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On /-Baire spaces

Zhaowen Li? Funing Lin®

#School of Science, Guangxi University for Nationalities, Nanning, Guangxi 530006, P.R.China

Abstract. In this paper, the concept of 7-Baire spaces is introduced, and characterizations and properties
of these spaces are given. It is shown that (X, 7) is Baire if and only if (X, 7, I') is 7-Baire for any ideal 7 on
X.

1. Introduction

It is well known that a Baire space is defined as a space in which every countable intersection of dense
open subsets is dense, or equivalently a space with the property that every nonempty open subspace is
nonmeager. Baire spaces have various applications in complete metric spaces. To develop applications of
Baire spaces, some researchers have studied some spaces such as hyperspaces, Volterra spaces (see [10, 19]).
Recently, Chakrabarti and Dasgupta [2] have investigated Baire spaces with minimal structure.

Ideals on topological spaces were studied by Kuratowski [17] and Vaidyanathaswamy [22]. Their
applications have been investigated intensively (see [3, 6, 7, 13, 16, 18, 20]).

The aim of this paper is to introduce and study J-Baire spaces. Some characterizations and properties
of 7-Baire spaces, including their subspaces, are investigated. Finally, some mapping theorems and a
topological sum theorem on J-Baire spaces are discussed.

2. Preliminaries

Let X be a nonempty set, let 2X be a family of all subsets of X and let 7 c 2X. T is called an ideal (resp.
a o-ideal) on X, if it satisfies the following conditions:
()IfAeZand BC A, thenBe€ T;

(2Q)If A,Be I (resp. {A,:neN}cTI),then AUBe T (resp. |J A, €T).
neN
If 7 is a topology on X and 1 is an ideal on X, then (X, 7, I) is called an ideal topological space or simply

an ideal space.
Let (X, 7, 7) be an ideal space. An operator (-)* : 2X — 2% called a local function [17] of A with respect
to T and 7, is defined as follows: for any A C X,

AI,1)={xeX: UNA¢ I forevery U € t(x)}
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where 7(x) ={U € t: x € U}.
An operator cl'(-) : 2X — 2% is defined as follows: for any A C X,

'(A)T,7) = AU AT, 7).

Since cl*(-) is a Kuratowski closure operator, c/(-)* generates a topology t*(£, 7), called *-topology. It is
easy to prove that t*(Z,7) D 7.

When there is no chance for confusion, we will simply write t* for t*(Z, 1), A* for A*(Z, ), c"A for
cI"(A)(Z, t) and i*A for int*(A)(Z, T), where

int'(A)I,7) = X — cI'(X — A)(T, 7).

A C Xis called *-closed [16] if c'A = A, and A is called *-open (i.e., A € 7%) if X — A is *-closed. Obviously,
A is #-open if and only if i*A = A.

Throughout this paper, spaces always mean topological spaces or ideal spaces on which no separation
axiom is assumed, and all mappings are onto. Sometimes, (X, 7) and (X, 7, ) are simply written by X. N
denotes the set of all natural integers. Let U c 2%, A ¢ X and x € X. U, denotes {U N A : U € U} and U(x)
denotes {U € U : x € U}. The closure of A and the interior of A are denoted by cA and iA respectively, and
we have

IACTTACACCACCA.

Let (X, 7,7) be anideal space and let Y C X. Then (Y, 7y, y) is an ideal space, where 7y = {UNY : U € 7}
and 7y ={INY:Iel}={l€T:1CY} Foraspace(X,1,1)(resp. (X,7", 1)) with A C Y C X, the closure of
A and the interior of A in the subspace (Y, 1y, Iy) (resp. (Y, 7y, 1v)) are denoted by cyA and iyA (resp. ¢}, A
and i} A), respectively.

Given A C X and some operators ; : 2X — 2X (i = 1,2,---,n). For convenience, we simply denote
71072 - (Yu(A)) - -)) by y1y2 -+ yuA.

Lemma 2.1. ([12]) Let (X, 7, I') be an ideal space and let A ¢ X. If U € 7, then UNc*A Cc c* (U N A).

Lemma 2.2. ([12]) Let (X, 7, I') be an ideal space and let A €'Y C X. Then c¢[,(A) =c’ANY.

3. #*-denseness and nowhere *-denseness

Definition 3.1. A subset A of an ideal space (X, 7, 7) is called
(1) *-dense [11],if A = X;
(2) nowhere *-dense [1], if i*'cA = 0.

