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Using linear operators to approximate signals of
Lip(a, p), (p = 1)-class
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Abstract. In this paper, we investigate trigonometric polynomials associated with f € Lip(a,p), (0 < a <
1,p > 1) to approximate f in L, norm to the degree of O(n™*)(0 < a < 1) for a more general class of lower
triangular regular matrices with non-negative entries and row sums #,,.

1. Introduction

Let f be a 2[I-periodic signal and let f € L,[0,2I1] = L, for p > 1. Then the Fourier series of function
(signal) f at any point x is given by

fx) ~ % + i(ukcosx + bysinx) = iAk(f; X). (1)
k=1 k=0

Denoteby s,(f; x), n = 0, 1, ... the nth partial sums of the series (1) at the point x, thatis, s,(f; x) = Y500 Ak(f; X),
a trigonometric polynomial of degree (or order) n,

where
Ao(f;x) = 3, Ax(f; x) = agcosx + bysinx, k= 1,2, ....
We define
Ta(f;x) = Zan,kSk(f; x) Yn = 0, 2)
k=0

where T' = (a,x) is a linear operator represented by a lower triangular regular matrix with non-negative
entries and row sums f,. The forward difference operator A is defined by A, = ani — anp1. Such a
matrix T is said to have monotone rows if, for each #, {a,} is either non-increasing or non- decreasing in k,
0 < k < n. The series (2) is said to be T— summable to s, if 7,(f;x) = sasn — oo.

The T- operator reduces to the Norlund (N,)-operator, if

G = B, o<k<n,
" 0, k>n,
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where P, = Y .opc # 0 and p-y = 0 = P_;. In this case, the transform 7,(f; x) reduces to the Norlund
transform N, (f; x).
The T— operator reduces to the weighted (Riesz) (Np)- operator, if

hy = 1%/ 0<k<n,
" 0, k>n,

where P, = Y2 pr # 0 and p_1 = 0 = P_q. In this case, the transform 7,(f;x) reduces to the Norlund
transform N,,(f;x) (or R,(f; x)).
A function (signal) f € Lip(a,p) forp > 1,0 < a < 1, if

([

The integral modulus of continuity of function f € L,[0, 2I1] is defined by

1 (20 P\
wy(6; f) = oiﬁgé(ﬁjo‘ dx) .
If, fora > 0,
w,(6; f) = 0",

then f € Lip(a, p), (p = 1).
The L, -norm of f is defined by

pdx); — O(t*).

fle+1) = f()

fle+h) = f(x)

211 1
= (5 [ v ¢ ene=).

Also

1 1
()= [ S 000, o0 = g Y s

_sin(n+1/2)t
Dn(®) = 2sin(t/2)

the Dirichlet Kernel of degree (or order) n.
A positive sequence ¢ := {c,} is called almost monotone decreasing (or increasing) if there exists a constant
K := K(c), depending on the sequence c only, such that for all n < m,

¢ < Key, (Key 2 cpy).

Such sequences will be denoted by ¢ € AMDS and ¢ € AMIS, respectively. A sequence which is either
AMDS or AMIS is called monotone and will be denoted by ¢ € AMS.

1 n n
Nu(f;x) = B, an—ksk(f}x)/ p, = Zpr #0,p1=0=P_1.
k=0

r=0

1 n n
Ru(f;x) = i Zpksk(f;x), P, = Zpr #0,p.1=0=P_.
" k=0 r=0

n n A — Ao
n, 1,
Anj = 2 Anyp, tn = 2 Ank = Anp, by = — Vi<k<mn,
r=k k=0
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Axng = Anie — Ans1, Afigc = G fie + fie1 Mgk,

[x]- denotes the greatest integer not exceeding x.
A signal (function) f is approximated by trigonometric polynomials 7 of order (or degree) n and the degree
of approximation E,(f) is given by

En(f) = n'}}n Hf(x) - Tn(f; x)“p-

This method of approximation is called trigonometric Fourier Approximation (TFA).

