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bDepartment of Basic Science (Mathematics), College of Technology and Engineering,
M.P. University of Agriculture and Technology Udaipur-313001 (Rajasthan), India

Abstract. Although Sumudu transform is the theoritical dual of the Laplace transform, it has many
applications in sciences and engineering for its special fundamental properties. In a previous paper [3],
we studied q-analogues of the Sumudu transform and derived some fundamental properties. This paper
follows the previous paper and aims to provide some applications of the q-Sumudu transform. The authors
give q-Sumudu transforms of some q-polynomials and q-functions. Also, we evaluated the q-Sumudu
transform of basic analogue of Fox’s H-function.

1. Introduction and Preliminaries

In the classical analysis, differential equations play a major role in mathematics, physics and engineering.
There are lots of different techniques for solving differential equations. Integral transforms were widely
used and thus a lot of work has been done on the theory and applications of integral transforms. Most
popular integral transforms are due to Laplace, Fourier, Mellin and Hankel. In 1993, the Sumudu transform
was proposed originally by Watugala [17] and he applied it to the solution of ordinary differential equations
in control engineering problems. The Sumudu transform plays a curious role in the solution of ordinary
differential equations and other branches of Mathematics and Physics. Nevertheless, this new transform
rivals the Laplace transform in problem solving. Its main advantage is the fact that it may be used to solve
problems without resorting to a new frequency domain, because it preserves scale and unit properties [4].
For further detail, one may refer to the recent papers [9]-[10] on this subject.

The theory of q-analysis, the foundation 18thcentury, in recent past have been applied in the many
areas of mathematics and physics like ordinary fractional calculus, optimal control problems, q-transform
analysis and in finding solutions of the q-difference and q-integral equations. In 1910, Jackson [7] presented
a precise definition of so-called the q-Jackson integral and developed q-calculus in a systematic way. It is
well known that, in the literature, there are two types of the q-Laplace transform and they are studied in
detail by many authors. For example [1, 6, 14].

Recently, authors [3] have introduced and study q-analogues of the Sumudu transform and derived their
fundamental properties. The aim of this paper is to give q-Sumudu transform of certain q-functions and
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their special cases. For the convenience of the reader, we deem it proper to give here the basic definitions
and facts from the q-calculus.
Throughout this paper, we will assume that q satisfies the condition 0 <

∣∣∣q∣∣∣ < 1. The q-derivative Dq f of an
arbitrary function f is given by

(Dq f )(x) =
f (x) − f (qx)

(1 − q)x
,

where x , 0. Clearly, if f is differentiable, then

lim
q→1−

(Dq f )(x) =
d f (x)

dx
.

For any real number α,

[α] :=
qα − 1
q − 1

.

In particular, if n ∈ Z+, we denote

[n] =
qn − 1
q − 1

= qn−1 + · · · + q + 1.

Following usual notation are very useful in the theory of q-calculus:

(
a; q

)
n =

n−1∏
k=0

(
1 − aqk

)
,

(
a; q

)
∞ =

∞∏
k=0

(
1 − aqk

)
,

(a; q)t =

(
a; q

)
∞(

aqt; q
)
∞

( t ∈ R).

The q-analogues of the classical exponential functions are defined by

eq(t) =
∞∑

n=0

tn

(q; q)n
=

1
(t; q)∞

|t| < 1, (1.1)

Eq(t) =
∞∑

n=0

(−1)nqn(n−1)/2tn

(q; q)n
= (t; q)∞ (t ∈ C) . (1.2)

By means of the (1.1) and (1.2), q-trigonometric functions defined as

sinq t =
eq (it) − eq (−it)

2i
=

∞∑
n=0

(−1)n t2n+1(
q; q

)
2n+1

, (1.3)

Sinq t =
Eq (−it) − Eq (it)

2i
=

∞∑
n=0

(−1)n qn(2n+1) t2n+1(
q; q

)
2n+1

, (1.4)

cosq t =
eq (it) + eq (−it)

2
=

∞∑
n=0

(−1)n t2n(
q; q

)
2n
, (1.5)

Cosq t =
Eq (it) + Eq (−it)

2
=

∞∑
n=0

(−1)n qn(2n−1) t2n(
q; q

)
2n
. (1.6)
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Furthermore, q-hypergeometric functions are defined by

rϕs

[
a1 a2 · · · ar
b1 b2 · · · bs

; q, z
]
=

∞∑
n=0

(a1, a2, . . . , ar; q)n

(b1, b2, . . . , bs; q)n

zn(
q; q

)
n
,

rψs

[
a1 a2 · · · ar
b1 b2 · · · bs

; q, z
]
=

∞∑
n=−∞

(a1, a2, . . . , ar; q)n

(b1, b2, . . . , bs; q)n

[
(−1)n q

(n
2
)]s−r

zn,

and

m−kΦm−1

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

; q, z
]
=

∞∑
n=0

(a1, a2, . . . , am−k; q)n

(b1, b2, . . . , bm−1; q)n

[
(−1)n q

(n
2
)]k zn(

q; q
)

n
.

where

(a1, a2, . . . , ar; q)n =

r∏
i=1

(
ai; q

)
n .

