Filomat 27:2 (2013), 245-249 Published by Faculty of Sciences and Mathematics,
DOI 10.2298/FIL.1302245S University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

Harmonic Bergman spaces on the complement of a lattice
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Abstract. We investigate harmonic Bergman spaces ¥ = b*(Q2), 0 < p < oo, where Q) = R" \ Z" and prove
that b7 C b? for n/(k + 1) < g < p < n/k. In the planar case we prove that b’ is non empty forall 0 < p < co.
Further, for each 0 < p < oo there is a non-trivial f € b¥ tending to zero at infinity at any prescribed rate.

1. Introduction

We denote the space of all complex valued harmonic functions on a domain V' c R” by h(V), with
topology of locally uniform convergence. For 0 < p < oo we set b*(V) = LP(V) N h(V). With respect to
L? (quasi)norm these spaces are Frechet spaces for 0 < p < 1 and Banach spaces for p > 1. Let ' = 2",
Q = R"\T. In the planar case the analytic Bergman spaces B?((2) were studied in [1], in this paper we
investigate harmonic Bergman spaces b (€2).

For x € R" and r > 0 B(x,r) denotes the open ball of radius r centered at x. We set, for x € R”,
[Ixlleo = maxi<j<y |xjl. Also, Q(z,a) = {w : [lw - z|lo < a/2} denotes an open cube centered at z € R" of side
length a > 0 and Q(z,a) = Q(z,4) \ {z}. In the planar case we also use notation D(z,7) = {w : |z — w| < 7},
D, = D(0,r). The n dimensional Lebesgue measure is denoted by dm. Letter C denotes a constant, its value
can vary from one occurrence to the next. For future reference we state some known facts.

Proposition 1.1. If f : R* — C is a harmonic function, not identically equal to zero, then f ¢ bP(R"), p > 0.
Moreover:

1/p
( f If(y)l”dy) > C,,,R"P|f(%), xeR" 1)
B(x,R)

Proof. Indeed, (1) follows from subharmonic behavior of |f|’ for 0 < p < oo, see [3]. Therefore

1/p
( If(y)l”dy) > Rlim Cp,nlf(x)an/p = +o0
R" —+00
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whenever f(x) # 0 for some x € R". O
It is a standard fact that for f € bP(V), V c R", 0 < p < +o0 we have

If(x)] < Cpn”f”p, where r=d(x, V°). 2)

In fact, using (1.1), we get

m(B(x, 7))

and (2) easily follows. Note that the this allows one to conclude that convergence in b"(V) implies locally
uniform convergence on V.
We need certain facts about expansions of harmonic functions near singularities, for details see [2].
Supposen > 3,a € V CR?, and f € h(V \ {a}). Then there are homogeneous harmonic polynomials p,,
and gy, of degree m such that

0= putc—n)+ ) U0 ©)

12 i P —n)| £1]P
P < | wpam<cors,
B(x,r)

A classification of singularities follow from this expansion: f has a removable singularity at a if and only
if lim |x — a2 (f(x)| =0, f has a pole ata of order M + n — 2 if and only if 0 < lim sup |x — M2 |f(x)| < o0
x—a xX—a

and finally point a is an essential singularity if and only if lim sup |x — al™ ( f (x)| = oo for every positive

integer N.
When n = 2 the situation is slightly different, in that case there are homogeneous harmonic polynomials
pm and gy, of degree m on R? such that

(Z) Z‘pm(z - ﬂ) + qo log |Z _ al + Z qm(z - a) (4)

m=0

The presence of the logarithmic factor makes a difference between analytic and harmonic case, see for
example Proposition 2.3 below.

I Of;l(zziul = 0, it has a fundamental pole at a if

In the above situation f has a removable singularity at 2 iff lim
z—a

_f@
loglz al

and only if 0 < hm < 0o, it has a pole at a of order M if and only if 0 < limsup |z — a[™ |f(z)| < oo and
zZ—a

finally f has an essential singularity at a if and only if lim sup |z — a|" | f (z)| = oo for every positive integer N.

z—a

There is an alternative, but equivalent way to expand u € h(V \ {a}), V C C, namely to use analytic and
conjugate analytic functions. We assume, for simplicity, that a = 0. Then we have

u(z) = ag + by log |z| + Z(cnz” +d,Z", 0<lz<r (5)

n#0

Note that ag = ag(u), by = bo(u), ¢,, = c,(u) and d,, = d,,(u).
Proposition 1.2. The functionals ag, by, ¢, and d,,, n # 0, are continuous on the Frechet space h(V'), V' = V' \ {0}.

Proof. Using

8u

bo(u) = 0 < p < dist(0,V), 6)
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where C, is the circle centered at 0 of radius p, we conclude, using continuity of derivatives on the space
h(V’) that by is continuous on h(V’). Now we fix 0 < p; < pz < dist(0,dV). For any k # 0 we have

Gu(u) = ﬁ fc u(2)z s = c(u) + prd o) )
and
Yre(u) = 273? fc u(z)zkds = p2er(u) + d_i(u). (8)

Both ¢ and ) are continuous on h(V’), since (7) and (8) represent a system of linear equations with
determinant 1 — (p2/p1)* # 0 it follows immediately that c; and dj are continuous. The case of a is left to
the reader. O

2. Inclusions between b” spaces
We start with an auxiliary proposition.
Proposition 2.1. Assume f € bP(V’), where V' = V' \ {a} for somea € V C R". Then
f@)l = o(x—al™"),  x—a )

In particular, a is either a removable singularity of f or a pole of order k < n/p. If n > 3andp > -5, thenaisa
removable singularity.