The family of all nowhere *-dense subsets of an ideal space X shall be denoted by N*(X) or simply by
N* when no ambiguity is present.

Remark 3.2. Let (X, 7, 1) be an ideal space and let B Cc A C X.
(1) If A is *-dense in X, then A is dense in X.
(2) If A is nowhere *-dense in X, then A is nowhere dense in X.
(3)If A € N*, then B € N™.
(4) A € N*if and only if cA € N*.

Proposition 3.3. Let (X, 7, 1) and (X, 7, J) be two ideal spaces with I C J and A C X. If A is »-dense in (X, 1, ),
then A is »-dense in (X, 7, I).

Proof. This follows from the fact that 7 ¢ J implies A*(J,7) c A*(Z, 7). O

Proposition 3.4. Let (X, 7, 1) and (X, 0, 1) be two ideal spaces with t C 0 and A C X. If A is »-dense in (X, 0, 1),
then A is »-dense in (X, 7, I).
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Proof. This follows from the fact that T C ¢ implies A*(Z,0) C A*(Z, 7). O

Proposition 3.5. Let (X, 7, 1) be an ideal space. Then A C X is +-dense in X if and only if UN A # O for any
Uert — {0

Proof. Necessity. Let A be +-dense in X and let U € 7* — {0}. Pickx € U. Thenxe X =cA=AUA".

Casel. x € A.

Thenxe UNA.SoUNA #0.

Case2. x € A"

Suppose UN A = (. Since X — U is #-closed in X, (X - U)* ¢ X - U. Then U c X - (X -U)". Byx € U,
x ¢ (X —U)". It follows that VN (X - U) € 1 for some V € 7(x). By UNA =0, A ¢ X — U. This implies
VNAcCcVN(X-U). ThenVNAeIT.Sox¢ A, acontradiction. Thus, UN A # 0.

Sufficiency. Suppose c'A # X. PutU=X—-c'A. ThenU e " - {0}. ButUNA = (X-c"A)NA = 0. This is
a contradiction. O

Proposition 3.6. Let (X, 7, 1) be an ideal space and let A C X. The following are equivalent.
(1) AeN
(2) Foreach U € t* — {0}, U ¢ cA;
(3) Foreach U e v — {0}, U—-cA € T — {0};
(4) X — cA is *-dense in X.

Proof. (1)==(2) Suppose that U C cA for some U € 7* — {0}. Since A € N*, we have U = i*U C i"cA = 0.
Thus, U = 0, a contradiction.

(2)=@) LetU et —{0}. By (2), U ¢ cA. Then U - cA # (. Since X —cA € Tand 7 C 7°, we have
X—-cAet.NotethatU € t*. ThusU —cA=UN (X -cA) et - {0}.

(3)=(4) Let U € " — {0}. By (3), U — cA € t* — {0}. This implies that U N (X —cA) = U — cA # 0 for any
U € 7 — {0}. By Proposition 3.5, X — cA is *+-dense in X.

(4)=(1) Let X — cA be *-dense in X. Then X = ¢*(X — cA) = X — i"cA. This implies i*cA =  and thus
AeN. O

Proposition 3.7. Let (X, 7, I') be an ideal space and let AC Y C X.
(1) If A e N*(Y), then A € N*(X).
@ IfY e v and A € N*(X), then A € N*(Y).
(3) If Y is »-dense in X and A € N*(X), then A € N*(Y).

Proof. (1) Let A € N*(Y). By Proposition 3.6, Y —cyA is *-densein Y. So Y C ¢’ (Y —cyA) =c* (Y —=cANY) =
c'(Y—=cA). Since X-cA=(Y-cA)UX-Y), wehavec"(X —cA) =c*(Y -cA)UcCX-Y)DYUX-Y) =X
Then X — cA is *-dense in X. By Proposition 3.6, A € N*(X).

(2) Let Y € " and A € N*(X). Forany W € 7, — {0}, W = U N Y for some U € 7° — {0}. Note that U, Y € 7".
Then W € 7*. Since A € N*(X), by Proposition 3.6, X—cA is *-dense in X. By Proposition 3.5, (X—cA)NW # 0.
Note that (Y —cy A )NW =Y -cAnNY)NW=(Y-cAANW=(X-cAANY)NUNY)=(X-cA)NW. By
Proposition 3.5, Y — cyA is *-dense in Y. By Proposition 3.6, A € N*(Y).