For further detail and properties about q-hypergeometric functions see [5, 12, 13] and many others.
If a function f (x) has a series expansion as follow

f (x) =
∞∑

n=−∞
anxn,

then the following function is well defined

f
[
x − y

]
=

∞∑
n=−∞

an
(
x − y

)n
q . (1.7)

The improper integral is defined by [7, 11]∫ x

0
f (t)dqt = x(1 − q)

∞∑
k=0

qk f (xqk), (1.8)∫ ∞/A

0
f (x)dqx = (1 − q)

∑
k∈Z

qk

A
f (

qk

A
). (1.9)

q-analogues of gamma and beta functions defined as follow [11]

Γq (α) =
∫ 1/(1−q)

0
xα−1Eq

(
q
(
1 − q

)
x
)

dqx (α > 0) , (1.10)

Γq (α) = K (A;α)
∫ ∞/A(1−q)

0
xα−1eq

(− (
1 − q

)
x
)

dqx (α > 0) , (1.11)

where

K (A; t) = At−1

(−q/A; q
)
∞(−qt/A; q
)
∞

(−A; q
)
∞(−Aq1−t; q
)
∞

(t ∈ R) . (1.12)

The function K (A; t) provides the following equation for the variable t (see [11]):

K(x; t + 1) = qtK(x; t) (1.13)
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q-gamma function has the following property

Γq (x) =
(
q; q

)
∞(

qx; q
)
∞

(
1 − q

)1−x =

(
q; q

)
x−1(

1 − q
)x−1 , (1.14)

and we have

lim
q→1−
Γq (α) = Γ (α) .

q-Bessel functions were introduced by Jackson [8] in 1905 and are therefore referred to as Jackson’s q-Bessel
functions. Some q-analogues of the Bessel functions are given by

J(1)
ν

(
z; q

)
=

(
qν+1; q

)
∞(

q; q
)
∞

( z
2

)ν
2Φ1

[
0 0

qν+1 ; q,−z2

4

]
, |z| < 2

=
( z

2

)ν ∞∑
n=0

(
−z2/4

)n(
q; q

)
ν+n

(
q; q

)
n

(1.15)

and

J(2)
ν

(
z; q

)
=

(
qν+1; q

)
∞(

q; q
)
∞

( z
2

)ν
0Φ1

[
−

qν+1 ; q,−qν+1z2

4

]

=
( z

2

)ν ∞∑
n=0

qn(n+ν)
(
−z2/4

)n(
q; q

)
ν+n

(
q; q

)
n
. (1.16)

q-Bessel functions are related by the following equality

J(2)
ν

(
z; q

)
=

(
−z2

4
; q

)
∞

J(1)
ν

(
z; q

)
, |z| < 2.

q-Bessel functions are q-extensions of the Bessel function of the first kind since

lim
q→1−

J(k)
ν

((
1 − q

)
z; q

)
= Jν (z) , k = 1, 2.

The third kind q-analogue of the Bessel function is given by following formula

J(3)
ν

(
z; q

)
=

(
qν+1; q

)
∞(

q; q
)
∞

zν 1Φ1

[
0

qν+1 ; q, qz2

]

= zν
∞∑

n=0

(−1)n qn(n−1)/2
(
qz2

)n(
q; q

)
ν+n

(
q; q

)
n

. (1.17)

This third kind q-Bessel function is also known as the Hahn-Exton q-Bessel function. This is also q-extension
of the Bessel function of the first kind since

lim
q→1−

J(3)
ν

((
1 − q

)
z; q

)
= Jν (2z) .

Albayrak, Purohit and Uçar [3] defined the q-analogues of the Sumudu transform by means of the following
q-integrals

Sq{ f (t); s} = 1(
1 − q

)
s

∫ s

0
Eq

(q
s

t
)

f (t) dqt, s ∈ (−τ1, τ2) , (1.18)
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over the set of functions

A =
{

f (t)|∃M, τ1, τ2 > 0, | f (t)| < MEq

(
|t| /τ j

)
, t ∈ (−1) j × [0,∞)

}
and

Sq{ f (t); s} = 1(
1 − q

)
s

∫ ∞

0
eq

(
−1

s
t
)

f (t) dqt, s ∈ (−τ1, τ2) , (1.19)

over the set of functions

B =
{

f (t)|∃M, τ1, τ2 > 0, | f (t)| < Meq

(
|t| /τ j

)
, t ∈ (−1) j × [0,∞)

}
.

By virtue of (1.8) and (1.9), q-Sumudu transforms can be expressed as

Sq
{
f (t) ; s

}
= (q; q)∞

∞∑
k=0

qk f
(
sqk

)
(q; q)k

, (1.20)

and

Sq
{
f (t) ; s

}
=

s−1(
− 1

s ; q
)
∞

∑
k∈Z

qk f (qk)
(
−1

s
; q

)
k
. (1.21)

2. Main Theorems

In this section, we shall investigate certain theorems, which gives a number of image formulas involving
q-hypergeometric functions, under the q-Sumudu transforms.

