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Existence of multiple positive solutions for a nonlocal boundary value
problem with sign changing nonlinearities
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Abstract. In this paper, we study the existence of multiple positive solutions for a nonlocal boundary value
problem where the nonlinear term f is allowed to change sign. We obtain at least two positive solutions by
using a fixed point theorem in double cones.

1. Introduction

The study of multi-point boundary value problems (BVPs for short) for nonlinear second-order ordinary
differential equations was initiated by Il'in and Moviseev [8, 9]. Gupta studied certain three-point BVPs
[7], and several authors studied nonlinear second order BVPs with integral boundary conditions, see for
example [11, 12] and the references therein. We quote also the research of A. Ashyralyev [1, 2] where
nonlocal BVPs are considered for parabolic and elliptic differential and difference equations.

The fixed point theorem of Krasnoselskii is one of the methods used in these studies.
Karakostas in [11], by applying the Krasnoselskii fixed point theorem on a suitable cone, proved the
existence of multiple positive solutions for a nonlocal BVPs of the form

W (£) + q(6) f(u(t)) = 0, 0O<t<l,

B
u(0) = 0, u(l) = f u(dg(r),

where f : R — R is continuous, with f(x) > 0 when x > 0.
By using the fixed point theorem in double cones, Guo in [6] showed the existence of positive solutions
for second-order three point BVP where the nonlinearity is allowed to change sign. And by a theorem

similar to the one in [6], Xu [4] considered a nonlinear second-order m-point BVP where the nonlinear term
is allowed to change sign.

In [10], Liu studied the existence of positive solutions for BVPs with integral boundary conditions and
sign changing nonlinearities of the form:

(ppu’) + f(t,u) =0 0<t<l,
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m—2
au(0) — bu’(0) :Zau(é ), u(l) = fg (s)u(s)ds
i=1

In this paper we are concerned with existence results for BVP associated to nonautonomous second order
differential equations when the non linearities are sign changing and with integral boundary conditions.
In particular using the fixed point theorem in double cones, we study the following problem

W () + ) f () =0, 0<t<1, (1)

u(0) = 0, )
B

u(l) = f u(dg(r), )

where g and f verify the assumptions:

(H1) 0<a < B <land g:[a,p] = Ris an increasing function, left continuous at t = f8, right continuous
att = a, and such that f(g(g) — g(a)) < 1.
It is clear that without loss of generality we can assume that g(a) =

(H2) f:[0,00) = Ris continuous and f(0) > (# 0).
(H3) g:[0,1] = [0, o0) is continuous and not identically zero on [S,1].

We start by recalling the fixed point theorem in double cones.
For a cone K in a Banach space (X, ||.|[) and a constant r > 0. Let 0 : K — R* a continuous functional such
that 6(Ax) < O(x) for A € (0, 1). For positive constants a, b we define the following sets:

Ki={xeK:|xll <r},
K, ={x e K: |l =1},
K(b) = {x e K: 0(x) < b},

IK(b) = {x e K: O(x) = b},

and
K,(b) ={x e K:a < ||x|l,O0(x) < b}.

Theorem 1.1. Let X be a real Banach space with norm ||.|| and K, K’ c X two solid cones with K' c K. Suppose
T:K— Kand T*: K" — K’ are two completely continuous operators and 6 : K" — R* is a continuous functional
satisfying O(x) < x|l < MO(x) for all x € K’, where M > 1 is a constant. If there exist constants b > a > 0 such that

(C1) ||ITx|| < afor x € dK,;
(C2) IT*x|| < afor x € IK, and O(T*x) > b for x € IK'(b);
(C3) Tx =T'x, forx € Ki(b) N{u: T"u = u}.
Then T has at least two fixed points yy and y, in K, such that
0 <llyll <a <llyll, 6(y2) <.

The paper is organized as follows: Section 2 contains the basic preliminaries. The main result are given in
Section 3.
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2. Preliminaries

We present some lemmas that are important to prove our main results.
Denote by I the interval [0, 1], and by X the space of all continuous functions C(I). Let Xo = {x € X : x(0) = 0} .
The spaces X and X, become Banach spaces when they are furnished with the usual sup-norm ||.||.

Lemma 2.1. If u € Xy is a concave function satisfying condition (3) and g is a function satisdying (H1), then we
have

(1) u(t) >0, te[0,1],
(i) u(t) > pllull, tela1],
where

we=min{y, 16,8 - a)yg(p)},

and
1 —

Y= mm{a,l —ﬁ,m}.
(Notice that 0 < pu < 1).