(3) Let Y be #-dense in X and A € N*(X). Since A € N*(X), by Proposition 3.6, X — cA is *-dense in
X. Forany W € 7}, — {0}, W = UNY for some U € v — {0}. By Proposition 3.5, (X —cA) nU # 0. Then
(X =cA)N U e v — {0}. Note that Y is *-dense in X. By Proposition 3.5, (Y —cyA) "W =Y -cANY)NW =
Y -cAANW=((X-cANY)NUNY)=YN({(X-cA)nU) # 0. By Proposition 3.5, Y — cyA is *-dense in
Y. By Proposition 3.6, A € N*(Y). O

Proposition 3.8. Let (X, 7, I') be an ideal space and let A,B C X. IfA,B € N*, then AU B € N".

Proof. Since A,B € N*,i*cA = i"cB = 0. Note thati"c(AUB) = X —c* (X —c(AUB)) = X = c"(X = (cA) U (cB)) =
X —c'((X=cA) N (X —cB)). Since X —cA € 7, by Lemma 2.1, we have X — c*(X — cA) N (X — ¢B)) C
X—(X-cA)Nc"(X—=cB) = cAUi*cB = cAUD = cA.So i"c(AUB) C cA. Then, i*c(AUB) = i*i"c(AUB) C i*cA = 0.
Thus AUBe N*. O
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Theorem 3.9. Let (X, T, I) be an ideal space. Then N* is an ideal on X.

Proof. This holds by Remark 3.2 (3) and Proposition 3.8. [

4. =-first category and *-second category

Recall that a set in a Baire space is said to be a first category set or a meager set, if it can be written as a
countable union of nowhere dense sets. We shall also give an analogous notion for 7-Baire spaces.

Definition 4.1. Let (X, 7, 1) be an ideal space and let A C X.
(1) Ais called *-first category or +-meager in X, if there exists a sequence {A,} consisting of nowhere *-dense

subsets of X such that A = |J A,.
neN

(2) A is called #-second category or +-nonmeager in X, if A is not »-first category in X.
(3) A is called -residual or *-comeager in X, if X — A is #-first category in X.

The family of all =first category subsets (resp. all first category subsets) of an ideal space X shall be
denoted by M*(X) or simply by M* (resp. M(X) or M) when no ambiguity is present.

Remark 4.2. For any ideal space, N* ¢ M" c M.

Proposition 4.3. Let (X, 7, I) be an ideal space and let ACY C X.
(1) If A € M(Y), then A € M*(X).
) IfY e v and A € M(X), then A € M*(Y).
(3) If Y is »-dense in X and A € M*(X), then A € M*(Y).

Proof. These hold by Proposition 3.7. [

Corollary 4.4. Let (X, 7, 1) be an ideal space and let A CY C X.
(1) If A is #-second category in X, then A is *-second category in Y.
(@) IfY € t* and A is »-second category in Y, then A is +-second category in X.
(3) If Y is »-dense in X and A is *-second category in Y, then A is »-second category in X.

Proof. These hold by Proposition 4.3. [J
Proposition 4.5. Let (X, 7, I) be an ideal space andlet ACY Cc X. If Y € M, then A € M".

Proof. LetY e M"and ACY. ThenY = |J Y, whereY, € N*foreachn e N.SoA=AnY=An(U Y,) =
neN neN
U@AnNY,). Put A, = ANnY, for each n € N. Note that each A, C Y,,. By Remark 3.2 (3), A, € N*.
neN
Consequently, A = |J A, e M. O
neN

Corollary 4.6. Let (X, 7, 1) be an ideal space and let A C'Y C X. If A is »-second category in X, then Y is +-second
category in X.

Proof. This holds by Proposition 4.5. [J

Proposition 4.7. Let (X, 7, 1) be an ideal space. If F,, € M for eachn € N, then |J F, € M.
neN

Proof. This is obvious. [J
Theorem 4.8. Let (X, T, I) be an ideal space. Then M is a o-ideal on X.