Theorem 2.1. In correspondence to the bounded sequence An, let f (x) is given by

f (x) =
∞∑

n=0

Anxn, (2.1)

then for α > 0 the following results hold:

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

1 − q
)α−1

∞∑
n=0

AnΓq (α + n)
[(

1 − q
)

s
]n , (2.2)

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

1 − q
)α−1

∞∑
n=0

An
Γq (α + n)

K (s;α + n)
[(

1 − q
)

s
]n . (2.3)

Proof. In view of (1.20) and (2.1), we have

Sq

{
xα−1 f (x) ; s

}
= (q; q)∞

∞∑
k=0

qk
(
sqk

)α−1

(q; q)k
f
(
sqk

)

= (q; q)∞
∞∑

k=0

qk
(
sqk

)α−1

(q; q)k

∞∑
n=0

An

(
sqk

)n

= sα−1(q; q)∞
∞∑

n=0

Ansn
∞∑

k=0

(
qα+n)k

(q; q)k
. (2.4)
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Substituting (1.1) into (2.4) and from (1.14) we deduce that

Sq

{
xα−1 f (x) ; s

}
= sα−1(q; q)∞

∞∑
n=0

Ansneq
(
qα+n)

= sα−1
∞∑

n=0

Ansn (q; q)∞
(qα+n; q)∞

= sα−1 (
1 − q

)α−1
∞∑

n=0

AnΓq (α + n)
[(

1 − q
)

s
]n .

The proof for Sq-transform is similar. Using the definition (1.21) of Sq-transform, we have

Sq

{
xα−1 f (x) ; s

}
=

s−1(−1/s; q
)
∞

∑
k∈Z

qk (−1/s; q
)

k

(
qk

)α−1
f (qk)

=
s−1(−1/s; q

)
∞

∑
k∈Z

qk (−1/s; q
)

k

(
qα−1

)k
∞∑

n=0

An

(
qk

)n

=
s−1(−1/s; q

)
∞

∞∑
n=0

An

∑
k∈Z

(−1/s; q
)

k(
0; q

)
k

(
qα+n)k .

An easy computation shows that

Sq

{
xα−1 f (x) ; s

}
=

s−1(−1/s; q
)
∞

∞∑
n=0

An 1ψ1
(−1/s; 0; q, qα+n)

=
s−1(−1/s; q

)
∞

∞∑
n=0

An

(
q, 0,−qα+n/s, q1−(α+n)s; q

)
∞(

0,−qs, qα+n, 0; q
)
∞

= s−1
∞∑

n=0

An

(
q; q

)
∞(

qα+n; q
)
∞

(
−qα+n/s, q1−(α+n)s; q

)
∞(−1/s,−qs; q

)
∞

.

Using (1.12) and (1.14) , we conclude that

Sq

{
xα−1 f (x) ; s

}
= s−1

∞∑
n=0

An
(
1 − q

)α+n−1 Γq (α + n)
sα

K (s;α + n)

= sα−1 (
1 − q

)α−1
∞∑

n=0

An
Γq (α + n)

K (s;α + n)
[(

1 − q
)

s
]n .

We obtain the following useful identities for q-Sumudu transforms:

Corollary 2.1. The following identities are valid:

Sq

{
xα−1; s

}
= sα−1 (

1 − q
)α−1 Γq (α) , (2.5)

Sq

{
xα−1; s

}
= sα−1 (

1 − q
)α−1 Γq (α)

K (s;α)
. (2.6)

Proof. If we set A0 = 1, An = 0 (n ≥ 1) in (2.1), then we have f (x) = 1 and making use of the above theorem
one can easily obtain the desired results.
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Corollary 2.2. The q-Sumudu transform of first kind Bessel function is given by

Sq

{
xα−1J(1)

2v

(
2
√

ax; q
)

; s
}
=

av

Γq (2v + 1)
sα+v−1

(
q; q

)
a+ν−1(

1 − q
)2v 2Φ1

[
qα+v 0
q2ν+1 ; q,−as

]
. (2.7)

Proof. If we set α = α + v > 0 and

An =
(−1)n an+v(

q2v+1; q
)

n
(
q; q

)
n (1 − q)2vΓq (2v + 1)

in (2.1), we have

f (x) = x−vJ(1)
2v

(
2
√

ax; q
)
. (2.8)

The assertion of the corollary follows easily from the theorem.

Further, on setting α = ν/2 + 1 and ν = ν/2 in the assertion (2.7) respectively, we obtain that

Sq

{
xν/2J(1)

v

(
2
√

ax; q
)

; s
}
= aν/2sνeq (−as) . (2.9)

Next, we put ν = 0 in (2.9), we get

Sq

{
J(1)
0

(
2
√

ax; q
)

; s
}
= eq (−as) .

If we put first ν = 0 in (2.7) and next choose a = 0, we get

Sq

{
xα−1; s

}
= sα−1 (

1 − q
)α−1 Γq (α)

which is given in (2.5).

