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Abstract. In this paper, we study J-paracompact spaces and discuss their properties. Also, we characterize
J-paracompact spaces. Some of the results in paracompact spaces have been generalized in terms of
I —paracompact spaces.

1. Introduction

The subject of ideals in topological spaces has been studied by Kuratowski [10] and Vaidyanathaswamy
[14]. Anideal T on aset X is a nonempty collection of subsets of X which satisfies (i) A € 7 and B C A implies
B e I and (ii)) A € 7 and B € 1 implies AU B € 7. An ideal 7 is said to be a ¢ — ideal [9] if it is countably
additive. Given a topological space (X, 7) with an ideal 7 on X and if p(X) is the set of all subsets of X, a set
operator ()* : 9(X) — p(X), called a local function [9] of A with respect to 7 and 7, is defined as follows: for
AcCcX A*(I,71)={xeX|UNA¢ I for every U € 7(x)} where 1(x) = {U € 7 | x € U}. A Kuratowski closure
operator c/*() for a topology 7* (7, 1), called x—topology, finer than 7 is defined by c/*(A) = AU A*(Z, 7) [9].
If 7 is an ideal on X, then (X, 7, 7) is called an ideal space. A subset A of a topological space (X, 7) is said
to be a generalized F,—subset [13] if for each open subset U of X containing A, there exists an F,—subset B
of X which is contained in U and contains A. A space X is said to be totally normal [12] if it is normal and
every open subset G of X is expressible as a union of a locally finite (in G) family of open F,—subset of X.
A space X is said to be perfectly normal [6] if it is normal and in which each open set is an F,—set. A subset
A of a space (X, 1) is said to be g-closed [11] if c/(A) € U, whenever A C U and U € 7. By a space (X, 1), we
always mean a topological space (X, t) with no separation properties assumed. If A C X, cl(A) and int(A)
will, respectively, denote the closure and interior of A in (X, 7).

Lemma 1.1. [1] The union of a finite family of locally finite collection of sets in a space (X, 7) is again locally finite.
Lemma 1.2. [1]IfV is a locally finite family of sets in a space (X, 1), then A = {c/(Q) | Q € V} is locally finite in X.

Lemma 1.3. [3] If {Ay | @ €A} is a locally finite family of subsets in a space (X, t), and if B, C A, for each a €A,
then the family {B,, | a €A} is locally finite in X.
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2. I—paracompact subsets

The concept of paracompactness with respect to an ideal was introduced by Zahid [15] and is fur-
ther studied by T.R. Hamlett, D. Rose and D. Jankovi¢ [8]. An ideal space (X, 7, 1) is said to be paracom-
pact modulo I or I —paracompact [8] if and only if every open cover U of X has a locally finite open refinement
V (not necessarily a cover) such that X — U{V | V € V} € 1. A subset A of an ideal space (X, 7, 7) is said to
be I — paracompact relative to X (I — paracompact subset [8]) if for any open cover U of A, there exist [ € T
and locally finite family “V of open sets such that V refines U and A ¢ U{V | V € V} U I A is said to
be I —paracompact (I —paracompact subspace [8]) if (A, 74,1 4) is I p—paracompact as a subspace, where T4
is the usual subspace topology. Theorem 2.1 below shows that a space (X, 7) is paracompact if and only
if it is paracompact modulo {0}, the easy proof of which is omitted. A space X is said to be hereditarily
T —paracompact if every subset of X is J—paracompact. In this section, we characterize 7— paracompact
spaces.

Theorem 2.1. Let (X, 1) be a space with an ideal I = {0}. Then (X, ) is paracompact if and only if (X, ) is
paracompact modulo I .

The following Theorem 2.2 gives a property of subsets of X which are 7 —paracompact.
Theorem 2.2. If every open subset of (X, 7, I') is T—paracompact, then every subset of X is T—paracompact.