Let 0,(f) denote the nth term of the (C, 1) transform of the partial sums of the Fourier series of a 2I'T-periodic
function f. The approximation properties of the Cesaro means o,(f) in Lipschitz classes Lip(a,p) 1 < p < oo,
0 < a <1 were investigated by Quade in [10]. He proved:

Theorem 1.1. ([10]) If f € Lip(a, p) for 0 < a < 1, then

1£(x) = au(f; 0l = O(m™). 3)

foreither (i)p>1and0<a<lor(i)p=1land0 <a < 1.
and ifp = a =1, then

I1£(x) = au(f; 0l = O(n ™ log(n + 1)). (4)

In the paper Chandra [1] extended the work of Quade [10], gave some conditions on the sequence
{pu};’ and obtained very satisfactory results about approximation by the means N, (f) and R,(f) in Lip(a, p),
1<p<o,0<a<1, where N,(f) and R,(f) denote the nth terms of the Norlund and weighted mean
transforms of the sequences of partial sums, respectively. He proved:

Theorem 1.2. ([1]) Let f € Lip(a, p) and let {p,,} be a positive sequence such that
(n+1)pu = O(Py). )

If either

(i)p>1,0<a<land

(ii) {pn} is monotonic,

or

Dp=10<a<land

(ii) {py} is non-decreasing sequence,
then

1£(x) = Nu(f; 2)ll, = O(mn™). (6)

Theorem 1.3. ([1]) Let f € Lip(«, p) and let {p,} be positive. Suppose that either
(i)p>1,0<a<1,and

(i) T3 | ()] = 0 ()
or
(i)p=1,0<a<land

(ii) {p,} with (5) is positive and non-decreasing.
Then

I1f(x) = Ru(f; 2)ll, = O(n™). (7)

Later, Leindler in [2] weakened the conditions given by Chandra [1] on the generating sequence {p,};’
and generalized his results. He proved:
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Theorem 1.4. ([2]) Let f € Lip(a, p) and let {p,,} be positive. If one of the conditions
(i)p>1,0<a<l,{p,) € AMDS,

(ii)p>1,0<a < 1and {p,} € AMIS and (5) holds,

(iii) p > 1, a = 1 and Y23 kiApi] = O(P,,),

(iv)p>1,a=1, Y7 |Apil = O(P,/n) and (5) holds,

() p=1,0<a<1, Tl 1Apd = O(P,/n)

maintains, then (6) holds.

Theorem 1.5. ([2]) Let f € Lip(a,1), 0 < a < 1. If the positive sequence {p,} satisfies (5) and the condition
Y170 |Apl = O(P, /1) holds, then (7) holds.

Recently Mittal et al. [6] have generalized two theorems 1.2 and 1.3 (Chandra [1],Theorems 1.1 and 1.2)
to more general classes of triangular matrix methods. They proved:

Theorem 1.6. ([6]) Let f € Lip(a, p) and let T have monotone rows and satisfy

|ty = 1] = O(n™). (8)
(D) Ifp>1,0<a<1,andT also satisfies

(n+ 1) max{a,,e, an,} = O(1), )
where v := [n/2], then

l7a(f5 %) = fOllp, = Om™). (10)

(ii) If p > 1, o = 1 and T also satisfies (9), then (10) is satisfied.
(ii)) Ifp =1,0 < a < 1, and T also satisfies

(T’l + 1) max{an,a/ an,r} = O(l)/ (11)

then (10) is satisfied.

2. Main result

It is well known that the theory of approximation i.e. TFA, which originated from a theorem of Weier-
strass, has become an exciting interdisciplinary field of study for the last 131 years. These approximations
have assumed important new dimensions due to their wide applications in signal analysis [8], in gen-
eral and in Digital Signal Processing [9] in particular, in view of the classical Shannon sampling theorem.
Broadly speaking, signals are treated as function of one variable and images are represented by functions
of two variable.