Theorem 2.2. q-Sumudu transforms of the function f (x) =m−k Φm−1

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

; q, ax
]

are given by

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

q; q
)
α−1 m−k+1Φm

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

qα

0 ; q, as
]
, (2.10)

and

Sq

{
xα−1 f (x) ; s

}
=

sα−1 (
q; q

)
α−1

K (s;α) m−k+1Φm−1

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

qα

− ; q,− as
qα

]
. (2.11)

Proof. To prove the above results, we set

An =

(
a1; q

)
n
(
a2; q

)
n · · ·

(
am−k; q

)
n(

b1; q
)

n
(
b2; q

)
n · · ·

(
bm−1; q

)
n

[
(−1)n q

(n
2
)]k an(

q; q
)

n

in (2.1), then we have

f (x) =m−k Φm−1

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

; q, ax
]
.

Thus we find that

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

q; q
)
α−1

∞∑
n=0

An
(
qα; q

)
n sn

= sα−1 (
q; q

)
α−1 m−k+1Φm

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

qα

0 ; q, as
]
.
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Similarly, we obtain

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

1 − q
)α−1

∞∑
n=0

An
Γq (α + n)

K (s;α + n)
[(

1 − q
)

s
]n

=sα−1 (
q; q

)
α−1

∞∑
n=0

An

[
(−1)n q

(n
2
)]−1

(
qα; q

)
n

K (s;α)

(
−1
qα

)n

sn

=
sα−1 (

q; q
)
α−1

K (s;α) m−k+1Φm−1

[
a1 a2 · · · am−k
b1 b2 · · · bm−1

qα

− ; q,− as
qα

]
.

Now, if we choose α = m = k = 1 in the previous theorem, we obtain the following result:

Corollary 2.3. The q-Sumudu transforms of q-exponential functions are

Sq

{
Eq (ax) ; s

}
= 1Φ1

(
q; 0; q, as

)
, (2.12)

Sq

{
Eq (ax) ; s

}
=

q
q + as

, |as| <
∣∣∣q∣∣∣ . (2.13)

Theorem 2.3. q-Sumudu transforms of the function f (x) = rϕp

[
a1 a2 · · · ar
b1 b2 · · · bp

; q, ax
]

are given by

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

q; q
)
α−1 r+1ϕp

[
a1 a2 · · · ar
b1 b2 · · · bp

qα

− ; q, as
]

(2.14)

Sq

{
xα−1 f (x) ; s

}
=

sα−1 (
q; q

)
α−1

K (s;α) r+1Φr−1


a1 a2 · · · ar
b1 b2 · · · bp

qα

0...0︸ ︷︷ ︸
(r−p−1) times

; q,−as/qα


(2.15)

Proof. Setting

An =

(
a1; q

)
n
(
a2; q

)
n · · ·

(
ar; q

)
n(

b1; q
)

n
(
b2; q

)
n · · ·

(
bp; q

)
n

an(
q; q

)
n

in (2.1), we have

f (x) = rϕp

[
a1 a2 · · · ar
b1 b2 · · · bp

; q, ax
]
.

Therefore

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

q; q
)
α−1

∞∑
n=0

An
(
qα; q

)
n sn

= sα−1 (
q; q

)
α−1 r+1ϕp

[
a1 a2 · · · ar
b1 b2 · · · bp

qα

− ; q, as
]
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Similarly, we have

Sq

{
xα−1 f (x) ; s

}
= sα−1 (

1 − q
)α−1

∞∑
n=0

An
Γq (α + n)

K (s;α + n)
[(

1 − q
)

s
]n

=sα−1 (
q; q

)
α−1

∞∑
n=0

An

[
(−1)n q

(n
2
)]−1

(
qα; q

)
n

K (s;α)

(
− 1

qα

)n

sn

=
sα−1 (

q; q
)
α−1

K (s;α) r+1Φr−1


a1 a2 · · · ar
b1 b2 · · · bp

qα

0...0︸ ︷︷ ︸
(r−p−1) times

; q,
−as
qα


.

Again, if we choose α = r = 1 and p = 0 in the previous theorem, we obtain the following corollary:

Corollary 2.4. The q-Sumudu transform of q-exponential functions are given by

Sq

{
eq (ax) ; s

}
= 2ϕ1

(
q, 0;−; q, as

)
=

∞∑
n=0

(as)n =
1

1 − as
, |as| < 1.

Now, on using the definitions (1.3)-(1.6) of q-trigonometric functions, results (2.12) and (2.13), and by the
linearity of q-Sumudu transforms (see [3]), we get the following result:

Corollary 2.5. q-Sumudu transforms of q-trigonometric functions given as

Sq

{
Sin q (ax) ; s

}
= as 1Φ1

(
q4; 0; q4, a2s2q3

)
,

Sq

{
Cos q (ax) ; s

}
= 1Φ1

(
q4; 0; q4, a2s2q

)
,

Sq

{
Sin q (ax) ; s

}
=

qas
q2 + a2s2 ,

Sq

{
Cos q (ax) ; s

}
=

q2

q2 + a2s2 ,

Sq

{
sinq (ax) ; s

}
=

as
1 + a2s2 , |as| < 1,

Sq

{
cosq (ax) ; s

}
=

1
1 + a2s2 , |as| < 1.