Proof. This holds by Proposition 4.5 and 4.7. [



Z.Li, E Lin/Filomat 27:2 (2013), 301-310 305
5. I-Baire spaces

5.1. The concept of 1-Baire spaces

Definition 5.1. Let (X, 7, 7) be an ideal space. X is called 7-Baire, if for any sequence {G,} consisting of open

and =-dense subsets of X, [ G, is dense in X.
neN

Example 5.2. Let X =N, A={1,3,5,---},B=X-A,
T={0}U{AUM: M €28} and I =25

It is easily proved that (X, 7, I) is an ideal space.
Let {G,} be any sequence consisting of open and *-dense subsets of X. We have [\ G, D A. Note that

neN
cA =X. Thenc(() G,) = X. Thus (X, 7, ) is 7-Baire.
neN

Theorem 5.3. Let (X, 7, 1) and (X, 7, J) be two ideal spaces with I c . If (X,t, 1) is I-Baire, then (X,7,J) is
J-Baire.

Proof. This holds by Proposition 3.3. [
Theorem 5.4. Let (X, T, 1) be an ideal space. If (X, T*) is Baire, then (X, 1, I') is I-Baire.

Proof. Let {G,} be a sequence of open and *-dense subsets of (X, 7, 7). Note that 1 C 7%, and for each n € N,
Gy, is #-dense in (X, 7) if and only if G, is dense in (X, t*). Since (X, 7*) is Baire, ¢*(() G,) = X and thus

neN
() Gy) = X. Hence (X, 7,71) is 7-Baire. O
neN

Theorem 5.5. Let (X, 7, 1) be an ideal space. The following are equivalent.
(1) X is I-Baire;
(2) Each nonempty *-residual subset A of X is dense in X;
(3) Each U € T — {0} is *-second category in X;
(4 M 2% = (r - {0}
(5) iF = 0 for each F € M.

Proof. (1)==(2) Suppose that A is +-residual in X. Then X - A = |J A, where A, € N*. By Remark 3.2 (4),
neN
cA, € N* for each n € N. By Proposition 3.6, each X — cA, € 7 is *-dense in X. Now

A=X—(X—A)=X—UAn = ﬂ(X—A”)D ﬂ(X—cA,,).

neN neN neN

Since X is J-Baire, c¢( () (X — cA,)) = X. Then cA = X. Thus A is dense in X.
neN

(2)==(3) Suppose that U is not *-second category in X for some U € 7 — {@}. Then U € M".

Case 1. Suppose U # X. Since U € M*, by (2), X — U is *-residual in X and then X — U is dense in X.
Note that U € 7 — {f}. Then (X — U) N U # (. This is a contradiction.

Case 2. Suppose U = X. By Proposition 4.5, V € M*(X) for any open set V C U. Now it satisfies the
condition of Case 1 and so we omit the remaining proof.

(3)(4) is obvious.

(3)=(5) Let F € M". Then F = |J F,, where F,, € N*. Suppose that iF # (. Pick x € iF. Thenxe U CF
neN

for some U € 7. Since F € M, by Proposition 4.5, U € M. By (3), U is *-second category in X. This is a
contradiction.
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(5)=(1) Let {G,} be a sequence consisting of open and *-dense subsets of X. Put F, = X — G, (n € N).
Note that X — cF, = i(X — F,) = iG, = G, is *-dense in X. By Proposition 3.6, F, € N* (n € N). Then
U F, e M*. By (5), i( U F,) = 0. Now we have

neN

neN
i B =i J&X -Gy = iX~ ()G = X~ ([ )G,

neN neN neN neN

Then ¢(() G;) = X. So ) G, is dense in X and thus X is /-Baire. [
neN neN

Proposition 5.6. Let (X, T, 1) be I-Baire and let A C X. If there exists a -dense Gs-subset G of X such that G C A,
then A is =-residual in X.

Proof. LetG = (1 G, C Awithc'G = Xand G, € t—{0} (n € N). Since Gis *-dense in X, each ¢*G, D ¢'G = X
neN
and so each G, is *-dense in X. Note that G, € T — {0}. By Proposition 3.6, each X — G,, € N*. Since

X—G=X—ﬂGn=U(X—Gn),

neN neN

we have X — G € M". Since X — A C X — G, by Proposition 4.5, X — A € M". Thus A is *residualin X. 0O

5.2. Subspaces of I-Baire spaces
Theorem 5.7. Let (X, T, 1) be I-Baireand let Y C X. If Y € 1 — {0}, then (Y, 1y, Iy) is I y-Baire.