Proof. Let B be a subset of X and Up = {U, N B | a €A} be a tg—open cover of B, where each U, is open
in X. Then U = {U, | @ €A} is a t—open cover of V where V = UlU,. By hypothesis, there exist I € I
and t-locally finite family V = {V; | B € v} which refines U such that V. = U{V; | f € v} Ul Then
VNB=(U{Vy|p € v)UI)n B which implies that B = U{Vs N B | B € v} U (I N B) which implies that
B=uU{VgnNB|p € VviUlg wherelsg =1NB € Ip. Let x € B. Since V is t-locally finite, there exists
U € 7(x) such that Vo N U = @ for all § # 1, P2, ..., pn and so (Vg N U) N B = O for all § # f1, o, ..., fn. Hence
(VgnB)Nn(UNB) =0 for all B # B1,p2,...,fu- Therefore, Vp = {Vg N B | B € V}is tp—locally finite. Let
Vg N B € V. Then Vg € V. Since V refines U, there is some U, € U such that Vg C U, which implies that
Vg N B C U, N B. Therefore, Vp refines Up. Hence every subset of X is an 7 —paracompact subspace. []

If 7 = {0} in the above Theorem 2.2, we have the following Corollary 2.3.
Corollary 2.3. [4, 7] If every open subset of a space (X, T) is paracompact, then every subset of X is paracompact.

Hamlett, Rose and Jankovi¢ [8] established that every closed subset of an 7 —paracompact space is 7 —
paracompact. The following Theorem 2.4 is a generalization of the above result. If 7 = {0} in the Theorem
2.4, we have Corollary 2.6.

Theorem 2.4. Every F,—set (countable union of closed sets) of an I —paracompact space (X, t, I') isan I —paracompact
subspace of X.

Proof. Let A be an F;—subset of X. Then A = U{A; | i € N} where each A; is closed. Let U = {U, | @ €A} be a
T4—open cover of A where U, = V, N A such that V,, is openin X. Then U; = {V, |a €A} U{X - A;|i € N}
is an open cover of X. By hypothesis, there exist I € 7 and open locally finite family V1 = {Vg | f €A}
which refines U, such that X = U{Vy | B €apl UL Let B = {V3 | Vg € V7 and Vg N A; # 0 for every i}.
Then B is locally finite. Let Vg € B. Then V € V; and since V; refines Uj, there exists some U in U,
such that Vg C U. This U must be some V,,. Suppose, if U = X — A; for some i, then V3 C X — A; for some
i which implies that Vs N A; = (0. Then Vi ¢ B, which is a contradiction. Therefore, U must be some V.
Since X = U{Vg | Beagt UL A = (U{Vg | BeagtUDNA=U{(VgNA)|B €atU(INA)which implies that
ACU{(VgNA)|Benpt UL Let By ={VygNA| Vg € Band f €rp}. Let x € A. Since B is locally finite, there
exists W € 7(x) such that Vg " W = 0 for all B # f1,B2,...0.- Now (Vg N W) NA = 0 forall § # p1,B2,.-.pn
implies that (VN A)N(WNA) = 0 for all B # B1,B2,...0:- Hence By = {VgNA | Vg € Band f €ap} is
t4-locally finite. Let VN A € B4 where Vg € B. Since every element of 8 is contained in some V,,, Vg C V,
for some o which implies that VgNACV,NA and so VeNA C U,. Therefore, B, refines U. Hence A is an
J —paracompact subspace. [
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Corollary 2.5. [8] Let (X, T, 1) be an T —paracompact space. If A C X is closed, then A is T—paracompact.
Corollary 2.6. [7, P.218, Theorem 8] Every F,—set of a paracompact space (X, T) is paracompact.

Theorem 2.7. Let (X, 7, 1) be a space and let A be a subset of X such that for each open set U D A, there is an
I —paracompact set B with A C B C U. Then A is I —paracompact.

Proof. Let U = {U, | a €A} be a T4—open cover of A where U, = A NV, such that V, is open in X.
By the given condition, there exists an 7—paracompact subset B of X such that A ¢ B C UV,. Then
Up = {VoNB | a ea}is a rg—open cover of B. By hypothesis, there exist | N B = Iz € I3 and tz—locally
finite family V3 = {V3 N B | B € v} which refines Up such that B C U{V; N B | B € v} U (I N B). Then
A=BNnAcCc UVgnB|BeviuU(lINB)NA=U{VgNBNA|B e viU(INA) which implies that
AcUVgNA|BeviUIu Letx € A. Since Vg = {Vg N B | B € v} is tp—locally finite, there exists W € 7(x)
such that (V3 N B) N W = 0 for all B # B, B2, ..., f» which implies that (Vg N B) N (W N B)) N A = 0 for all
B # P1, B2, ..., fu- Hence (Vg NBNA)YN(WNBNA) =0 forall g # f1,2,...,fu and so (Vg NA)N(WNA) = 0 for
all B # B1,B2, ..., Bn- Therefore, V = {Vy N A | B € v}is ta—locally finite. Let VN A € V. Then Vg N B € V5.
Since V3 refines Up, there is some V, N B € Up such that Vg N B C V, N B. Also, A C B implies that
VeNACVgNnB.Thus, VgNACV,NA = U, so that V refines U. Hence A is I —paracompact. []

Corollary 2.8. Every generalized F,—subset of an I —paracompact space (X, 7, I) is I —paracompact.