Here, for the sake of brevity we omit the detailed proof of the above results.

Corollary 2.6. We show that

Sq

{
xα−1J(3)

2ν

(√
ax; q

)
; s

}
=
Γq (α + ν) aν

Γq (2ν + 1)

(
1 − q

)α−1−ν .sα−1+ν

K (s;α + ν) 2Φ1

[
0 qα+ν

q2ν+1 ; q,
−as

qα+ν−1

]
. (2.16)

Proof. Using the definition of Hahn-Exton q-Bessel function, we obtain

f (x) = xα−1J(3)
2ν

(√
ax; q

)
=

aν(
q; q

)
2ν

xα−1+ν
1Φ1

[
0

q2ν+1 ; q, qax
]
. (2.17)
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Substituting (2.17) into the definition (1.21) of Sq-transform, we have

Sq

{
xα−1J(3)

2ν

(√
ax; q

)
; s

}
=

aν(
q; q

)
2ν
Sq

{
xα−1+ν

1Φ1

[
0

q2ν+1 ; q, qax
]

; s
}
,

which in view of result (2.11) of Theorem 2.2, we obtain

Sq

{
xα−1J(3)

2ν

(√
ax; q

)
; s

}
=

aν(
q; q

)
2ν

sα−1+ν (q; q
)
α−1+ν

K (s;α + ν) 2Φ1

[
0 qα+ν

q2ν+1 ; q,
−as

qα+ν−1

]
.

Making use of the formula (1.14), we can easily arrive at (2.16).
Now, if we write α = ν/2 + 1 and ν = ν/2 in the assertion (2.16), we get

Sq

{
xν/2 J(3)

ν

(√
ax; q

)
; s

}
=

aν/2.sν

K (s; ν + 1)
eq

(
− as

qν

)
.

Setting ν = 0, we find

Sq

{
J(3)
0

(√
ax; q

)
; s

}
= eq (−as) .

If we write ν = 0 and then choose a = 0 in the assertion (2.16), we find

Sq

{
xα−1; s

}
= sα−1 (

1 − q
)α−1 Γq (α)

K (s;α)

which is the previously obtained (2.6) in Corollary 2.1.

3. q-Sumudu Transforms of Certain q-Polynomials

In this section, we derive a theorem, which give rise to q-Sumudu transforms of a general class of
q-polynomials.

Theorem 3.1. Let
{
S j,q

}∞
j=0

be a bounded complex sequence and define a family of q-polynomials
{
fn,N

(
x; q

)}∞
n=0 by

fn,N
(
x; q

)
=

[n/N]∑
j=0

[
n

N j

]
q
S j,qx j, (n = 0, 1, 2, ...) (3.1)

where N is a positive integer. Then we have

Sq
{
xα fn,N

(
x; q

)
; s

}
= sα

(
1 − q

)α Γq
(
αµ + 1

) [n/N]∑
j=0

[
n

Nj

]
q
S j,qs j

(
qα+1; q

)
j
,

Sq
{
xα fn,N

(
x; q

)
; s

}
= sα

(
1 − q

)α Γq (α + 1)
K (s;α + 1)

[n/N]∑
j=0

[
n

N j

]
q
S j,qs j

(
qα+1; q

)
j(

qα
) j q j( j+1)/2

.

Proof. By the definition (1.18) of Sq-transform, we have

Sq
{
xα fn,N

(
x; q

)
; s

}
=

[n/N]∑
j=0

[
n

Nj

]
q
S j,q Sq

{
xα+ j; s

}
.
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Making use of (2.5), we get

Sq
{
xα fn,N

(
x; q

)
; s

}
=

[n/N]∑
j=0

[
n

Nj

]
q
S j,qsα+ j (1 − q

)α+ j Γq
(
α + j + 1

)
= sα

(
1 − q

)α Γq (α + 1)
[n/N]∑

j=0

[
n

N j

]
q
S j,qs j

(
qα+1; q

)
j
.

Similarly, by the definition (1.19) of Sq-transform, we have

Sq
{
xα fn,N

(
x; q

)
; s

}
=

[n/N]∑
j=0

[
n

N j

]
q
S j,qSq

{
xα+ j; s

}
.

Making use of (2.6), we get the desired result.

Sq
{
xα fn,N

(
x; q

)
; s

}
=

[n/N]∑
j=0

[
n

N j

]
q
S j,qsα+ j (1 − q

)α+ j Γq
(
α + j + 1

)
K

(
s;α + j + 1

)
= sα

(
1 − q

)α Γq (α + 1)
K (s;α + 1)

[n/N]∑
j=0

[
n

N j

]
q
S j,qs j

(
qα+1; q

)
j(

qα
) j q j( j+1)/2

.