Proof. Let U € 1y — {0}. Since Y € 7 — {0}, we have U € 7 — {0}. Since (X, 7, 1) is Z-Baire, by Theorem 5.5,
U is *-second category in X. By Corollary 4.4, U is *-second category in Y. By Theorem 5.5, (Y, Ty, Iy) is
I y-Baire. O

Theorem 5.8. Let (X, 7, 1) be an ideal space. The following are equivalent.
(1) X is I-Baire;
(2) Forany x € Xand Y € t(x), (Y, ty, L y) is L y-Baire;
(3) For any x € X, there exists Y € t(x) such that (Y’, ty,, I'y’) is Iy.-Baire.

Proof. (1)==(2) follows from Theorem 5.7.

(2)=(3) is obvious.

(3)=(1) Suppose that X is not 7-Baire. By Theorem 5.5, G € M*(X) for some G € 7 — {@}. Pick x € G.
By (3), there exists Y’ € t(x) such that (Y, 7y/, Iy) is Ly--Baire. Now x € GNY” € X. Note that G € M*(X)
and Y’ € T — {0}. By Proposition 4.5, GNY’ € M*(X). Note that Y’ € 7(x). Then Y’ € 7* — {(}. By Proposition
43, GNY € M'(Y’). Note that GNY’ € ty.. By Theorem 5.5, (Y’, 1y, Iy/) is not 7y.-Baire. This is a
contradiction. [J

Theorem 5.9. Let (X, 7, I') be an ideal space and let Y be +-residual in X. If X is I-Baire, then (Y, Ty, Iy) is I y-Baire.

Proof. Let (X, 7, 1) be I-Baire and let Y be *-residual in X. To prove that (Y, 7y, Iy) is Zy-Baire, it suffices to
show that any #-residual subset of Y is dense in Y.

Let Ac Yand A € M'(Y). Then Y — A is »residual in Y. By Proposition 4.3, A € M*(X). Since Y is
+-residualin X, X-Y € M*(X). By Proposition4.7, (X-Y)UA € M*(X) and then X—(X-Y)UA = YN(X-A)
is *-residual in X. By Theorem 5.5, Y N (X — A) is dense in X. Then

(Y —A) =cy(YN(X—A))=c(YNX-A)NY=XNY=Y.

It follows that Y — A is dense in Y. By Theorem 5.5, (Y, Ty, Iy) is Zy-Baire. [J
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6. I-Baire spaces, codense ideals and 7-dense subsets

6.1. I-Baire spaces and codense ideals

In this subsection, we will characterize 7-Baire spaces by means of codense ideals.
Definition 6.1. ([7]) Let (X, 7, ) be an ideal space. 7 is called codense, if T N I = {0}.
Lemma 6.2. ([16]) Let (X, 7, I') be an ideal space. Then I is codense if and only if A C A* for every A € 7.
Lemma 6.3. ([7]) Let (X, 7, I) be an ideal space and A C X. If A C A*, then A* = cA* = cA = C"A.

Theorem 6.4. Let (X, 7, 1) be an ideal space and let I be codense. Then (X, t) is Baire if and only if (X,7,I) is
T -Baire.

Proof. Necessity. This is obvious.
Sufficiency. Suppose that (X, 7, I') is 7-Baire. Let {G,} be a sequence consisting of open and dense subsets
of X. Since G, € 7 for each n € N and 7 is codense, by Lemma 6.2, each G, C G;,. By Lemma 6.3, we have

c'G, = ¢G, = X for each n € N. Since (X, 7, 1) is I-Baire, () G, is dense. Hence (X, 7) is Baire. [
neN

Problem 6.5. Can the condition “ let I be codense ” in Theorem 6.4 be omitted?
Lemma 6.6. If (X, T, M) is M*-Baire, then M" is codense.

Proof. Let (X, 7, M*) be M*-Baire. By Theorem 5.5, every U € t — {0} is *-second category in X and then
TN M* = {0}. This implies that M is codense. [

Theorem 6.7. Let X be a space. The following are equivalent.
(1) (X, 7) is Baire;
(2) (X, T, {0}) is {@}-Baire;
(3) (X, t, N*) is N*-Baire;
4) (X, T, M) is M*-Baire;
(5) (X, 7, I) is I-Baire for any ideal I on X.

Proof. (1) = (2) is obvious.
(2)=(3)==(4) hold by Theorem 3.9, Remark 4.2, Theorem 4.8 and Theorem 5.3.