Proof. Let X be an J—paracompact space. Let A be a generalized F;—subset of X. Then for every open subset
U of X containing A, there exists an F,— subset B of X which is contained in U and contains A. By Theorem
2.4, B is I —paracompact. Therefore, by Theorem 2.7, A is 7 —paracompact. [

If 7 = {0} in the above Theorem 2.7, we have the following Corollary 2.9.

Corollary 2.9. [6] Let (X, ) be a space and let A be a subset of X such that for each open set U D A, there is a
paracompact set B with A € B C U. Then A is paracompact.

If I = {0} in the above Corollary 2.8, we have Corollary 2.10.
Corollary 2.10. Every generalized F,—subset of a paracompact space (X, ) is paracompact.
Theorem 2.11. Every subset of a perfectly normal I —paracompact space (X, t, I') is I —paracompact.
Proof. Suppose that (X, 7, I) is a perfectly normal 7 — paracompact space. Since X is perfectly normal, every
open set is an F,; set and so every open set is 7 —paracompact, by Theorem 2.4. Therefore, by Theorem 2.2,
every subset of X is 7 —paracompact. [
If 7 = {0} in the above Theorem 2.11, we have Corollary 2.12.
Corollary 2.12. [5, 7] Every subset of a perfectly normal, paracompact space (X, ) is paracompact.
Corollary 2.13. Every perfectly normal T —paracompact space (X, 7, I) is hereditarily T —paracompact.
If 7 = {0} in the above Corollary 2.13, we have Corollary 2.14.

Corollary 2.14. Every perfectly normal paracompact space (X, t) is hereditarily paracompact.

Theorem 2.15. Let {V, | a €a} be a locally finite open covering of a space (X, 7, 1) such that each cl(V,) is
T —paracompact relative to X. Then X is I—paracompact.
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Proof. Let U = {U, | y €A} be an open cover of X. Then for each a, U is a cover of cl(V,) by T—open sets.
By hypothesis, there exist I € I and locally finite family V; = {V; | B €A1} of open sets which refines U such
that cl(V,) C U{Vg | p eat}UL Now V, =cl(Va) NV, C (U{Vp | B eAl}UI)ﬂVa =U{VpnV, | peajudnV,)
which implies that V,, c U{Vy NV, | B €A1} U L. Since {V, | a €A} is an open covering of X, X = U{Vz; NV, |
a €n, B en} UL Since {V, | a €a}and V7 = {Vg | f €41} are locally finite, V = {Vg NV, | a €4, B €A1} is
locally finite. If VyN'V, € V, then Vg € V; and since V; refines U, there is some U,, € U such that V C U,,.
Also, VgNV, Cc Vg C U, implies that V4NV, C U, . Therefore, ‘V refines U. Hence X is / —paracompact. []

If 7 = {0} in the above Theorem 2.15, we have the following Corollary 2.16.

Corollary 2.16. Let {V, | @ €A} bealocally finite open covering of a space (X, T) such that each cl(V ) is paracompact
relative to X. Then X is paracompact.

Theorem 2.17. Every subset of a totally normal T—paracompact space (X, t, I') is T —paracompact.

Proof. Let X be a totally normal 7 —paracompact space. Let G be an open subset of X. Since X is totally
normal, G = UG; where G/s are open F;-subset of X and locally finite in G. Therefore, {G;} is a locally finite
open covering of G. Also, for each i, cl(G;) is a closed subsets of X and so by Theorem IV.3[8], c/(G)) is
I —paracompact relative to X for each i. Then cl(G;) is 7 —paracompact relative to G for each i. Therefore, G
is —paracompact, by Theorem 2.15. Since G is an open subset of X, by Theorem 2.2, every subset of X is
J—paracompact. [J

Corollary 2.18. Every totally normal I —paracompact space is hereditarily T—paracompact.

If 7 = {0} in the above Theorem 2.17, we have the following Corollary 2.19.
Corollary 2.19. Every subset of a totally normal paracompact space is paracompact.