Now, we consider some consequences and applications of the above results. On suitably specializing
bounded sequence An or the coefficient S j,q in f (x), given by (2.1), or the q-polynomials family fn,N

(
x; q

)
yields a number of known q-polynomials as its special cases. These include, among others, the q-Stieltjes-
Wigert polynomials, the q-Laguerre polynomials, the q-Jacobi polynomials, the q-Charlier polynomials,
the q-Konhauser polynomials and several others. Therefore, by assigning suitable special values to the
arbitrary sequence our main results of Theorems 2.1 and 3.1 can be applied to derive q-Sumudu transforms
of q-hypergeometric polynomials. To illustrate that we consider the following examples.

Example 1. We show that

Sq

{
xα−1Sk

(
x; q

)}
= sα−1 (

q; q
)
α−1 2Φ2

(
q−k, qα; 0, 0; q,−qk+1s

)
, (3.2)

Sq

{
xα−1Sk

(
x; q

)}
=

sα−1 (
q; q

)
α−1

K (s;α) 2Φ1

(
q−k, qα; 0; q, qk+1−αs

)
. (3.3)

If we set

An =

(
q−k; q

)
n(

q; q
)

n
qn(2k+n+1)/2,

in (2.1), then we have

f (x) = Sk
(
x; q

)
= 1Φ1

(
q−k; 0; q,−qk+1x

)
,

where Sk
(
x; q

)
is the Stieltjes-Wigert polynomial [12, p. 61]. Thus, assertions of the example follows from

Theorem 2.1.
Example 2. We show that

Sq

{
xα−1L(β)

k

(
x; q

)}
= sα−1 (

q; q
)
α−1

(
qβ; q

)
k(

q; q
)

k
2Φ2

(
q−k, qα; qβ+1, 0; q,−qk+β+1s

)
, (3.4)

Sq

{
xα−1L(β)

k

(
x; q

)}
= sα−1

(
q; q

)
α−1

K (s;α)

(
qβ; q

)
k(

q; q
)

k
2Φ1

(
q−k, qα; qβ+1; q, qk+β−α+1s

)
. (3.5)
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If we set

An =

(
qβ; q

)
k(

q; q
)

k

(
q−k; q

)
n(

qβ+1; q
)

n
qn[(n+1)/2+(k+β)],

in (2.1), then we have

f (x) = L(β)
k

(
x; q

)
=

(
qβ; q

)
k(

q; q
)

k
1Φ1

(
q−k; qβ+1; q,−qk+1s

)
,

where L(β)
k

(
x; q

)
denotes the q-Laguerre polynomials [12, p.108]. Thus, from Theorem 2.1 we get the desired

result.
Example 3. We show that

Sq

{
xα−1Km

(
x; a; q

)}
= sα−1 (

q; q
)
α−1 3Φ2

(
q−m,−aqm, qα; 0, 0; q, qs

)
, (3.6)

Sq

{
xα−1Km

(
x; a; q

)}
= sα−1

(
q; q

)
α−1

K (s;α) 3Φ1

(
q−m,−aqm, qα; 0; q,−q−α+1s

)
. (3.7)

Similarly, if we set

An =

(
q−m; q

)
n
(−aqm; q

)
n(

q; q
)

n
qn,

in (2.1), we have

f (x) = Km
(
x; a; q

)
,

where Kn
(
x; a; q

)
are q-Charlier polynomials [12, p.110]. Hence, making use of Theorem 2.1, we obtain the

assertions of example.
Now, we explore the similar type of applications for the results of Theorem 3.1.
Example 4. If we set N = 1 , ρ ≥ 1 and

S j,q =
Γq

(
ρn + α + 1

)
(−1) j q j( j−1)(

q; q
)

n Γq
(
ρ j + α + 1

) ,

and replace x by xρ in equation (3.1) to obtain

Zαn
(
x; q, ρ

)
=
Γq

(
ρn + α + 1

)(
q; q

)
n

n∑
j=0

[
n
j

]
q

(−1) j q j( j−1)

Γq
(
ρ j + α + 1

)xρ j, (3.8)

where Zαn
(
x; q, ρ

)
denotes the q-Konhouser biorthogonal polynomials due to Yadav and Singh [19, p,185,

eqn.(2.1)]. Thus for ρ = 1, the above polynomial in view of Theorem 3.1 (with α replace µ+1 therein), yields
the following formulas:

Sq
{
xµZαn

(
x; q, 1

)
; s

}
= sµ

(
1 − q

)µ+α Γq
(
µ + 1

)
Γq (n + α + 1)(

q; q
)

n
(
q; q

)
α

× 2Φ2

(
q−n, qµ+1; qα+1, 0; q,− (

1 − q
)

qns
)
,

Sq
{
xµZαn

(
x; q, 1

)
; s

}
= sµ

(
1 − q

)µ+α Γq
(
µ + 1

)
Γq (n + α + 1)

K
(
s;µ + 1

) (
q; q

)
n
(
q; q

)
α

× 2Φ1

(
q−n, qµ+1; qα+1; q,

(
1 − q

)
qn−µ+1s

)
.
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Example 5. Finally, on setting N = 1 and

S j,q =
Γq (α + 1 + n)

