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WEIGHTED COMPOSITION OPERATORS FROM MINIMAL
MOBIUS INVARIANT SPACES TO ZYGMUND SPACES

Songxiao Li?

*Department of Mathematics, JiaYing University, 514015, Meizhou, GuangDong, China

Abstract. The boundedness and the compactness of weighted composition operators from minimal Mébius
invariant spaces to Zygmund spaces on the unit disc are investigated in this paper.

1. Introduction

Let ID denote the open unit disk in the complex plane C and H(ID) the space of all analytic functions in
D. Let H* denote the bounded analytic function space in ID. An f € H(ID) is said to belong to the Bloch
space, denoted by 8 = B(D), if

Il = sup(1 = zP)|f" (2)| < co.

zeD

The space 8 becomes a Banach space with the norm |[|fllg = |f(0)| + [|f]|. Let By denote the subspace of B
consisting of those f € B such that limp,,1(1 — [z[%)|f’(z)| = 0. This space is called the little Bloch space.
For a € D, let g, be the automorphism of ID exchanging points 0 and a, namely

a—z
O'u(Z) = m, z e D.

The analytic Besov space B, is defined to be the set of all analytic functions f on ID which can be written as

0o

f@) =) a.0,,(2)

n=1

for some sequence {a,} in I'and A, € D. We norm B; by

/1B, = inf{ i la| : f(z) = i anaA,,(Z)}.
n=1 n=1
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It is obvious that B; ¢ H®. In fact, functions in B; can extend continuously to the boundary, so B; is a
“boundary regular” space (see [5]). B; is a subset of By. Moreover as is the case for B, the set of polynomials
is dense in By (see [2]). The space B; was extensively studied in [2], where it was shown that if one defines
appropriately the notion of a “Mobius invariant space”, then B; is the smallest one. Hence, B; is also called
the minimal Mébius invariant space. Moreover, there exists a constant C > 0 such that for every f € B; (see
[2, 35]),

C‘lfIf"(Z)Idz‘l(Z)Sllf—f(O)—f'(O)ZIIBl SCf [f"(@)dA(z), 1)
D D

where dA is the normalized area measure, that is A(D) = 1.
An analytic function f € H(ID) N C(ID) is said to belong to the Zygmund space Z if

F(EO) + FeO) = 2 ()
sup 7 < 00,

where the supremum is taken over all ¢ e gD and h > 0. By the Theorem 5.3 in [7] and the Closed Graph
Theorem we have that f € 2 if and only if

sup(1 — [zP)If"(2)] < oo.
zeD

It is easy to see that 2 is a Banach space under the norm
Ifllz = 1£O)I + |f"(O) + Szlelg(l = 2P @) )
Let ) denote the subspace of 2 consisting of those f € 2 for which
lim(1 - 2P)If )] = 0.

The space 2 is called the little Zygmund space.
Throughout the paper, S(ID) denotes the set of analytic self-map of ID. Associated with ¢ € S(ID) is the
composition operator C, defined by

Cof=fog
for f € H(ID). Let u € H(ID). Define a linear operator uC, on H(ID) as follows:

(uCy f)(2) = u(z)f(p(2)), f € H(D).

We call uC,, the weighted composition operator and regard this operator as a generalization of a mul-
tiplication operator and a composition operator. We refer to the book [5] for the theory of composition
operators.

Composition and some related operators from or to Zygmund spaces on the unit disk or the unit ball were
studied, for example, in [4, 14-19, 26, 27]. Composition operators on the minimal Mobius invariant space
was studied in [2, 3, 6, 32, 34]. For some extensions of Zygmund spaces and studying operators on them
see, for example, [28-30] and the references therein. The boundedness and compactness of composition
operators and weighted composition operators between different analytic function spaces on unit disc D,
as well as, on unit ball are studied, for example, in [1, 8-13, 20-25, 33, 37, 38] (see also related references
therein).

In this paper, we investigate the boundedness and compactness of the weighted composition operator
uC, from minimal Mobius invariant spaces to 2° and Z.

Throughout this paper C denotes a positive constant which may be different at different occurrences.
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2. Main results and proofs

In this section we formulate and prove our main results in this paper. First, we quote several auxiliary
results. The first one can be found in [31].

Lemma 1. Assume f is a holomorphic function on D and continuous on D. Then the modulus of continuity on the
closed unit disk is bounded by a constant times the modulus of continuity on the unit circle.

