-dimensional
Sierpinski gasket SGo(n) in the large n limit is zgg, = 0.38430953443368558352....

For the square lattice which also has degree four, the asymptotic growth constantis z;; = 0.40749510126068800045...
[14] that is larger than our result here.

As mentioned previously, the number of dimer-monomers on the graph H(n) illustrated in Fig. 8 is the
same as the number of independent sets on the two-dimensional Sierpinski gasket SG,(n). Similar to Eq.
(1), one can define a constant for the exponential growth of the number of dimer-monomers:

;L In Npm(G)
%= dm =0 (30)

where Npyi(G) is the number of dimer-monomers on a graph G. As the number of vertices of H(n) is 3" + 3,
we have the following corollary.

Corollary 3.6. The asymptotic growth constant for the number of dimer-monomers on the graph H(n) in the large n
limit is z}; = 0.57646430165052837528....

This result can be obtained from the asymptotic formula given in [42].
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4. The number of independent sets on SG,3(n)

The method given in the previous section can be applied to the number of independent sets on SG;;(1)
with larger values of d and b. The number of configurations to be considered increases as d and b increase,
and the recursion relations must be derived individually for each d and b. In this section, we consider the
generalized two-dimensional Sierpinski gasket SG; (1) with the number of layers b equal to three. For
5G;3(n), the numbers of edges and vertices are given by

6(5G2,3(Tl)) =3x6", (31)
oSGaan) = EE2, &

where the three outmost vertices have degree two. There are (6" — 1)/5 vertices of SGy3(n) with degree
six and 6(6" — 1)/5 vertices with degree four. The initial values for the number of independent sets with
various conditions are the same as those for SGy: f,3(0) = 1, 925(0) = 1, h23(0) = 0 and p,3(0) = 0. The
recursion relations for SG;3(n) are lengthy and given in the appendix. Some values of f,3(n), g23(1), h23(n),
p23(n), my3(n) are listed in Table 3. These numbers grow exponentially, and do not have simple integer
factorizations.

Table 3: The first few values of f»3(11), g2,3(n), ha3(11), p2,3(1), Mz 3(n).

[ n O] 1] 2 | 3 |
fs(m) || 1119 | 172,371,175 | 93,818,345,014,803,648,739,612,995,034,820,933,103,277,876,214,071
g3(m) || 1| 9| 80,291,169 | 43,700,938,182,461,202,772,695,141,988,444,331,720,442,482,282,619
hps(m) || O | 4| 37,399,906 | 20,356,061,468,851,869,739,344,457,713,631,919,274,541,443,648,604
p23(m) || 0| 2| 17,420,990 9,481,930,039,890,479,716,613,035,420,873,292,623,048,215,623,126
my3(n) || 4 | 60 | 542,865,390 | 295,471,274,008,633,345,992,344,829,561,922,978,711,277,869,630,866

The values of the ratios as3(n), p2,3(n), y23(n) defined in Eq. (9) for small n are listed in Table 4. The
sequence of a, 3(1) decreases monotonically as n increases, while 8, 3(1) increases monotonically. Except the
first term y,3(1), y2,3(n) also increases monotonically for n > 2. We again have a;3(1), f2,3(1), y2,3(n) € (0,1]
but y23(n) < Ba3(n) < axs(n) for n > 2, in contrast to Lemma 3.3.

Table 4: The first few values of as 3(1), f2,3(1), y2,3(n). The last digits given are rounded off.

L |l ] 2 | 3]
az3(n) || 0.47368421052631578947 | 0.46580391994195085112 | 0.46580376338514186621
Boa(n) || 0.44444444444444444444 | 0.46580348082863259844 | 0.46580376338514186620
V2,3(1) 0.5 | 0.46580304239267339335 | 0.46580376338514186619

By the same argument given in Lemma 3.4, we have the upper and lower bounds of the asymptotic
growth constant for the number of independent sets on SG;3(n):
1
7 X6

(5In fo5(m) +In[1+ 93 ,0m)] + 6In[1+72,0m)]} < zs6,,

<

1
T {5In fos(m) +In[1+ a3 5(m)] + 6In[1+ a3 (m)]} , (33)
with m a positive integer. The convergence of the upper and lower bounds remains rapid. More than
a hundred significant figures for zsc,, can be obtained when m is equal to five. We have the following
proposition.
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Proposition 4.1. The asymptotic growth constant for the number of independent sets on the two-dimensional
Sierpinski gasket SG3(n) in the large n limit is zsc,, = 0.38135033366164857274....

5. The number of independent sets on SG3(n)

In this section, we derive the asymptotic growth constant of independent sets on the three-dimensional
Sierpinski gasket SG3(n). We use the following definitions.