(
1 − q

)n Γq
(
α + β + n + 1 + j

)
(−1) j q j( j+1)/2−nj(

q; q
)

n Γq
(
α + β + n + 1

)
Γq

(
α + 1 + j

)
in equation (3.1) to obtain

P(α,β)
n

(
x; q

)
=

(
qα+1; q

)
n(

q; q
)

n
2Φ1

(
q−n, qα+β+n+1; qα+1; q, xq

)
,

where P(α,β)
n

(
x; q

)
denotes the q-Jacobi polynomials (cf. [19, p, 185, eqn. (2.1)]). Thus, by Theorem 3.1 we

find that

Sq

{
xµP(α,β)

n
(
x; q

)
; s

}
=sµ

(
1 − q

)µ+α+n Γq
(
µ + 1

)
Γq (n + α + 1)(

q; q
)

n
(
q; q

)
α

× 3Φ2

(
q−n, qα+β+n+1, qµ+1; qα+1, 0; q, qs

)
,

Sq

{
xµP(α,β)

n
(
x; q

)
; s

}
=sµ

(
1 − q

)µ+α+n Γq
(
µ + 1

)
K

(
s;µ + 1

) Γq (n + α + 1)(
q; q

)
n
(
q; q

)
α

× 3Φ1

(
q−n, qα+β+n+1, qµ+1; qα+1; q,−qn−µs

)
.

Though several similar results can be obtained from our theorems, we omit further details. Now we give

some results on q-Sumudu transform of basic analogue of Fox’s H-function.

4. Some Results on q-Sumudu Transform of Basic Analogue of Fox’s H-Function

The basic analogue of the Fox’s H-function of one variable due to Saxena, Modi and Kalla [16] is given
by

Hm1,n1
A,B

 (a1, α1), (a2, α2), · · · , (aA, αA)
x; q

(b1, β1), (b2, β2), · · · , (bB, βB)


=

1
2πi

∫
C

m1∏
j=1

G(qb j−β js)
n1∏
j=1

G(q1−a j+α js)πxs

B∏
j=m1+1

G(q1−b j+β js)
A∏

j=n1+1
G(qa j−α js)G(q1−s) sinπs

dqs, (4.1)

where

G(qα) =
∞∏

n=0

{(
1 − qα+n)}−1

=
1(

qα; q
)
∞
, (4.2)

and 0 ≤ m1 ≤ B; 0 ≤ n1 ≤ A; α j and β j are all positive integers. The contour C is a parallel to Re (ωs) = 0,with
indentations, if necessary, in such a manner that all the poles of G(qb j−β js) (1 ≤ j ≤ m1) are its right, and those of
G(q1−a j+α js) (1 ≤ j ≤ n1) are to the left of C.The basic integral converges if Re

[
s log(x) − log sinπs

]
< 0, for large

values of |s| on the contour C, that is if
∣∣∣∣{arg(x) − ω2ω−1

1 log |x|
}∣∣∣∣ < π,where

∣∣∣q∣∣∣ < 1, log q = −ω = − (ω1 + iω2) ,
ω1 and ω2 being real.
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Further, if we set αi = β j = 1, for all i and j in definition (4.1), we obtain the following basic analogue of
Meijer’s G-function:

Gm1,n1
A,B

 a1, , a2, · · · , aA
x; q

b1, b2, · · · , bB


=

1
2πi

∫
C

m1∏
j=1

G(qb j−s)
n1∏
j=1

G(q1−a j+s)πxs

B∏
j=m1+1

G(q1−b j+s)
A∏

j=n1+1
G(qa j−s)G(q1−s) sinπs

dqs, (4.3)

where 0 ≤ m1 ≤ B; 0 ≤ n1 ≤ A and Re
[
s log(x) − log sinπs

]
< 0.

Further, if we set n1 = 0 and m1 = B in the equation (4.3), we get the basic analogue of MacRobert’s
E-function due to Agarwal [2], namely

GB,0
A,B

 a1, , a2, · · · , aA
x; q

b1, b2, · · · , bB

 ≡ Eq

[
B; b j : A; a j : x

]

=
1

2πi

∫
C

B∏
j=1

G(qb j−s)πxs

A∏
j=1

G(qa j−s)G(q1−s) sinπs
dqs, (4.4)

where Re
[
s log(x) − log sinπs

]
< 0.

Saxena and Kumar [15], introduced the basic analogues of Jν(x), Yν(x), Kν(x), Hν(x) in terms of Hq(·)
function as under:

Jν(x; q) = {G(q)}2H1,0
0,3

 x2(1 − q)2

4
; q

( ν2 , 1), (−ν2 , 1), (1, 1)

 (4.5)

where Jν(x; q) denotes the q-analogue of Bessel function of first kind Jν(x).

Yν(x; q) = {G(q)}2H2,0
1,4


(
−ν − 1

2
, 1)

x2(1 − q)2

4
; q

( ν2 , 1), (−ν2 , 1), (−ν−1
2 , 1), (1, 1)

 (4.6)

where Yν(x; q) denotes the q-analogue of the Bessel function Yν(x).

Kν(x; q) = (1 − q)H2,0
0,3

 x2(1 − q)2

4
; q

( ν2 , 1), (−ν2 , 1), (1, 1)

 (4.7)

where Kν(x; q) denotes the basic analogue of the Bessel function of the third kind Kν(x).