Using Lemma 1 and the fact that B; C A(D), the disk algebra of analytic functions in C(D), the following
criterion for compactness follows by similar arguments as in the proof of Lemma 3.7 in [22].

Lemma 2. Suppose that ¢ € S(ID) and u € H(ID). The operator uC, : By — 2 is compact if and only if

uCy : By — 2 is bounded and for any bounded sequence (f,)nen in By which converges to zero uniformly on D, we
have |[uCy full2z — 0 asn — oo.

Lemma 3. [15] A closed set K in % is compact if and only if it is bounded and satisfies

lim sup(1 — |z[*)| ' (z)| = 0.
|zl—=1 feK

Now, we are in a position to formulate and prove the main results of this paper.

Theorem 1. Suppose that ¢ € S(ID) and u € H(ID). Then uC,, : By — Z is bounded if and only ifu € 2,

M, —Szlelﬂljs = lp@P < 00 .
and
— |72 7(N[2
M, = sup L D@9’ @)l .

b A-le@Pr
where v(z) = 2u’ ()¢’ (z) + u(z)p” (z).

Proof. Suppose that u € Z, (3) and (4) hold. Note that B; € H* N By and H* is Mobius invariant (see
[2,35]), forh = Y."; a,01, € By, with (a,)en € £ and t, € D, n € N,

(o) (o9
WAl < Willeo <Y lanllo, Nl = ), .
n=1 n=1

Taking the greatest lower bound over all such sequences (a,),en in the above representation of &1, we obtain
171l < MIAlleo < lIFllB,.

Thus, for an arbitrary z in ID and f € B;, we have

(1= 1ZP)IWCy /)" ()l

= (1-EPW @f(@@) +v@)f (@E) + @)@ @) f (9@)
< (1= EP@If(e@)] + (A - D@ @RI @) + (1 - EPREIf (9@)
1— |z "(2))2 2
< Cllflls, [(1 — P ()] + (1 = z9) ) (@’ (2))7 + 1 = 1zI9)v(z)| 5

(1= lp@)P)? 1-lp@P I

where in the last inequality we have used the following well known characterization for Bloch functions
(see [36])

Su]g(l = 2P)If @) < |f O + 3“5(1 = 2PV ).
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Taking the supremum in (5) over D and then using the assumption conditions we obtain that uC, : By — 2
is bounded.
Conversely, suppose that uC,, : By — 2 is bounded. By using test functions 1,z € By, we getu € 2° and

sup(1l - Iz’ (2)p(z) + v(z)| < oo,
zeD

respectively. Hence, by the fact that u € 2, we obtain

sup(1 - [z9)[o(2)| < o, (6)
zeD

which implies that
2
A-EPREI _

7
peisy 1T IPEP ”
By using test function p(z) = z% € By, we have
oo > |pllg [[uColl = [uCypllz = Suulgﬁ(l — |2P)I(uCyp)” (2)|
= su}g(l — 2P| 2)((2))* + 2u(z)(@’ (2))* + 20(2)p(2)|,
which with u € 2 and (6) implies that
Su]]};(l — l2P)lu(z)(¢ (2))] < co. (8)
Hence by (8), we get
(1 = 12P)luz)(¢’ (2))°l ©)
e
If a € D such that |p(a)] > 1, take
— 2 _ — _ _ _
fzy = AT R@D@@ -2 @z _ oo ez e@-z (10)
(1 - p(a)z)? 1-¢@(a)z 1-p@z 1-¢@):z
From Theorem 10 of [2], we see that B; is an algebra and
fglls, < 7llflls lIglls,, forall f,g € Bi. (11)
Hence f, € B. Itis easy to check that f,(¢(a)) =0,
(1 _ 2 _ (1 — 2 2 _ 1 _ oy
£ = 2¢(a)(1 |<Pﬂ )(p(a) - 2) and £(z) = 2¢(a)(1 - |p(a)] )(3|i(a)| 1 2<P(H)Z).
(1 -z (1 -p@)z)!
Thus —
’ _ 1/ _ _zqo(a)
fa(p@) =0 and f;'(p()) = T @PE
Therefore, we have
00 > |uCyfillz = sup(l — lzP)|(uCyfa)" (2)|
zeD
= Su]g(l ~ [2P)|u" (@) falp(2)) + (@)@’ (2))* f; (9(2)) + 0(2) ;7 ((2))
> (1 laP)|u” @) ful@@) + w@)(Q @) f; (@) + v(@) f; (@)
_ 142 ’ 2 _zm
= (1 -lal)u@)(¢’ () a=fo@m2| (12)
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It follows that

sup (1 - WP)|u@(e’ @) —22) 13)

p@I>1/2 - lp@pr| ==
which implies
(1 = laP)u@le’ @)P
papiz  (L=lp@P)?
By (9) and (14) we obtain (4).