A collection “V of subsets of X is said to be an I — cover [15] of X if X — U{V, | V, € V} € 1. A collection
A of subsets of a space (X, 1) is said to be ¢ — locally finite [8] if A = L_Jlﬂ,, where each collection A, is a

locally finite. The following Theorem 2.20 gives a property of 7 —paracompact spaces.

Theorem 2.20. Let (X, 7, I) be a regular ideal space. If X is T —paracompact, then every open cover of X has a closed
locally finite T—cover refinement.

Proof. Let U be an open cover of X. For each x € X, let U, € U such that x € U,. Since (X, 7) is regular, for
each x € X, there exists a neighborhood V of x such that c/(V,) c U,. Now U; = {V, | x € X} is an open
cover of X and so there exist an I € 7 and a locally finite family W7 = {Wp | B €A} of open sets which
refines U, such that X = U{Wp | B €A} U I which implies that X = U{cl(Wg) | f €a} U I. Since the family
Wi = {Wp | B €a}is locally finite, the family ‘W = {c/(W;) | Wy € W1} is locally finite, by Lemma 1.2.
Let cl(Wp) € ‘W. Then Wy € W. Since W refines U, there is some V, € U; such that Wg C V, and so
cl(Wg) C cl(Vy). Also, cl(V,) C U, implies that cl(W;) C U,. Hence W refines U. Thus, W = {cl(Wp) | B €A}
is a closed locally finite family which refines U which completes the proof. [

Corollary 2.21. [7, P210, Lemma 2] If every covering of a regular space X has a locally finite refinement, then every
open covering of that space also has closed locally finite refinement.

Theorem 2.22. Let (X, 7, I) be a regular ideal space. Then X is T —paracompact if and only if every open cover of X
has an open o—locally finite T —cover refinement.

Proof. Since every locally finite refinement is c—locally finite refinement, it is enough to prove the sufficiency.

Let U be an open cover of X. Then there exists I € 7 and open o—locally finite refinement V of U such

that X c UV | V € V}UIL Also, V = UN(V” where each V, is locally finite. For each n € N, let
ne



N. Sathiyasundari, V. Renukadevi / Filomat 27:2 (2013), 333-339 337

, n-1 ,
W, =U{V|VeV,}. ThenX cU{W, |n e NJUIL. Foreachn e N,let W, =W, — ,L_JlWi. Then W, refines W,,.

Let x € X and 7 be the smallest member of {n € N | x € W,}. Then x € W,,. Hence X C U{W, | n € N} UL
Also, W, is a neighborhood of x that intersect only finite number of members of W;l so that {W;, | n € N}is
locally finite. Let W = {W, NV |n € Nand V € V,}. Let x € X. Since {W,, | n € N} is locally finite, there
exists a neighborhood P containing x that intersects only a finite number of members of {W,, | n € N}. Also,
for each i = 1,2, ...k, there exists a neighborhood O,(; containing x that intersects only a finite number of
members of V,, ;. Then PN O,y is a neighborhood of x that intersects only a finite number of members of W.
Hence ‘W is locally finite. Let W, NV € ‘W. Then V € V. Since V refines U, there is some U € U such that
V cU. Then W, NV c V c U. Thus, W refines U. Since X CU{V | Ve V}UIland X C U{W, |[ne N} UI,
X cU{(W,NnV)|neNandV e V}UI Therefore, (X, 7, I) is I —paracompact. []

Corollary 2.23. [7, P.210, Theorem 4] Let (X, t) be a regular space. Then (X, t) is paracompact if and only if every
open cover of X has an open o—locally finite refinement.

3. Relative 7 —paracompact subsets
In this section, we discuss some of the properties of subsets of 7 — paracompact spaces.

Theorem 3.1. Let (X, 7, I) be an ideal space. If B is an open subset of X, A C B and A is I — paracompact relative to
X, then A is T —paracompact subset of B.