Definition 5.1. Consider the three-dimensional Sierpinski gasket SGz(n) at stage n. (i) Define mz(n) = Nis(SG3(n))
as the number of independent sets. (ii) Define f3(n) as the number of independent sets such that all four outmost
vertices are not in the vertex subset. (iii) Define g3(n) as the number of independent sets such that only one certain
outmost vertex is in the vertex subset. (iv) Define h3(n) as the number of independent sets such that exact two certain
outmost vertices are in the vertex subset. (v) Define p3(n) as the number of independent sets such that exact three
certain outmost vertices are in the vertex subset. (vi) Define qs3(n) as the number of independent sets such that all four
outmost vertices are in the vertex subset.

The quantities f3(n), g3(n), h3(n), p3(n) and g3(n) are illustrated in Fig. 9, where only the outmost vertices
are shown. There are (‘11) = 4 equivalent configurations for gz(n), (;1) = 6 equivalent configurations for h3(n),
and (411) = 4 equivalent configurations for p3(n). By definition,

mz(n) = fa3(n) + 4g3(n) + 6hs(n) + 4p3(n) + g3(n) . (34)
The initial values at stage zero are f3(0) = 1, g3(0) = 1, h3(0) = 0, p3(0) = 0, 43(0) = 0 and m3(0) = 5

A A A A A

f3(n) g3(1) p3(n) q3(n)

Figure 9: Illustration for the configurations f3(n), g3(n), h3(n), p3(n) and g3(n). Only the four outmost vertices are shown explicitly,
where a solid circle is in the vertex subset and an open circle is not.

The recursion relations are lengthy and given in the appendix. Some values of f3(n), g3(n), h3(n), p3(n),

q3(n), mz(n) are listed in Table 5. These numbers grow exponentially, and do not have simple integer
factorizations.

Table 5: The first few values of f3(n), g3(n), h3(n), p3(n), g3(n), mz(n).

L n O] 1] 2 | 3 |

fs(m) || 1|10 | 25817 | 1,292,964,293,737,151,090

gs(n) || 1| 4 11,387 571,820,791,550,665,532

hs(n) | 0] 2 5,050 252,892,039,471,313,074

ps(n) || 0] 1 2,252 111,843,868,747,687,217

gs(m) | 0| 1 1,010 49,464,202,269,253,193

ms(n) || 5 | 43 | 111,683 | 5,594,439,374,027,693,723

Define ratios
g3(n) h3 (1) pa(n) g3(n)

az(n) = , n) = , 03(n) = 35
=Py B =20yl =i, el = T (35)
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for a positive integer n as in Eq. (9). As n increases, we find a3(n) increases monotonically while B3(n), y3(n),
03(n) decrease monotonically with the relation a3(n) < f3(n) < y3(n) < 63(1n). The values of these ratios for
small n are listed in Table 6. Numerically, we find

lim a3(n) = lim B3(n) = lim y3(n) = lim 85(n) = 0.442256573677178603386... (36)
n—oo n—o0o n—oo n—oo

Table 6: The first few values of a3(n), f3(n), y3(n), 63(n). The last digits given are rounded off.

Ln [ 1] 2 | 3 | 4]
az(n) || 0.4 | 0.441065964287098 | 0.442255671189410 | 0.442256573676665
Bs(n) || 0.5 | 0.443488188284886 | 0.442257510059261 | 0.442256573677711
y3(n) || 0.5 | 0.445940594059406 | 0.442259349015113 | 0.442256573678758
03(n) 1 | 0.448490230905861 | 0.442261188057088 | 0.442256573679804

By a similar argument as Lemma 3.4, the asymptotic growth constant for the number of independent
sets on SG3(n) is bounded:

Il + o

; In[f3(m)] + 41—m In[1 + ag(m)] <zgg, < In[1 + 6§(m)] , (37)

2 x 4m T 2x4m
where m is a positive integer. More than a hundred significant figures for zs;, can be obtained when m is
equal to seven. We have the following proposition.

Proposition 5.2. The asymptotic growth constant for the number of independent sets on the three-dimensional
Sierpinski gasket SGz(n) in the large n limit is zsc, = 0.32859960572147955761....

6. The number of independent sets on SG4(n)

In this section, we derive the asymptotic growth constant of independent sets on the four-dimensional
Sierpinski gasket SG4(n). We use the following definitions.