Proof. We prove the lemma in three steps:
1. If u(1) > 0, then, by the concavity of u and the fact that u(0) = 0, we have

u(t) >0, te0,1].

Assume that u(1) < 0. From (3), (H1) and the mean value theorem, it follows that there is &, € [a, §] such
that u(1) = u(&,)g(B) (notice that g(a) = 0).
Moreover, since g(f) > 0 and u(1) < 0, we have u(&,) < 0. This and fg(B) < 1 lead to
1 1
u(l) = g(ﬁ)u(éu) > _u(éu = —u

F = (&u),

which contradicts the concavity of u.
2. Now, we shall prove that, if u is a concave function in Xy, then

u(t) = yllull, s € [, .
Indeed let t; € [0, 1] be such that [|ul| = u(ty). We distinguish three cases:

o Case(1): B < to.
Then s < ty, for every s € [a, ], and, since u is a concave function, we have su(ty) < fou(s). Thus,
allu]l <€ u(s), and hence
u(s) z yllul.
o Case(2): a <ty <p.

If 5 € [a, tp], then following the same arguments as in case(1), we obtain

u(s) z yllull.

Let s € (fo, ]. Then we observe that
1-s < u(s) — u(1)
L=ty = u(ty) —u(1)’

because of the concavity of the function u. Thus we have

(1 = s)u(ty) < (1 —to)u(s) + (to — s)u(1) < (1 — to)u(s).
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This implies that
(1 = Bu(to) < (1 — a)u(s),
hence,
L < uo),
l-a
and finally,
u(s) Z yllull.

e Case(3): tp < a.

Then ¢y < s for every s € [a, f], and following the same arguments as in case(2), we obtain
(1 = s)u(to) < (1 = to)u(s),

which implies that
(1= Pllull < us),

and so,
u(s) = yllul.

3. In order to show that
u(s) > pllull, s € [a,1],

we distinguish two cases , u(B) < u(1) and u(1) < u(p).
-If u(B) < u(1), then by the concavity, for every s > f, we have u(f) < u(s).
Therefore, by the above first part of the proof of Lemma 2.1 for all 5 € [a, 1], we have

u(s) = min {min {u(s) : s € [a, B]}, min {u(s) : s € [B,1]}},

and so
u(s) = min {yllull, u(p)} = yllull.

-If u(1) < u(p), then again, by the concavity, we have u(s) > u(1), for every s € [, 1]. Therefore, from (3), for
any such s we have

8

us)> [ g > Yl - ).
Hence in any case it holds u(s) > ullull, s € [a, 1] and the proof is complete. [
Lemma 2.2. Let6=1- fa g rdg(r) > 0, if y € X. Then the boundary-value problem

u’'(t) +y(t) =0, 0<t<l, 4)

B
u(0) = 0, u(1) = f u(dg(n), ©)

has a unique solution

1 5 T t
u =5 [ a-awous—5 [ [ o-auesdgn - [ o ©
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Proof. From (4), we have
u”(t) = —y(b).

For t € [0,1), integration from 0 to ¢, gives

¢
u'(t) = u’(O)—fO y(s)ds.

For t € [0,1], integration from O to ¢, yields

t 7
u(t) = u' (0)t — L (fo y(s)ds)dr,

t
u(t) = u’(0)t — ](; (t — s)y(s)ds. (7)

ie.,

So, )
u(l) = u’(0) - j; (1 —s)y(s)ds.

Integrating (7) from « to 8, where 0 < a < § < 1 we have

B BT B
f u(r)dg(r) = - f j(; (r — s)y(s)dsdg(r) + u’(0) f rdg(r).
From (5), we obtain

1 8 B "
u’(O)—j(;(1—s)y(s)ds=u’(0)f rdg(r)—f j;(r—s)y(s)dsdg(r).

B 1 B
umm—fnmmzﬁa—ww%ifﬁa—W@mma

and since 6 =1 — ff rdg(r) > 0,

then
, ~ 1 1 B v
u'(0) = 5 (j; (1 =s)y(s)ds — I; j; (r— s)y(s)dsdg(r)).