Next, set g,(z) = % Then g,(z) € By,

(14)

_ 2 (N (1 — 2
_ 1 -lp(a)] and ¢'(z) = _2<P(11)(1_|<P(11)| ). (15)

(1 - p(a)z)? (1 - p@)2)®
Thus, by the boundedness of uC,, and (15), we have

g,(2) =

00 > [uCpgallz = sup(l — [ZP)uCypga)” ()|
zeD

= sup(l - )" (2)9.(p(2)) + u(2)(@ (2)Y 3, (9(2)) + v(2)g4(p(2))]

zeD
> (1-laf)

u” (a)ga((a)) + u(@) (@’ (@))*g, (@) + v(@)g,(¢@))|
2u(a)(@’(@)’p@) o)
1 -lp@)P)? 1= lp@Pl
Employing (12) and (16), it follows that
(= WP@] _
lp@)[>1/2 1-lp@)?

= (1-laP)

(16)

(17)

From (17) and (7), we get (3). The proof is completed.

Theorem 2. Suppose that ¢ € S(D) and u € H(D). Then uC, : By — 2 is compact if and only if uC, : By — 2
is bounded,

. (- EPE)|
o1 1= P 0 (18)

and

(1 - Pl P
oo - lp@Pr (19)

Proof. First assume that uC, : By — 2 is bounded, (18) and (19) hold. By the boundedness of
uC, : By — 2 and the proof of Theorem 1, we see that u € 2,

I = sup(1 - |zP)o(z)l < 0o, I := sup(1 — lzP)uz) (@’ (2))* < oo. (20)
zeD zeD

From (18) and (19), for any ¢ > 0, there is a positive number o, 0 < 6 < 1, such that
—|~]2 1 = |z[2 7 (\|2
-1zl )IU(ZZ)I <e (1-1zl )IM(Z)H;PZ(Z)I <e
1-1lp@) (1 = lp@)*)
when 0 < |p(z)] < 1.

(21)
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Let (f,)nen be a bounded sequence in B; and suppose that f, converges to zero uniformly on D.
Employing (2), (20) and (21), we have

sup(l - |Z|2)|(qu,fn)”(Z)|

zeD

= Sulg(l ~ P @) fulp@) + @)@ @) £ (@@) + 0@ f(p())]

< sup(l- 2P @) falp@)] + Sup. 1 - 2PuE)(@ @)*f; (@)
zE p(z <O
+ sup 1(1 — ZP)u)(@’ @) £ (@) + Sup 1 - 2P f(p@)| + P 1 - 2P f(p@)|
<lp(2)I< p(2)|<0 o0<|p(z)l<1

1 - P @)y’ )P

2 ’ 211 £
< lulle sup Ifulp@)] + l;(glzé(l — 2 u@)(@" @)1 £ (@) + Cll falls, a<|s<p1<lzl>)|<1 GEE
(1 = 1zP)lo(z)|
1— |z / Cllfulla, T EIASN
- |<ps(3|125( )@ fa (@) + Cll fulls 6<|S(pl'(121;)\<1 = lp@PE
< lulle sup |fu(w)l + I |Slllp5 (@)l + I ‘a‘l}g | @)l + &Cll full,,
welD w|< w|<
i.e., we get
uCp full 2 = Su]g(l = ZP)I(uCy f)" @) + 11(0) fu(@(O))] + 11 (0) fu((0)) + 1(0) £ ((0))’ (O)|
< lullz suplfu(@)| + I |SI\JP Ife@)l + I lSlllp Iy @)l + eCll fulls,
weD W] <6 w|<o
+H (O + W OO + 11O £ 0 O} 22)

From the fact that f, — 0 uniformly on D as 1 — oo, we have f, — 0 and f!’ — 0 uniformly on any compact
subset of ID as n — oo. Therefore

llullz sup | fu(w)| + I sup | f(w)| + L2 sup |f; (w)| — 0
weD [w]<6 [w]|<d
and (Ju(0)| + [’ (0))|fu((0))| + [u(0) f:(¢(0))p’(0)] = 0 as 1 — oco. Let n — oo in (22) and notice that ¢ is an
arbitrary positive number it follows that

lim [4Cp fyll = 0.