Definition 6.1. Consider the four-dimensional Sierpinski gasket SG4(n) at stage n. (i) Define my(n) = Nis(SGa(n))
as the number of independent sets. (ii) Define fiy(n) as the number of independent sets such that all five outmost
vertices are not in the vertex subset. (iii) Define g4(n) as the number of independent sets such that only one certain
outmost vertex is in the vertex subset. (iv) Define hy(n) as the number of independent sets such that exact two certain
outmost vertices are in the vertex subset. (v) Define ps(n) as the number of independent sets such that exact three
certain outmost vertices are in the vertex subset. (vi) Define q4(n) as the number of independent sets such that exact
four certain outmost vertices are in the vertex subset. (vii) Define r4(n) as the number of independent sets such that
all five outmost vertices are in the vertex subset.

The quantities f4(1), g4(n), ha(n), ps(n), ga(n) and r4(n) are illustrated in Fig. 10, where only the outmost
vertices are shown. There are (?) = 5 equivalent gu4(n), (g) = 10 equivalent hy(n), (g) = 10 equivalent p3(n),
and (}) = 5 equivalent g3(n). By definition,

my(n) = fa(n) + 5g4(n) + 10h4(n) + 10p4(n) + 5qa(n) + r4(n) . (38)

The initial values at stage zero are f4(0) = 1, g4(0) = 1, h4(0) = 0, p4(0) = 0, 44(0) = 0, r4(0) = 0 and m4(0) = 6.
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@@@@@@

fa(n) g4(n) ha(n) pa(n) ra(1)

Figure 10: Illustration for the configurations f4(n), g4(n), ha(n), ps(n), qs(n) and r4(n). Only the five outmost vertices are shown
explicitly, where a solid circle is in the vertex subset and an open circle is not.

Table 7: The first few values of f4(1), ga(1), ha(n), pa(n), qa(n), r4(n), ma(n).

[ n o] 1] 2 | 3 |
fam) || 1| 26 | 48,645,865 | 1,209,689,823,065,753,613,801,849,265,389,348,210,254
gs(n) || 1] 10 | 19,499,025 485,275,031,765,121,996,003,377,748,244,728,141,942
ha(n) || O 4 7,827,058 194,671,321,306,020,419,533,199,834,929,606,628,798
pa(n) || O 2 3,146,558 78,093,721,039,746,646,163,976,217,053,630,607,240
ga(n) || O 1 1,266,948 31,327,833,873,772,900,771,790,623,812,192,536,505
ra(n) || O 1 510,980 12,567,379,442,065,248,794,102,222,711,306,394,841
mg(n) || 6 | 142 | 262,722,870 | 6,532,921,954,159,964,003,443,553,868,217,630,357,710

The recursion relations are lengthy and given in the appendix. Some values of f4(1), g4(n), hs(n), pa(n),
qa(n), r4(n), my(n) are listed in Table 7. These numbers grow exponentially, and do not have simple integer
factorizations.

Define ratios

hy(n)
ga(n)’

r4(n)

qga(n)

ga(n)
pa(n)

pa(n)
hy(n) ’

g4(n)
fa(n)’
for a positive integer n as in Eq. (9). As n > 2 increases, we find a,(1) increases monotonically while f4(n),

y4(n), 64(n), n4(n) decrease monotonically with the relation a4(n) < fa(n) < ya(n) < 64(n) < 1n4(n). The values
of these ratios for small n are listed in Table 8. Numerically, we find

ayg(n) =

O4(n) =

Pa(n) = ya(n) = , Ta(n) = (39)

lim g () = lim B4() = lim y4(n) = lim 64(n) = lim 14(n) = 0.401156636030339443965... (40)
n—o0 n—o0 n—oo n—oo n—oo

Table 8: The first few values of ay(n), Ba(n), ya(n), 64(n), na(n). The last digits given are rounded off.

[ | 1| 2 | 3 | 4]
as(n) || 0.384615384615385 | 0.400836227292906 | 0.401156579572832 | 0.401156636030338
Ba(n) 0.4 | 0.401407660126596 | 0.401156681393497 | 0.401156636030341
Ya(n) 0.5 | 0.402010308343186 | 0.401156783217105 | 0.401156636030344
04(n) 0.5 | 0.402645684586141 | 0.401156885043655 | 0.401156636030347
Na(n) 1 | 0.403315684621626 | 0.401156986873147 | 0.401156636030350

By a similar argument as Lemma 3.4, the asymptotic growth constant for the number of independent

sets on SG4(n) is bounded:

5m+1

n[ fa(m)] + 517" In[1 + aj(m)] < zsg, <

5m+1

In[fa(m)] +

ln[l +12(m)],
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where m is a positive integer. More than a hundred significant figures for zs;, can be obtained when m is
equal to seven. We have the following proposition.

Proposition 6.2. The asymptotic growth constant for the number of independent sets on the four-dimensional
Sierpinski gasket SGy(n) in the large n limit is zsg, = 0.28916553234872775551.....