This has motivated Mishra [3], Mittal et al. ([5, 7]) and Mishra and Mishra [4] to obtain many interesting
results on TFA using different summability matrices without monotone rows.

In this paper, we extend Theorems 1.4 and 1.5 of Leindler ([2], Theorems 1.1 and 1.2) to more general classes
of triangular matrix methods with non-negative entries and row sums t,. Our Theorem 2.1 also generalize
partially Theorem 1.6 of Mittal et al. [6], by dropping monotonicity on the elements of the matrix rows (that
is, weakening the conditions on the filter T, we improve the quality of the digital filter). We prove:

Theorem 2.1. Let f € Lip(a, p), and let T have monotone rows and satisfy
|ty — 1] = O(n™). (12)
(i)p>1,0<a<1,a € AMS in k and satisfies

(n + 1) max{ay,,a,,} = OQ1), (13)
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where r := [n/2], then (10) is satisfied.

n—1

() p>1,a=1and z(n — B)|Aeanil = O(1), or (14)
k=0

(i) p>1,a =1 and Z |Aknil = Oano), or (15)
k=0

(D) p=1,0<a<1, ) [Ansl = Oan), (16)
k=0

and also (n + 1) max{ay,, an,} = O(1), hold then (10) is satis fied. (17)

Itis easy to examine that the conditions of Theorems 2.1 claim less than the requirements of our Theorems
1.6 for A, = ty.
For example, the condition on the sum in (14) is always satisfied if the sequence {4, } is non-decreasing in
k, then using (17), we get

n-1 n-1 n—1
Y =Rl =) (0= Bl = Gyl = Y (0 = @i — )
k=0 k=0 k=0

Apo = (1 + Dy, =ty + O(1) = O(n™") + O(1) = O(1).
If {a, x} is non-increasing in k and (17) holds then

n n n

Z |Akan,k| = Z |an,k - an,k+1| = Z(an,k - an,k+1) =0p0 — Ann+l = An0, AS Ap+1,0 = 0,
k=0 k=0 k=0

is also true. Consequently Theorem 2.1 partially generalized Theorem 1.6.

3. Lemmas
We shall use the following lemmas in the proof of the theorem:
Lemma 3.1. ([10]) If f € Lip(1,p), p > 1 then
llow(f;x) = su(f5 20)ll, = O(™). (18)
Lemma 3.2. ([10]) Let, for 0 <@ <1landp > 1, f € Lip(a, p). Then
[1f(x) = su(f; 0)ll, = O(m™) ¥n > 0. (19)

Lemma 3.3. Let T have monotone rows and satisfy (9). Then, for 0 < a <1,

n

Y anik = 07 (20)

k=1

Proof. Letr :=[n/2]. Then, we have

n r n
Zan,kkfa = Zan,kkfa + Z (Zn/kkfa.

k=0 k=1 k=r+1
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Case L. If g, is non-decreasing in k. Then, using (13), we get

n

Z Lln,kk_a

k=1

n

,
aup Y K1Y ang
k=1

k=r+1

IA

IN

r
B Y K (r 1),
k=0

O((n + 1) ™Hom' ™) + O(n™) = O(n™).

Case II. If a4, is non-increasing in k. Then, using (13), we get

n

Z Ak < Z K+ O(n™®) = O(n™).

k=1 k=1
|

4. Proof of Theorem 2.1

Proof. Casel. If p > 1,0 < a < 1. The proof runs similar to the case (i) of Theorem 1.6 [6]. Let a,x be AMS
in k. Then

n

Tu(£52) = f) = Y augse(F5) = b f() + (b = D (¥)

k=0

= Y iS5 3) = F00) + (b = 1 f (). (21)
k=0

Using (12) and Lemmas (3.2) and (3.3),

n

Y wudllse(£52) = F@ly + 1t = DL,

k=0

IA

”Tn(f; x) - f(x)”p

Y 2, 0(™) + O(n™) = O(n™).
k=1

CaseIll. If p > 1, @ = 1, we have
Tu(f3%) = f(x) = Tulf; %) = 5u(f; X) + 5u(f5 ) = f().