By Lemma 2, we have that uC,, : B = 2 is compact.

Conversely, suppose uC, : By — 2 is compact. Then it is clear that uC, : By — 2 is bounded. Let
(zk)kew be a sequence in ID such that |p(zi)] — 1 as k — oo (If there are no such sequences, then (18) and (19)
automatically hold). Set

— 2 — —

fitg = LREIOEI D) (B _ ) 23)
(1= p(zk)2)? 1-p@)z

o= PO E e - A EPE —2) o

~ o)z (1 - p(z)z)?

We see that f, gx, lx € B1. Moreover, fi, gk, hx converges to zero uniformly on D as k — oo. Since uC, is
compact, by Lemma 2 we have

luCofillz = 0, NuCpgillz — 0, [uCohillzz -0 as k — co.
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After some calculations, we have

" 0(zk) 20(z)u(zi) (@’ (21))?
(= P E9e0 + T+ =1 gggpr | < MConllz =0 25)
) 20 (z0u(z) (¢’ ()
Q- P o) + e e | < WCofillz —0 20
and
o o) 20EJuE) (@ (z)?
(1= 1z 7= PERE s PR < uCplyllzz — 0 (27)
as k — oco. From (25) and (27), we get
(1 =zl (z )z - 0 as k — oo. (28)
From (26) and (28), we obtain
| 22@uE) @ @) e
BT q gy |70 fo e )
From (27) and (29), we see that
— 2 —U(Zk) — — 00
(1 = |z9) T lpGoR 0 as &k . (30)

Then the result follows from (29) and (30). This finish the proof.

Theorem 3. Suppose that ¢ € S(D) and u € H(ID). Then uC,, : By — 24 is bounded if and only if uCy : By — 2
is bounded, u € %,

lim (1 - zP)lo(z)l = 0 (31)

and

lim(1 - 2P’ () =0. (32)

Proof. Suppose that uC,, : By — 2 is bounded, then uC,, : By — 2" is bounded. By using test functions
1,z,2% € By, we get u € 2,

|B£n>1 (1= 2P 2)p) +vz) =0 (33)

and
Igl_nﬂ(l — 2P (2)(@(2))* + 29(2)0(z) + 2u(z)(¢’ (2))*] = 0. (34)

From u € %, (33) and (34), we see that (31) and (32) hold.
Conversely, suppose that uC,, : By — 2 is bounded, u € %, (31) and (32) hold. For each polynomial p,
we have

(1= ZP)@Cyp)” @) = (1 = 12P)|u” @)p(p(@) + 0@ (9(2)) + w2 (@' @)P" (9(2))].

The conditions imply uCyp € 2. Since the set of all polynomials is dense in By, we see that, for every f € By,
there is a sequence of polynomials (p,)en such that ||f — pulls, = 0, as n — 0. Hence, by the boundedness
of the operator uC, : By — 2, we have

||uC([)f_ MC(anHff < ”quJ””f_Pn”Bl — 0, as n — oo.
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Since 2) is a closed subset of 2, we obtain uC,(B1) € Zy. Therefore uC,, : Bj — 2 is bounded. The proof
is completed.

Theorem 4. Suppose that ¢ € S(ID) and u € H(ID). Then uC,, : By — Zq is compact if and only if u € 24,

(1= zP))|
fd-1 1—lpE)P (35)
and
(1 - P)lu@)(@' @) _
Bl (- lp@PE (36)

Proof. Assume that uC,, : By — 2y is compact, then uC,, : By — 2 is compact and uC,, : By — Zy is
bounded. Applying Theorem 2, we obtain that (18) and (19) hold. From Theorem 3, we see that u € %, (31)
and (32) hold. Similarly to the proof of Lemma 4.2 of [12], from (18) and (31) we conclude that (35) holds.
Similarly, from (19) and (32), we see that (36) holds.

Assume that u € %9, (35) and (36) hold. From (5), for every f € By, we have

(1 - P)lu)(¢’ (2))°! L= IZIZ)IU(Z)I]
1-lp@)P 1-lp@P I

Taking the supremum in (37) over the unit ball {f € B; : ||fll, < 1}, and taking |z| — 1, from the assumption
conditions it follows that

lim sup (1- |z|2)|(uC(Pf)"(z)| =0.

=1 p1p, <1

(1 = 1zPI(WCp /)" (2)] < Cliflls, [(1 — 2P (@) + (37)

By Lemma 3, we see that uC,, : B — 2 is compact. The proof is completed.
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