7. Bounds of the asymptotic growth constants

For the d-dimensional Sierpinski gasket SG;(1), we conjecture that similar upper and lower bounds for
the asymptotic growth constant as in Lemma 3.4 hold,

1 2 1 2
@r In[fa(m)] + @+ In[1 + ay(m)] < zsg, < dx 1)m+1 In[fa(m)] + ——- a1 In[1+ Cy(m)] (42)
with a positive integer m, where the ratios are defined as
_ ga(n) _ ty(n)
ag(n) = oK Ca(n) = san) (43)

for a positive integer n. f;(n) again is the number of independent sets such that all d + 1 outmost vertices
are not in the vertex subset, g4(n) is the number of independent sets such that one certain outmost vertex
is in the vertex subset, 54(n) is the number of independent sets such that all but one certain outmost vertex
are in the vertex subset, and t4(n) is the number of independent sets such that all 4 + 1 outmost vertices are
in the vertex subset.

Although the quantities in Eq. (42) for general m are difficult to obtain, one can consider the simplest case
m = 1. Denote the upper and lowers bounds at m = 1 as Zsg, and z; , respectively. Because s4(1) = £4(1) =1
and g4(1) = f4- 1(1), we have

In{f(D]+ =

Jam1(1) 2
% = @x 1)2 In[ fo(1)] + —1 [1+( 0 g (44)
and the task reduces to the determination of f;(1). It is easy to see that fi(1) = 2 and we formally set
fo(1) =1, then f;(1) satisfies the recursion relation

fa(1) = fa1 (1) +dfs2(1) (45)

for d > 2. This relation can be understood as follows. The d-dimensional Sierpinski gasket SG4(1) at stage
one is the juxtaposition of d + 1 complete graphs K;,1. For the enumeration of f;(1), consider one of the
complete graphs. In the case that all d interior vertices of the complete graph are not in the vertex subset,
the number is the same as g4(1) = f;-1(1), which is given as the first term on the right-hand-side of Eq. (45).
In the case that one of the d interior vertices of the complete graph is in the vertex subset, the number is
given by f;_»(1), which gives the second term on the right-hand-side of Eq. (45). It follows that f;(1) is
equal to the number of permutation involutions on 4 + 1 elements, which is given by

Zsa, @ + 1)2 In(2),

[(d+1)/2]

£i1) = d+1)

2'nl(d + 1 — 2n)! (46)

as sequence A000085 in Ref. [43]. The values of fa(1), z , Zsg, for small d are listed in Table 9. We notice
that Zsq, is closer to zsg, compared with Zg,, and serves as an approximation for zsg,. Furthermore, it is
easy to see that f;_1(1) < f;(1) when d is large using Eq. (45), such that the second term of Zg, in Eq. (44)
approaches zero in the infinite 4 limit. While the term In(2)/(d + 1) of Zsc, also approaches zero in the infinite
d limit, s +1 5 In[ f4(1)] decreases as d increases. The asymptotic behavior of f;(1) and the ratio f;(1)/fs-1(1)
has been dlscussed in [44] and improved in [45]. Using the results in [45], we have the following conjecture.
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Conjecture 7.1. The asymptotic growth constant for the number of independent sets on the d-dimensional Sierpinski
gasket SG4 with large d can be approximated as

1/2-1n2 5 17

In@d+H-1__ 2 ~ N
@d+12  12d+1p°2  48d+1p3 "

d+1 d+ 12

25G, ~ (47)

Table 9: Numerical values of Zgg,r Z5G,, and some ratios of them to zsg,. The last digits given are rounded off.

| d] fu@) ] Zsg, ZsG, ZsG, | zgo,/7s6. | Zsculzsc, |
2 4 | 0.3824465974 | 0.5391144738 | 0.3843095344 | 0.9951525088 | 1.402813164
3 10 | 0.3249281379 | 0.4611099318 | 0.3285996057 | 0.9888269257 | 1.403257715
4 26 | 0.2882396119 | 0.3992771592 | 0.2891655323 | 0.9967979570 | 1.380790981
5 76 | 0.2590427565 | 0.3561208268 - - -
6 232 | 0.2368781125 | 0.3213368369 - - -
7 764 | 0.2184809121 | 0.2940986410 - - -
8 2620 | 0.2034116955 | 0.2713602941 - - -
9 9496 | 0.1905090814 | 0.2524872368 - - -
10 | 35696 | 0.1794854089 | 0.2362827010 - - -

Appendix A. Recursion relations for SG,3(n)