(1) = (5) = (4) are obvious.
(4)=(1) holds by Theorem 6.4 and Lemma 6.6. [

6.2. I-Baire spaces and I-dense subsets
Definition 6.8. ([6]) Let (X, 7, 1) be an ideal space. A C X is called J-dense, if A* = X.

Remark 6.9. (1) Every 7-dense set is *-dense. However, *-dense sets need not be 7-dense (see [6]).
(2) If 7 is codense, then by Lemma 6.2 and 6.3, 7-denseness, *-denseness and denseness are equivalent.

Definition 6.10. ([6]) An ideal space (X, 7, 1) is called I-resolvable, if X has two disjoint 7-dense subsets.
Lemma 6.11. ([6]) Let (X, 7, I') be an ideal space. If X is I-resolvable, then I is codense.
Theorem 6.12. Let (X, T, M) be an ideal space. If X is M*-resolvable, then X is M*-Baire.

Proof. Since (X, 1, M) is M*-resolvable, by Lemma 6.11, M" is codense. So T N M* = {B}. It follows that
U ¢ M*(X) for any U € 7 — {0}. By Theorem 5.5, X is M*-Baire. [J
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Theorem 6.13. Let (X, 1, M) be an ideal space. Then X is M-resolvable if and only if X has two disjoint dense
I-Baire subspaces (i.e., X = AUB, where ANB =0, cA = cB = X, A and B are respectively MZ—Baire and
M-Baire).

Proof. This holds by Theorem 3.3 in [6] and Theorem 6.7. [
Definition 6.14. ([3]) An ideal space (X, 7, 1) is called I-separable, if X has a countable 7-dense subset.

Theorem 6.15. Let (X, t, M) be an ideal space. Then X is M-separable if and only if X has a countable dense
M,-Baire subspace (Y, Ty, M) .

Proof. This holds by Theorem 2.10 in [3] and Theorem 6.7. O

7. Some properties of 7-Baire spaces

7.1. Mapping properties of I-Baire spaces
Lemma 7.1. ([21]) Let f : (X, 7, 1) — (Y, 0) be a mapping. Then f(I) = {f(A): A€ I}isanidealonY.

Definition 7.2. ([13]) A subset A of an ideal space (X, 7, 1) is called semi-I-open, if A C c"iA.

The family of all semi-7-open sets in an ideal space (X, 7, 1) shall be denoted by SIO(X, 7).
Definition 7.3. ([14]) An ideal space (X, 7, I) is called semi-I-complete, if T* = SIO(X, 7).
Definition 7.4. ([9]) A mapping f : (X, 7) — (Y, 0) is called feebly open, if for any U € 7 — {0}, if (U) # 0.

Definition 7.5. ([13]) A mapping f : (X,7,7) — (Y,0) is called semi-I-continuous, if f~1(V) € SIO(X, 1) for
any V € 0.

Lemma 7.6. ([15]) Let (X, 7, I) be an ideal space and let ) # A C X. Then A € SIO(X, t) if and only if there exists
Uet—{0}suchthat UC A cCcU.

Lemma 7.7. Let f : (X, 7,1) — (Y, 0) be semi-I-continuous. Then f(i*cA) C cf(A) forany A C X.

Proof. Let A C X and B = f(A). Since Y — ¢B € ¢ and f is semi-Z-continuous, f~}(Y — ¢B) € SIO(X, 7). Then
F YUY =cB) ccif 1(Y—cB)and so X — f1(cB) C c*i(X— f~!(cB)). This implies f~!(cB) > X —c*i(X— f~!(cB)) =
(X —i(X — f~Y(cB))) = i*cf~(cB). It follows that i*cf~}(B) C f~!(cB). Then

fcA) € fief 7 (fA))) € f(FHef(A) € cf(A).
Consequently, f(i"cA) C cf(A) forany Ac X. O

Theorem 7.8. Let f : (X,1,1) — (Y,0) be semi-I-continuous and feebly open. If (X, 7, I) is semi-I-complete and
I-Baire, then (Y, 0, (1)) is f(I)-Baire.

Proof. Suppose that (Y, 0, (1)) is not f(I)-Baire. Then there exists B € ¢ — {0} such that B € M*(Y). Put

B = U B, where B, € N*(Y). Then 0 # f~Y(B) = f(U B,) = U f(Bn)-
neN neN neN

Claim. f"(B,) € N*(X) (n € N).