Hν(x; q) =
(

1 − q
2

)1−α
H3,1

1,4


(
1 + α

2
, 1)

x2(1 − q)2

4
; q

( ν2 , 1), (−ν2 , 1), ( 1+α
2 , 1), (1, 1)

 (4.8)
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where Hν(x; q) is the basic analogue of Struve’s function Hν(x).
Following Yadav, Purohit and Kalla [18], we have the following q-extensions of some elementary

functions in terms of a basic analogue of the Fox’s H-function as:

eq(−x) = G(q)H1,0
0,2

 x(1 − q); q
(0, 1), (1, 1)

 (4.9)

sinq(x) =
√
π(1 − q)−1/2{G(q)}2H1,0

0,3

 x2(1 − q)2

4
; q

( 1
2 , 1), (0, 1), (1, 1)

 (4.10)

cosq(x) =
√
π(1 − q)−1/2{G(q)}2H1,0

0,3

 x2(1 − q)2

4
; q

(0, 1), ( 1
2 , 1), (1, 1)

 (4.11)

sinhq(x) =
√
π

i
(1 − q)−1/2{G(q)}2H1,0

0,3

 −x2(1 − q)2

4
; q

( 1
2 , 1), (0, 1), (1, 1)

 (4.12)

coshq(x) =
√
π(1 − q)−1/2{G(q)}2H1,0

0,3

 −x2(1 − q)2

4
; q

(0, 1) ( 1
2 , 1), (1, 1)

 (4.13)

Theorem 4.1. Let k ∈ I and λ be any complex number, then the q-Sumudu transform of Hq(.) function is given by

Sq

{
xλHm1,n1

A,B

[
λxk; q

∣∣∣∣∣ (a1, α1), · · · , (aA, αA)
(b1, β1), · · · , (bB, βB)

]
; s

}
=

sλ

G(q)
Hm1,n1+1

A+1,B

[
λsk; q

∣∣∣∣∣ (−λ, k), (a1, α1), · · · , (aA, αA)
(b1, β1), · · · , (bB, βB)

]
, k > 0, (4.14)

=
sλ

G(q)
Hm1+1,n1

A,B+1

[
λsk; q

∣∣∣∣∣ (a1, α1), · · · , (aA, αA)
(1 + λ,−k), (b1, β1), · · · , (bB, βB)

]
, k < 0, (4.15)

where 0 ≤ m1 ≤ B, 0 ≤ n1 ≤ A and λ is arbitrary quantity.

Proof. To prove the result (4.14), we consider the left hand side of the Theorem 4.1 (say L) and make use of
the definition (4.1) to obtain

L = Sq


xλ

2πi

∫
C

m1∏
j=1

G(qb j−β jz)
n1∏
j=1

G(q1−a j+α jz)π(λxk)z

B∏
j=m1+1

G(q1−b j+β jz)
A∏

j=n1+1
G(qa j−α jz)G(q1−z)sinπz

dqz; s

 .
On interchanging the order of summation and q-transform, which is valid under the conditions given with
the equation (4.1), the above expression reduces to

L =
1

2πi

∫
C

m1∏
j=1

G(qb j−β jz)
n1∏
j=1

G(q1−a j+α jz)π(λ)z

B∏
j=m1+1

G(q1−b j+β jz)
A∏

j=n1+1
G(qa j−α jz)G(q1−z)sinπz

Sq

{
xλ+kz; s

}
dqz.



Durmuş Albayrak et al. / Filomat 27:2 (2013), 411–427 426

Now, on using the formula [3, Theorem 8, (39)]

Sq

{
xα−1; s

}
= sα−1 (

1 − q
)α−1 Γq (α) ,

we get

L =
sλ

2πi

∫
C

m1∏
j=1

G(qb j−β jz)
n1∏
j=1

G(q1−a j+α jz)π(λsk)z

B∏
j=m1+1

G(q1−b j+β jz)
A∏

j=n1+1
G(qa j−α jz)G(q1−z)sinπz

(
1 − q

)λ+kz Γq (λ + kz + 1) dqz.

Following the definition (4.2) and q-gamma function, we have

(
1 − q

)λ+kz Γq (λ + kz + 1) =
G(qλ+kz)

G(q)
,

therefore, we obtain

L =
sλ

2πiG(q)

∫
C

m1∏
j=1

G(qb j−β jz)
n1∏
j=1

G(q1−a j+α jz)G(qλ+kz)π(λsk)z

B∏
j=m1+1

G(q1−b j+β jz)
A∏

j=n1+1
G(qa j−α jz)G(q1−z)sinπz

dqz

which on interpretation in view of the definition (4.1), leads us to the right hand side of the result (4.14).
The second part of theorem, i.e. result (4.15) follows similarly.

Now, as an application of results (4.14) or (4.15), we can derive a number of results, by taking equations
(4.3) to (4.13) into account. For example,

Sq

{
xλeq(−x); s

}
= sλH1,1

1,2

 (−λ, 1)
s(1 − q); q

(0, 1), (1, 1)

 . (4.16)
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