We give the recursion relations for the generalized two-dimensional Sierpinski gasket SG,3(n) here.
Since the subscript is d = 2,b = 3 for all the quantities throughout this section, we will use the simplified
notation f,41 to denote f,3(n + 1) and similar notations for other quantities. For any non-negative integer
n, we have

fos1 = A 6fagn + g + 6fn gl + 295 + 12fuguhy + 6fr gl + 95l + 6 fugah, + 602 Hy + Y + 2
6£,9) 1+ Ofagulty + 3fyGulty + 3fugip + 2030 + 6fugultipu + O + 6 fuguliy + 3flupn
+9g5 0P + 3, up, + 69uMp, + Hop, (A1)

Gusr = fuolGu + 2L uln + AF30 + 3fudn + Ofa gl + 2f guly + fagupn + 4g 30y + 10fugi by + 2frguh,

+2 o + 2f 2 Gaupn + 79,0 + 3o Dy + 3Gulapn + 2 fugulin + 20,15, + 4051 py + Bpa + fr gy
4 fug i + 2 gyl + 3guh0, + 8Fugily + 2fagy by + Figultipu + gapa + AT + 4 Fugultupy
83 Inpn + 2 fuGaltly + 2fulty, + 79ultupn + 5GuHLp% + 2fulnpy + Gap + 21pn + Agulnpy, + Hopy

(A.2)

Mt = fodn+2fngn +Af00aln + 7 fuguhn + S frgaln + 2f2q0pn + folts +4g300 + 8fu gl + 4fu ol
+2f2gulapn + 20,00 + 395l + 2 fugubopy + 8T Dy + fuGulaph + fuly, + 4guhsp, + 295H0p7 + Baph
+fn!72 + Zgghn + 4fngfzh3: + 79131]7% + 3fn.‘7ﬁhﬁpn + Zgihnpn + 3fn!7nhi + 49nh§z + zfnhipn + 10931@%

+205 i + 2fuGubinph + 99l gy + 31 Py + 295hapy, + fultap,, + 4l + 2g,hp, + hupy,,  (A3)

T+ 6 fn Goltn + O fugiliy + 32 ul, + 3fugnpn + 2050 + 6 fugnhapy + 6G3Rupy + 6 fuguliy + 3 fulinpy
99210 D + 3P + 6gulsprs + Hop, + g5 + 692 hs + Ogah, + 6g,hpy + 215 + 12g,1apy + 6g5Hap,

+9hﬁpf, + 6gnhﬁpi + 6hﬁpﬁ + pg . (A.4)

Pn+y1 =

There are always 128 = 27 terms (counting multiplicity) in these equations.
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Appendix B. Recursion relations for SG;(n)

We give the recursion relations for the three-dimensional Sierpinski gasket SGs(11) here. Since the
subscript is d = 3 for all the quantities throughout this section, we will use the simplified notation f,, to
denote f3(n + 1) and similar notations for other quantities. For any non-negative integer n, we have

fue1 = fH4+ 6202 +12f,02h, + 3g% + 4f, 15 + 126202 + 4g>p, + 3t + 12g,12p, + 612p2 + pt (B.1)

n

Guet = [ign+3Fi0uhn + 3fugy + 6 fugulty + 6 + 3fuupn + 7gulty + 3fultipu + 93P + Gadn + Ol

Mot = fogn +4fugah + filth + g + 2l + 70000 + 20,y + 4fuguhupy + 2hy + 12g,0p, + 2007

+6gnhnpﬁ + Bgnhﬁqn + Bhnpi + Bhﬁpnqn + piqn , (B.2)

n

+2 fuhpy + 200y + THops + 29upy, + 2140 + 4Guhnpun + Py + hupagn + hogy + pags . (B.3)

Puit = fufo + 3fugults + 330 + 69,15 + 3fulapy + 60y + Ty py + 9guhupys + fupr + 3guH5q, + 6hup))

+6I,puln + 3GuPadn + 3Pntin + 3upudyy + Pud, , (B.4)
2

Jn+1 = gfl + 6gih§, + Shi + 12gnhﬁpn + 12hnpi + 4%?‘:’, + 4hiqn + Spi + 12h,,pﬁqn + 6p2qﬁ + qfl . (B.5)

n

There are always 64 = 2 terms (counting multiplicity) in these equations.