Now, using Lemma 3.2, we get

T (f5 ) = Ol < NTu(f5 %) = su(f5 0l + Mlsu(f5 ) = fF(Olp

= lltu(f;%) = su(f5 0)ll, + O ™). (22)
Now to prove our theorem, it remains to show that
1Ta(f; %) = su(f;2)llp = O ™). (23)

Now, we write

n n k n
Tu(f; %) = Z anxsk(f;x) = Z Ay [Z ui(f; X)] = Z Ay rur(f;x),
i k=0

k=0 k=0 i=0 =
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and thus, as A,,, = t,, we have
T(f52) = 5u(F50) = ) (Ank = Ano)e(£52) + (b = DF(0).
k=1

Hence by Abel’s transformation, we obtain

¥ (A2 = 3o
k=1

k=1
n—1 k n
Z(Akbn,k) [Z juj(f; x)} + by Z ju]'(f/' x).
k=1 j=1 j=1

Thus by triangle inequality, we find

n—-1 k n
eu(F5) = £l < Y 1l |3 uti(f0]| + Wl [ Y, jui(F50]| + It =10 GO
k=1 j=1 ) j=1 )
n—1 k n
= Y Al ui(F0|| + bl |[Y ui(fi0]| +OG7). (24)
k=1 j=1 j=1

P P

Now

n+1 n+1 n+1
m=0 k=0

n n k n
ou(f3x) = su(f5x) = : Zsm(f;x)—sn(f;x)= . Zsm(f;x)—zuk(f;x)=— : Zj”j(f?x)-
m=0 j=1

Therefore by Lemma 3.1, we have

n
Z jui(f;2)|| =+ Dlloa(f;x) = su(f;2)ll, = (n + 1)O(n™) = O(1). (25)
=1 )
We note that
|bn,n| _ An,n _An,O _ |An,0 _An,nl _ |ty _ﬂn,nl _ O(n_l).
n n n
Thus
b Y (|| = loual | Y jui(fi0)]| = O™, (26)
j=1 j=1

P P

As in case (ii) of proof of Theorem 1.6 ([6], p. 672), we write

k
1
Axbn e = K1) [(k + Dany — ; an,rl : 27)
Next we shall verify by mathematical induction that
k k-1
Z Anr — (k + 1)an,k < Z(r + 1)|an,r - an,r+1|~ (28)
r=0 r=0
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If k=1, then
1
Z Apyr — 2“11,1 = |an,0 - an,ll-
r=0
Thus (28) holds.
Now let us suppose that (28) holds for k = m i.e.
m m—1
Z Any — (M + D)ay | < Z(r + Dlany — anral, (29)
r=0 r=0

and we have to show that (28) is true for k = m + 1.
For k = m + 1 and using (29), we get

m+1

Z‘ Anyr — (m + 2)an,m+1

r=0

m

Z Ap,r — (m + 1)an,m+1

r=0

m
Y = (1 Vg + (14 Dty = 1+ Dt
r=0
m—1

Z(T + 1)|an,r — Ap i1 + (m+ 1)|an,m = Ay ml

IA

(m+1)-1

= ) O+ Dlany — el

r=0

which shows that (28) is true for k = m + 1. Thus (28) holds good V k € N.
Using (13), (17),(27) and (28), we find

n
Z |Axby il
=1

k
(k+1)ank Zanr

r=0

Z(Ak[k Ak = Ano)l] = Zk He+1)7!

k=1
Zk’l(k+1)’lzan, (k + 1)ans
r=0

< Zkl(k+1) i(r+1)|an, an,+1|—Zk1(k+1) menml -

- i n-1
! -1
< E _ _ _ |
< L M| Ay 11 ;1 Kk+1) kX:(; |Aran k| = O(an0) = O(n™") 30)

Combining (24), (25, (26) and (30) yields (23). From (23) and (22), we get

I1Ta(f; %) = F)ll, = O ™).