Suppose f~1(B,) ¢ N*(X) for some n € N. Then i*cf}(B,) # 0. Put A, = f1(B,). Note that (X, 7, 1) is
semi-7-complete and i*cA, € 7°, we have 0 # i*cA, C c"ii*cA, C c'iccA, = c’icA,. Then icA, # 0. Since f is
feebly open, if(icA,) # 0. Note that if(icA,) C i* f(i*cA,). Since f is semi-7-continuous, by Lemma 7.7, we
have

0 #i"f(i"cA,) Ci'cf(Ay) Ci*cB,.

Then B, ¢ N*(Y), a contradiction. Thus f~!(B,) € N*(X) (n € N) and consequently, f~1(B) € M*(X).

Since f is semi-Z-continuous, ® # f~1(B) € SIO(X,7). By Lemma 7.6, U C f}(B) c c*U for some
U € 7—{0}. Note that f1(B) € M*(X), by the claim. So, we have U € M*(X) by Proposition 4.5. By Theorem
5.5, (X, 1, I) is not J-Baire. This is a contradiction. O
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Definition 7.9. ([8]) A mapping f : (X,7,7) — (Y,0) is called *-closed, if f(A) is *-closed in Y for every
*-closed subset A of X.

Theorem 7.10. Let f : (X,7,1) — (Y,0) be a +closed and continuous injection. If (X,t, 1) is 1-Baire, then
(Y, 0, f(1)) is f(T)-Baire.

Proof. Let {V,} be a sequence of open and *-dense subsets of Y. Put V,, = f(U,) (n € N). Since f is injective,
YV, = FU(f(U,)) = U,. Since f is *-closed and each V,, is *-dense in Y, f(c*U,) D ¢ f(U,) = ¢V, = Y
and then c¢*U, = X. Thus U, is »-dense in X (1 € N). Moreover, since f is continuous, U, = f‘l(Vn) e1—{0}
(n € N).

Now, {U,} is a sequence of open and *-dense subsets of X. Since (X, 7, 1) is J-Baire, we obtain that
c(N U,) = X. Note that f is continuous. Thus,

neN
Y = £X) = fle(( ) Un) < ef () Un) < ol ) fW) = e ) V-
neN neN neN neN
This implies ¢( () V) =Y. Hence (Y, 0, (1)) is f({)-Baire. O

neN

7.2. Topological sums
Lemma 7.11. ([4]) If every I, is an ideal on X, then {\J I, : 1, € 1,} is an ideal of | X,.

ael ael

Let {(X4, Ta, L o) : @ € T'} be a family of pairwise disjoint ideal spaces, i.e., X, N Xg = @ for a # .

Put
X=X
ael’
t={ACX:ANX, €1, foreach a €T}
and

I={{ il e 1.
ael
It is easy to prove that 7 is a topology on X and X, is clopen in X for any a € I', and hence each X, is
+-closed and *-open in X.
By Lemma 7.11, (X, 7, 7) is an ideal space, which is called the topological sum of {(X,, 74, Za) : @ € T'}.
We denote it by P X,.

ael

Theorem 7.12. Let (X, 7, I) be the topological sum of {(X, Ta, La) : @ € I'). Then X is I-Baire if and only if X, is
I o-Baire for any a € T

Proof. Necessity. Let (X,7,1) be I-Baire. Note that X, is clopen in X for any @ € I' and Ix, = 1,. By
Theorem 5.7, X,, is 1 ,-Baire for any a € I'.
Sufficiency. Let {G,} be a sequence of open and *-dense subsets of X. Put G = (| G,. Forany n € N and

neN
a € T', we denote
Ga = Gu N Xy and Gy = [ | Gpa
neN
Then G = | G,. Now, to prove that (X, 7, I') is 7-Baire, it suffices to show that G is dense in X.

ael
Since G, € 7 — {0}, we have G,, € 7, for any n € N and a € I'. Since X, € 7, by Lemma 2.1,

Gue D G, N X, = XN X, = X,. Note that G,,, € X, and X, is *-closed in X. Then ¢*G,, = X, and so
c’%ﬂ Gua = X Thus for any a € T, {G,,} is a sequence of open and *-dense subsets of X,,. Since X, is 1 ,-Baire,
cGy N X, = cx,Gy = X, This implies cG, D X,,. Note that G O G, for any a € I'. Then ¢G D ¢G, > X,, which
implies ¢cG > |J X, = X. Thus X is 7-Baire. [J

ael
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