Appendix C. Recursion relations for SG4(n)

We give the recursion relations for the four-dimensional Sierpinski gasket SG4(n) here. Since the
subscript is d = 4 for all the quantities throughout this section, we will use the simplified notation f,;; to
denote fi(n + 1) and similar notations for other quantities. For any non-negative integer 1, we have

fot = fo +10£35 + 30f7 guh + 15 gy, + 10£7 15 + 60 fugihy + 20fugpn + 30g,h + 15 fulty + 60 fuguhiypy

In+1 =

hn+1

Pny1 =

+70g%13 + 60g>hp, + 5g4q, + 30 fuhi2p? + 121 + 1209, p,, + 609>, p% + 309>h2q, + 5 fups
+701p2 + 60g,h,p> + 15H2q, + 60g,h2paqy + 30h,p} + 60h>p3q, + 10k2q2 + 20g,p2q, + 30h,p2q>
+15p,q, + 1030, + 4, , (C.1)

f:zlgn + 4fsgnhn + 6fr%gfz + 12f3971h721 + 24fn9ihn + 6fr%g$1pﬂ + 39?: + 28fn9nhz + 6f,12hﬁp,, + 36fngﬁhnpn
A fugoqn + 367212 + 1098 p, + 24 falopy + 24 fuguhnp’y + 12f19,h2q, + 31g,hs + 90g5H2p, + 122 p3
+16gihnqn + gﬁrn + 12fnhnpi + 12fnhf,pnqn + 36hﬁpn + 102gnhipi + 12gﬁpi + 36g§hnpnqn + 36gnhﬁqn
+602H2r, + Af, 030, + 54W2p> + 5213 p,q, + 60g,h,02q, + 3hir, + 12g,h%p,1, + 13g,0% + 12g,h2q%
Tl Pud WP nPnd et " Gnltyp InP Inltu s,
+52h, 030, + 30K2p,a% + 1212021, + 612 + 4h3a, 1, + 120,0%02 + 40,031y + 120,0,0° + 12h,020,7,
pnq np qn l’lpl’l pi’l nq g pi’lq?’l g pn p q?’l pnq

+18p5 g7, + 3ppru + 4pudn + OPAarn + Gotu s (C2)

T+ 6fa Gultn + fl, + 3 fugy + 3f300 + 21fugi il + € fugpn + 6fngultapy + 9g,h + 6 fulty
+36fugultupu + 6fagu + 3fulupy + 31guM, + 6 fuguhgy + 30gu1upn + 2g5a + 21 filnp), + 6fugup,
6 fultoqn + 12 fuguhupugn + 71 + 729,13 p, + 5192007 + 2702120, + 60-puGn + 2g2h,1y + 3 fupi
12 fuhp2gn + 3fulq% + SAIS P2 + 54g,h,pS + 15hkq, + 789,2puqn + 69%1,9% + 150202, + 69,17,
+6G2 0Pty + 3fapads + 27h,py + 81h2p2q, + 309, h,paq? + 13135 + 269,05q, + 121 p,ry
+12g, P2ty + 6guH5qutn + ST piqs + 18prq, + 612qs + 6g,pnqy + 14h,piry + 1812p,quty + K12

+69,02qnTn + Bhuqs + 15p2q3 + 121,021 0 + Shap?r? + 1203Gu70 + @) + 6Puqotn + 3p2qur> + @12

nrn 4

(C3)

20 + 3fguhy + 6 fuo i + G + 12fu9u10 + 3f2hipy + 12fu g2y + 159315 + 3gapy + 14 fuhop,
+18fugulupy + fap + 6 fugultndn + 1894y + 51g21apy + 64305 + 69uhndn + 12 fuhupy, + 12 fulspuds
+6 fugnPnn + 27Hypy + 81g,hupy + 1305y + 30Ghuputn + 26g,aqn + 3g3Marn + 6 fapdy

+6 fultupn? + SAIEPS + 543,y + 78Guhup2dn + 695pnq5 + SHity + 12g,h2p,ry + 15g,p5 + 15g,h2>

n
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+3g,21p,21rn + anpnqi + 72h”piqn + 51hf,p,,q,21 + Zlhﬁpﬁrn + 7p;r’1 + 6h,31q,,rn + 27gnp,21qf, + 6gnhnqi
+12g,h,puqnty + 6gnpir,, + 30hnpnqi + 36hnp§q,,rn + 31pf’,qi + 6hiqﬁrn + 6pﬁrn + 6gnpnq,21rn + Zgnqﬁ

+3h,21pnr% + 6han’lrn + 9pnq§ + 21pzqirn + 6hnpnan,24 + 3pirﬁ + Sqﬁrn + 6pnq%ri + p,zqri + qﬁri , (C4)

n

dn+1 = fngi + 6fn931h31 + 49§hn + 3fnh§ + 12fn9nhipn + 189%1}131 + 129‘:’,th;4 + 12fnhipi + 4fn9npi + 4fnhzqn

+6l1, + 52g,lpy + 3095 haph + 1250000 + 3 fupy + 12 fultupign + 54105 + 529, 1), + 13K,