Case IL. If p > 1, a = 1. For this, we first prove that the condition

k

A

n—1
Y (1= BlA@,l = O(1) =
k=0

Bn=Z|Akbnk| Z|Akk (Ang = Ano)l| = O(7Y). (31)
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For this, using (28) as in case (iii), we have

n k
Bu= Y K k+ )7 |(k+ Dagk = Y any| <
k=1

r=0

Zk1<k+1 Z<r+1>|anr—am|

k=1

[Z Z] (k+1)” Z m|a, m-1| = B1 + By, say. (32)

k=1 k=r m=1

Now, using (14) and interchanging the order of summation, we get

r k r )
_ _ 1
By = Z k 1(k +1) ! Z mIAman,m—ﬂ < Z mlAman,m—ﬂ Z m
k=1 m=1 m=1 k=m
r n n -
= ZlAman,mfﬂ = Z |An—man,n—m| < Z |An7man,n—m|(m)
m=1 m=n—-r+1 m=r—1
1 n 1 n—1
< —1 Z mlAn—man,n—ml = m Z‘(n - k)lAkan,k|
m=1 k=0
1
=—001) = -1,
—-0(1) = 00 ™) 33)
On the other hand
B, = Zk Tk+1) ZmlAmanm 1
m=1
< Zk e+ 1) [Z Z]mmmanm nl
m=1 m=r
= B,1 + By, say. (34)

Using arguments as By and (14), we obtain

n T

Y e+ )Y mlA el

k=r m=1

n 14 n n

Y Y WAt = Y kDT Y 1A
k=r m=1 k=r

m=n—-r+1
n n m
Z‘(k + 1)_1 Z |An—man,n—m|m

k=r m=r-2

r—2 Z(k+1 Zm|An mfn,n— ml

m=1

1 -
= — kZ(k +1) ;1(” — Rl
=r =

Bn,l

IA

IA

IA

%2 Z(k +1)710(1) = O(1/n), (35)
k=r
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again using (14) and interchanging the order of summation, we have

n k n k
B”rz = Z k_l(k + 1)_1 Z m|Aman,m—1| < Z(k + 1)_1 Z |Aman,m—1|
k=r m=r k=r P
1 v+ i 1 &
< T+ Z‘ |Amﬂn,m—1| Z 1= _1’ 1 Z(ﬂ -m+ 1)|Aman,m—l|
m=r k=m m=r
1 n—-1 1
= — Y (1=RlAl = —=0(1) = 0@ ™). 36)
k=r-1

From (32), (33), (34), (35) and (36), we get (31).
Thus (22), (24), (25), the estimate of b,,,, and Lemma 3.2 again yield (10).
CaseIV.Ifp=1,0 < a <1, using (21), a5, n+1 = 0 and the Abel’s transformation, we obtain

Ta(f; %) = f(x)

Y auisi(f30) = F0) + (1= b)f(x)

=
- O

k

= Y (M) {Z@r( fix) - f(x))} + @np = anner) Y ($(F5%) = f0) + (1= B) ()
r=0

=0 r=0

=~

7

k
= Y (M) {Z(sr(f; x) - f(x))} + (1= B)f()
r=0

k=0

=

S|

= (A ) (k + 1)(0(f; %) = f(2)) + (1 = ) f ().

k=

(=}

Hence, by condition (13), (16) and Lemma3.1, we find

lTu(f;2) = fIh - < Zk|Akan,k|”(0k(f}x)_f(x))”l+|(1_tn)|||f(x)”1
k=0

0 {Z K |Akan,k|} +0(n™) = O(n'™) kZ: |Aetil + O(~?)

k=0
= O™ )0(a,0) = O™ )On™) + O ) = O(m™).

This completes the proof of case (iv) and consequently the proof of Theorem 2.1 is complete. [
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