Proof. Let U = {U, | a €r} be a cover of A by sets open in B. Then U = {U, | a €A} is a open cover of A,
since B is open in X. By hypothesis, there exist I € I and locally finite family V = {V;s | B €0} by sets open
in X which refines U such that A c U{Vg | B €a0} U I which implies A € U{V3 N B | €A} U L. Let x € B.
Since V = {Vj | B €0} is locally finite in X, there exists W € 7(x) such that W NV = 0 for B # f1, B2, .-.n
which implies (W N Vg) N B = 0 for § # B1, B2, ...n which implies (W N B) N (Vg N B) = 0 for B # B1, B2, -..fu-
Therefore, the family V; = {Vg N B | B €A} is B—locally finite. Let Vg N B € V. Then V4 € V. Since V
refines U, there is some U, € U such that Vg C U, which implies Vg N B c U, N B C U,. Hence V; refines
U. Therefore, A is T —paracompact relative to B. [

Theorem 3.2. Let S be a closed subspace of an ideal space (X, 7, I). If F C S is T —paracompact relative to S and if
there exists an open set G in X such that F C G C S, then F is T—paracompact relative to X.

Proof. Let U = {U, | a €A} be an open cover of F by sets open in X. Then U; = {U, NG | @ €A} is an
open cover of F by sets open in G so that U; = {U, NG | a €A} is an open cover of F by sets open in S. By
hypothesis, there exist I € 7 and locally finite family V1 = {Wg | B €A¢} in S where each Wg = Vg N S is

open in S which refines U; such that F c U{Vg NS | B €A} UL Then FN G C ( U{VpNS|Bentu I) NG
which implies that F C U{Vg NG | B €A} U (IN G) implies that F CU{Vg NG | B €rgt UL Letx e X. Ifx €S,
there exists W € 7(x) such that (Vg N S) "W = 0 for  # f1, B2, ... which implies (Vg N S)N W) NG = 0 for
B # B1, P2, .. which implies (V3N G) N W = 0 for f # f1,B2,...0s. If x € X =S, then X — S is an open set
containing x such that (Vg N G) N (X = S) = 0. Thus, the family V = {Vs NG | B €A¢} is locally finite in X. Let
VeN G € V. Then Vy NS € V1. Since V; refines U, there is some U, NG € Uy such that VNS c U, NG
which implies Vg N G C U,. Hence V refines U. Therefore, F is 7 —paracompact relative to X. [J

Theorem 3.3. If A is T— paracompact relative to X and B is a closed subset of X, then A N B is I— paracompact
relative to X.

Proof. Let U = {U, | y €A} be an open cover of AN B. Then Uy = {U, | y €ao} U (X — B) is an open cover
of A. By hypothesis, there exist I € 1 and locally finite family V4 = {V,, U (X — B) | @ €A} which refines U4
suchthat A c U{V,U(X -B)|aealUl. Then ANB c U{(V, U (X —-B))NB|aea}U (I N B)which implies
that ANBc U{V,NB|aea}UI Letx € X. Since V4 = {V, U (X = B) | « €A} is locally finite, there exists
W € 1(x) such that (V, U (X = B))N W = 0 for o # a1, a2, ..., which implies (V, N W)U ((X-=B)NW) =0
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for a # ay,ay, ..., which implies (V, " W)U (X -B)NnW))N B = 0 for a # a1, az,...a, which implies
(VanW)NB)U((X-B)NWNB) =0 fora # a1, ay, ..., which implies (V,NB)NW =0 for o # a1, ay, ...ay.
Therefore, the family V = {V,, N B | a €A} is locally finite. Let V, N B € V. Then V, U (X — B) € V4. Since
Va refines Uy, there is some U, U (X — B) € U, such that V, U (X - B) c U, U (X — B) which implies
(Vo U(X-B))NB c (U, U (X - B))NBwhich implies V, N B ¢ U, N B C U,. Hence V refines U. Therefore,
A N Bis I—paracompact relative to X. [

Corollary 3.4. If A is T— paracompact relative to X and B C A is a closed subset of X, then B is I— paracompact
relative to X.

Theorem 3.5. Let A be I—paracompact relative to X and B an open set contained in A. Then A— B is I —paracompact
relative to X.

Proof. Let U = {U, | @ €A} be a cover of A — B by sets open in X. Then U; = {U, | @ €A} U B is a cover
of A by sets open in X. By hypothesis, there exist I € I and locally finite family V7 = {Vg | p €A¢} UB

which refines € such that A ¢ U({Vy | p €4} UB) UL Then A — B ¢ U(({Vy | B €a0} U B) UT) — B which
implies that A — B C U{V — B |  €A¢} U . Since the family V1 = {Vg U B | B €A} is locally finite, the family
V ={Vg — B | B €0} is locally finite, by Lemma 1.3. Let Vs — B € V. Then V3 U B € V. Since V) refines
U, there is some U, U B € U, such that V3 U B C U, U B which implies (V3 U B) — B C (U, U B) — B and so
Vg — B C U, — B C U,. Therefore, ‘V refines U. Hence A — B is 7 —paracompact relative to X. [J

Theorem 3.6. Inaspace (X, 7, 1), if Aand B are I —paracompact relative to X, then AU B is T —paracompact relative
to X.