+60g,,hf,pnqn + 1Zgﬁpﬁqn + 4gnh2rn + 6fnpiqfl + 36h,,pf, + 102h,21p,21qn + 36g,,h,,p,,qﬁ + 12hflqﬁ

+36gnpiqn + 12hf,p,,rn + 12gnhnpﬁrn + fnqﬁ + 9Ohnp,21qﬁ + 31pﬁqn + 12hﬁqf, + 16gnpnqi + 24hnp,31rn
+24hflpnan,, + 12gnpflan,, + 10hanl + 36pf,qi + 36h,,p,,q,21r,, + 6hnpﬁri + 28pf’,ann + 4gan,r,, + 3q,51

+6hnqﬁ1’% + 24pan’lr,, + 12}931%”31 + 6qf,r% + 4pnq,,ri + anﬁ , (C.5)

Tnsel = g;r’l + 10gf’1h,21 + 15gnh§ + 30gﬁhﬁpn + 30hf,p,, + 60gnhﬁpﬁ + 10g%pi + ZOgnh;”lqy, + 701131;9;”1 + 60h3pnqn
+60g, 102G, + SHiry + 150,04 + 120h,p>q, + 60K2p,q’ + 30K5p3r, + 12p,, + 309,p29% + 60h,p.q.
+60hnpﬁq,,rn + 70pf,qﬁ + 15pflrn + Sgr,qﬁ + ZOhnqirn + 30pant + 60pﬁqﬁrn + 10pirf, + lSqf,rn

+30pan,rﬁ + 1Oq,21r2 + rfl . (C.6)

There are always 1024 = 21° terms (counting multiplicity) in these equations.

References

(1]
[2]

3]

[4]
[5]
(6]

[7]

(8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

L. K. Runnels, Phase transitions of hard sphere lattice gases, Communications in Mathematical Physics 40 (1975) 37-48.

G. R. Brightwell, O. Hédggstrom, P. Winkler, Nonmonotonic behavior in hard-core and Widom-Rowlinson models, Journal of
Statistical Physics 94 (1999) 415-435.

J. R. Heringa, H. W. J.. Blote, E. Luijten, High-dimensional lattice gases, Journal of Physics A-Mathematical and General 33 (2000)
2929-2941.

W. Guo, H. W. Bléte, Finite-size analysis of the hard-square lattice gas, Physical Review E 66 (2002) 046140.

L. Gutman, F. Harary, Generalizations of the matching polynomial, Utilitas Mathematica 24 (1983) 97-106.

A. D. Scott, A. D. Sokal, The repulsive lattice gas, the independent-set polynomial, and the Lovész local lemma, Journal of
Statistical Physics 118 (2005) 1151-1261.

J. van den Berg, J. E. Steif, Percolation and the hard-core lattice gas model, Stochastic Processes and their Applications 49 (1994)
179-197.

O. Haggstrom, Ergodicity of the hard-core model on Z? with parity-dependent activities, Arkiv for Matematik 35 (1997) 171-184.
J. Kahn, An entropy approach to the hard-core model on bipartite graphs, Combinatorics, Probability and Computing 10 (2001)
219-237.

M. Dyer, C. Greenhill, On Markov chains for independent sets, Journal of Algorithms 35 (2000) 17-49.

H. Prodinger, R. E. Tichy, Fibonacci numbers of graphs, The Fibonacci Quarterly 20 (1982) 16-21.

I. Kaplansky, Solution of the “Probleme des ménages”, Bulletin of the American Mathematical Society 49 (1943) 784—485.

N.J. Calkin, H. S. Wilf, The number of independent sets in a grid graph, SIAM Journal on Discrete Mathematics 11 (1998) 54-60.
R. ]J. Baxter, Planar lattice gases with nearest-neighbor exclusion, Annals of Combinatorics 3 (1999) 191-203.

V. Linke, Bipartite graphs can have any number of independent sets, Discrete Mathematics 76 (1989) 131-136.

H. E. Law, On the number of independent sets in a tree, Electronic Journal of Combinatorics 17 (2010) #N18.

Y. Zhao, The number of independent sets in a regular graph, Combinatorics, Probability and Computing 19 (2010) 315-320.

E. Teufl, S. Wagner, Enumeration problems for classes of self-similar graphs, Journal of Combinatorial Theory Series A 114 (2007)
1254-1277.

B. B. Mandelbrot, The Fractal Geometry of Nature, Freeman, San Francisco, 1982.

K.J. Falconer, Fractal Geometry: Mathematical Foundations and Applications (2nd edition), Wiley, Chichester, 2003.