Proof. Applying (2) to V = B(x, |x — a]) one gets (9) and that suffices in view of the above classification of
isolated singularities. O

Combining the last proposition and Proposition 1.1 we obtain the following:
Corollary 2.2. If f € b'(QY), p > 15 and n > 3, then f is identically zero.

n-2

Our first result demonstrates a basic difference between harmonic and analytic Bergman spaces on Q in
the planar case, namely B”(Q2) = {0} for p > 2, see [1]. However we have:

Proposition 2.3. Ifn =2, then bP(Q)) # {0} for 0 < p < oo.

Proof. The function f(z) = log |z — 1| — 2log |z| + log |z + 1| is harmonic in Q) and, by Lagrange’s theorem,
If(2)] = O(|zI™) as z — 0. Therefore f € b*(Q).

Similarly, f(z) = loglz + 1| — log|z| is harmonic in Q and, by Lagrange’s theorem, |f(z)| = O(|z|™").
Therefore f € b"(Q)) for 2 < p < oo.

Finally, for 0 < p < 2 the analytic Bergman spaces BF(€)) are non-empty, in fact they contain nontrivial
rational functions, see [1]. O

Lemma 2.4. Letk € Nand n/(k+1) < q <p <n/k. Then there is a constant C = Cp ,, such that

Nl a1y < Cllttllyaqoasyay — for every u € b(Q(a,3/2)), a€Tl.

Proof. This lemma states that the restriction operator R : b1(Q(a, 3/2)) — b*(Q(a, 1)) given by Ru = Uulyan)
is continuous. Since both spaces b7(Q(a,3/2)) and b”(Q(a, 1)) are complete it suffices, by the closed graph
theorem, to prove that R maps b1(Q(a,3/2)) into b"(Q(a,1)). Let u € b7(Q(a,3/2)). Since q > n/(k + 1)
Proposition 3 implies that the order of pole of u at a is at most k. Therefore, [u(z)lI’ = O(la - z|™%) where
kp < n. Hence |ul is integrable in a neighborhood of 4 and that implies u € b"(Q(a, 1)). O

The main result of this section is the following result.
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Theorem 2.5. Ifn/(k+1)<g<p<n/k(k=1,2,...), then b1(Q) C b’ (QY).

Proof. Set Q, = Q(w,1) for w € I. Let u € b1(Q). The poles of u have orders at most k hence
u(z) = O(|z — w|™) as z = w. Therefore ulg, € LP(Q,). Using Lemma 1 we get

plq
f luPdm < CZ ( f |u|qdm)
Do Qw,3/2)

wel’

= | updin =
b= )3

wel’

plq
sc[z f Iulqdm]
wel YQw3/2)
p/q
s4”/‘7C[Z f Iulqdm] = 471C]ull}

wel’

because p/q > 1 and almost every point in C lies in precisely 4 squares Q(w, 3/2). O
We note that the above proof can be used to prove Theorem 1 from [1], in fact it presents a simplification
of the proof given in [1].

3. Asymptotics at infinity of functions in b”(Q2)

One might conjecture that on the set Q. = {z € C : d(z,I') > €} we can control the size of functions
f € b(Q), for example that we can prove f(z) = O(|z|??), |z| = o, z € Q.. However, this is never true
in general. The following theorem was proved in the case 0 < p < 2 for analytic Bergman spaces B?(()
in [1], and the same method of proof works in the present situation. We present this proof for reader’s
convenience.

Theorem 3.1. Implication f € bP(QQ) = f(z) = O(|z|™) as |z| — oo, z € Q) does not hold for any 0 < p < oo, a > 0,
0<e<1/V2

Proof. Assume this implication holds for some 0 < p < 00, @ > 0 and 0 < € < 1/ V2. One easily proves
that
heo = {f € H(Qe) : lIfllea = suplz|*|f(2)] < +o0}

z€Q,

is a Banach space. The restriction operator R : b(Q2) — k¢, has closed graph because convergence in both
(quasi)-norms || - ||, and || - ||« implies pointwise convergence. Hence R is bounded, that is ||fllc. < ClIfl,
for all f € bP(Q). Let us pick a non-trivial f € bP(Q). Then

[fzol = Ifu(zo = m)l < lzo = 1[Il fullea < Clzo — nl™ (I faully
= Clzo —nl™lIflly

forall n € N, zg € Q¢ (f, denotes a function f,(z) = f(z + n)). This gives, asn — oo, f(z9) = 0, hence f(z) =0
on Q. and therefore on Q) as well. Contradiction. O

Remark 3.2. The same proof works for a function ¢(|z|) instead of |z|™, where ¢(r) is strictly positive and
lim, 10 @(r) = 0.
4. Some generalizations and open problems

We alert reader to possible generalizations and open problems, these are parallel to those mentioned in
[1]. One can define mixed norm spaces b"7(Q) using (quasi)-norms
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qlp\ M
Al Lo} sennee

wel’

If

Note that 0PP(Q) = bP(Q). Some of our results generalize to the bP¥ spaces, without any substantial
changes in the proofs. For example:

o epr 2 2
bt c b, n+1sq<p<n 0<7r<+o0 (10)

Finally, we mention some natural questions on b”({)) spaces.

1. Is there a bounded projection from L”((2) onto b”(Q2)? This problem is related to the problem of finding
the dual space of b7(Q), see [5] for the problem in the context of analytic functions.

2. Describe the dual of b7 (Q).

3. Is bP(Q) isomorphic to I'? We note that there is a vast amount of literature related to classical Banach
spaces, see [4].

4. Are there sequences z, in Q such that ||f ||5 ~ Yo Az, T2 f(zn)IP?
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