Proof. Let U = {U, | y €a} be a cover of A U B by sets open in X. Then U = {U, | y €A} is an open cover
of A and B. By hypothesis, there exist I4,Iz € I and locally finite families V4 = {V, | a €A} of A and
Vg = {Vp | B €a1} of B which refines U such that A ¢ U{V,, | @ €A} U4 and B C U{Vy | B €A1} U Ig. Then
AUB ¢ (UlV, | & €89}UI4 )U(U[V} | B €1}UI5) which implies that AUB < UV, UV | a €0, B €a1}U(IaUlp)
which implies AUB C U{V,UVy | a €A¢, €A1} UT where I = I4 Ulp. Since the family V4 and Vp are locally
finite, the family V = {V, U Vg | @ €A, B €A1} is locally finite, by Lemma 1.1, which refines U. Therefore,
A U B is I —paracompact relative to X. [J

Theorem 3.7. Every g—closed subset of an I —paracompact space is I —paracompact relative to X.

Proof. Let A be a g—closed subset of (X, 7, 7). Let U = {U, | @ €A} be an open cover of A. Then A ¢ UlU,.
Since A is g—closed, cl(A) € UU,. Then U; = {U, | @ €A} U (X — cl(A)) is an open cover of X. By hypothesis,
there exist I € 1 and locally finite family V1 = {V; UV | B €40} (Vg C Uaand V C X — cl(A)) which refines
Uy such that X = U{VgU V| B €ag} UL Then cl(A) - LﬁJV/; =cl(A)— (VU (LﬁJVﬁ)) cX—-(Vu (LﬁJVﬁ)) € 1. Thus,

cl(A) - Lﬁ)Vg € I. Since A — LﬂJVﬁ C cl(A) — LﬁJVﬁ, A- LﬁJVﬁ € 7, by hereditary. Since V; = {V3 UV | B €ap} is

locally finite, the family V = {Vj | B €A¢} is locally finite, by Lemma 1.3. Thus, the family V is locally finite
which refines U. Therefore, A is 7 —paracompact relative to X. [

Theorem 3.8. Let (X, 7, 1) be a perfectly normal ideal space with a c—ideal I and G be a subset of X such that G is
the union of countable number of open subsets G, of X. Then each G,,n € N is T—paracompact relative to X if and
only if G is I —paracompact relative to X.

Proof. Suppose each G,,n € N is 7 —paracompact relative to X. Let U = {V,, | a €A} be a cover of G by sets
open in X. Then U, = {V, N G, | a €A} is an open cover of G, for each n € N. By hypothesis, there exist
I, € T and locally finite family V,, = {Vy, | p €A1} which refines U, such that G, c U{Vy, | B €A1} U I,.
Then LiGn - Ly{(U{Vﬁ,,, | B €A1} U I,) which implies that G C L#{W,, | n € N}UIwhere W, = U{Vg, | B €A1}

and I = U{[, | n € N}. Let x € X. Since V,, = {Vg,, | B €A1} is locally finite, there exists a neighborhood U
containing x such that UNVy, # 0 for every f € Ag where A is a finite subset of A1. Suppose V = {W,, | n € N}
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is not locally finite. Then there exists an element x € X such that for all neighborhood U of x, we have
UNW; =0foralli=1,2,..., k which implies that UN(UV};) = @ foralli = 1,2,...,k which in turn implies that
uUNVg;)=0foralli=1,2,..,kandso UN Vg; = foralli =1,2,...,k which is a contradiction to the fact
that V, is locally finite. Therefore, V = {W, | n € N} is locally finite. Let W,, € V where W,, = L;Vﬁ,n. Then

Vgu € V. Since V), refines U, there is some V, NG, € U, such that V,, C V,, NG, which implies Vg, C V,.
Thus, LﬁJVﬁ,n C V,and so W, C V, for some V, € U. Therefore, V refines U. Hence G is 7 —paracompact.

Conversely, suppose G is 7 —paracompact. Since the subset of a perfectly normal space is perfectly normal,
G is perfectly normal. Then each G, is an F;-set. Therefore, by Theorem 2.4, each G, is 7 —paracompact. [
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