Y. Gefen, B. B. Mandelbrot, A. Aharony, Critical phenomena on fractal lattices, Physical Review Letters 45 (1980) 855-858.

Y. Gefen, A. Aharony, B. B. Mandelbrot, S. Kirkpatrick, Solvable fractal family, and its possible relation to the backbone at
percolation, Physical Review Letters 47 (1981) 1771.

R. Rammal, G. Toulouse, Spectrum of the Schrédinger equation on a self-similar structure, Physical Review Letters 49 (1982)
1194-1197.

S. Alexander, Superconductivity of networks. A percolation approach to the effects of disorder, Physical Review B 27 (1983)
1541-1557.

E. Domany, S. Alexander, D. Bensimon, L. P. Kadanoff, Solutions to the Schrodinger equation on some fractal lattices, Physical
Review B 28 (1983) 3110-3123.

Y. Gefen, A. Aharony, B. B. Mandelbrot, Phase transitions on fractals: I. Quasi-linear lattices, Journal of Physics A-Mathematical
and General 16 (1983) 1267-1278; Y. Gefen, A. Aharony, Y. Shapir, B. B. Mandelbrot, Phase transitions on fractals: II. Sierpinski
gaskets, ibid. 17 (1984) 435-444; Y. Gefen, A. Aharony, B. B. Mandelbrot, Phase transitions on fractals: III. Infinitely ramified
lattices, ibid. 17 (1984) 1277-1289.



[27]

[28]

[29]
[30]
[31]
[32]
[33]

[34]

[35]
[36]
[37]
[38]
[39]
[40]

[41]
[42]

[43]
[44]

[45]

S.-C. Chang et al. / Filomat 27:1 (2013), 23-40 40

R. A. Guyer, Diffusion on the Sierpinski gaskets: A random walker on a fractally structured object, Physical Review A 29 (1984)
2751-2755.

K. Hattori, T. Hattori, S. Kusuoka, Self-avoiding paths on the pre-Sierpinski gasket, Probability Theory and Related Fields 84
(1990) 1-26; T. Hattori, S. Kusuoka, The exponent for the mean square displacement of self-avoiding random walk on the
Sierpinski gasket, ibid. 93 (1992) 273-284.

D. Dhar, A. Dhar, Distribution of sizes of erased loops for loop-erased random walks, Physical Review E 55 (1997) R2093-R2096.
F. Daerden, C. Vanderzande, Sandpiles on a Sierpinski gasket, Physica A 256 (1998) 533-546.

D. Dhar, Branched polymers on the Given-Mandelbrot family of fractals, Physical Review E 71 (2005) 031801.

S.-C. Chang, L.-C. Chen, W.-S. Yang, Spanning trees on the Sierpinski gasket, Journal of Statistical Physics 126 (2007) 649-667.
S.-C. Chang, L.-C. Chen, Spanning forests on the Sierpinski gasket, Discrete Mathematics and Theoretical Computer Science 10
(2008) 55-76.

S.-C. Chang, L.-C. Chen, Number of connected spanning subgraphs on the Sierpinski gasket, Discrete Mathematics and Theo-
retical Computer Science 11 (2009) 55-78.

S.-C. Chang, L.-C. Chen, Dimer coverings on the Sierpinski gasket, Journal of Statistical Physics 131 (2008) 631-650.

S.-C. Chang, L.-C. Chen, Dimer-monomer model on the Sierpinski gasket, Physica A 387 (2008) 1551-1566.

S.-C. Chang, L.-C. Chen, Hamiltonian walks on the Sierpinski gasket, Journal of Mathematical Physics 52 (2011) 023301.

F. Harary, Graph Theory, Addison-Wesley, New York, 1969.

N. L. Biggs, Algebraic Graph Theory (2nd edition) Cambridge University Press, Cambridge, 1993.

R. Hilfer, A. Blumen, Renormalisation on Sierpinski-type fractals, Journal of Physics A-Mathematical and General 17 (1984)
L537-1.545.

F. Dong, W. Yan, F. Zhang, On the number of perfect matchings of line graphs, Discrete Applied Mathematics 161 (2013) 794-801.
E. Teufl, S. Wagner, Enumeration of matchings in families of self-similar graphs, Discrete Applied Mathematics 158 (2010)
1524-1535.

N.]J. A. Sloane, The On-Line Encyclopedia of Integer Sequences. Published electronically at https://oeis.org .

S. Chowla, I. N. Herstein, W. K. Moore, On recursions connected with symmetric groups I, Canadian Journal of Mathematics 3
(1951) 328-334.

L. Moser, M. Wyman, On solutions of x? = 1 in symmetric groups, Canadian Journal of Mathematics 7 (1955) 159-168.