Therefore, (4)-(5) has a unique solution

1 B T t
u(t) = %j(; (1 =5s)y(s)ds — éL f(; (r —s)y(s)dsdg(r) — [) (t = s)y(s)ds.

Thus,

O
Lemma 2.3. Suppose that 6 =1 — Lﬁ rdg(r) > 0. Then the BVP

-u"’(t) =0, 0<t<l1,

B
mm=amn=fumwm,
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has the following Green’s function

sf(f(t—r)dg(r)+s(l—t) if0<s<t<r<Bor 0<s<r<t<l
s = (t—9) [T rdgr) +s(1-1) ifa<r<s<t<l
)

t[s—ndgr) +t1-s) fO<t<s<r<p
(1-s) ifa<r<t<s<lor0<t<r<s<l

Proof. 1f 0 < t <, the unique solution (6) given by Lemma2.2 can be given in the form

[ B

_fot (sfa (t—r)ydg(r) +s(1 - t)) y(s)ds]

[ T B 1

f (t(l —s)+ tf (s— r)dg(r)) y(s)ds + f t1 - s)y(s)ds} .

If r <t <1, the unique solution (6) can be expressed

T
v 1- d
ﬂ@ﬁanwwatW©4

r ot B 1
f ((t —s) rdg(r) +s(1 — t)) y(s)ds + f (1 - s)y(s)ds] .
LJr a t

ut) =

= =

+

ut) =

+

A= =

Therefore, the unique solution of (4)-(5) can be expressed u(t) = fol G(t,s)y(s)ds. The proof is completed. [

Consider
K={ueX:ul)>0,te|0,1]},

and
K’ ={u € Xy : uis concave and (3) holds} .

Clearly, K, K’ C X are cones with K’ C K. For all u € K, define

O(u) = min u(t).
a<t<1

Let (.)* = max{.,0}, we define the operators T, A and T* by:
T:K—>K, A:K— X and T* : K — K’, such that

Tu(t) = [ fol G(t,s)q(s)f (u(s))als]Jr , forall t € [0,1],
Au(t) = fol G(t,s)q(s) f(u(s))ds, forallt € [0,1],
T u(t) = fol G(t,s)q(s) f*(u(s))ds, forallt € [0,1],

Remark 1. If ¢ : X — Kiis a function such that (Yu)(t) = u(t)*, then T = 1 o A.

Lemma 2.4. T : K’ — K’ is completely continuous.

Proof. Letu € K’, since f*(u(t)) >0 forall t €[0,1], then
(T'w)"(t) = ~q() f*(u(t)) < O,

this implies that T*u is concave function. It is clear that T*u satisfies the boundary conditions (2), (3). Thus
T* : K" — K'. By using the continuity of f and the definition of f*, we can have that T* is completely
continuous from Ascoli-Arzela theorem. [

Lemma 2.5. A function u(t) is a solution of BVP (1)-(3) if and only if u(t) is a fixed point of the operator A.
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Lemma 2.6. If A : K — X is completely continuous, then T = 1p o A : K — K is also completely continuous.

Proof. The complete continuity of A implies that A is continuous and applies each bounded subset of K on
a relatively compact set of X.
Given a function h € X, for each € > 0 thereis o > 0 such that

||[Ah — Ak|| < e for ke X, ||h— k|| < 0.

Since

AR () — (PAK)(D)| = Imax {(A)(t), 0} — max {(AK)(t), O}
< [(AR)(t) - (Ak)(B)| < e,

we have
[wAR - WA < & for ke X, Ih—kl <,

and so YA is continuous.
For any arbitrary bounded set D C X and for all ¢ > 0, there are y;, i = 1, .., m such that

AD c | B o),
i=1

where B(y;, €) = {x €X: ”x - yi” < 8}.
Then, if we denote ¢y by 7 for all 7 € (YoA)(D), there is a y € AD such that 7(t) = max {y(t), 0}. We choose
i € {1, .., ym} such that

max |y(t) — yi(t)l < e.

te[0,1]

Thus
max [7(t) — ()| < max ly(t) — vi(t)l < ¢,

which implies
7 € B(7i, €),
and therefore (100A)(D) is relatively compact. O

By the continuity of f, we have A : K — X is completely continuous. T : K — K is completely continuous
by using Lemma 2.6.

Lemma 2.7. If u is a fixed point of the operator T, then u is also a fixed point of the operator A.

Proof. Let u be a fixed point of the operator T. Obviously, if Au(t) > 0 for t € [0,1], then u is a fixed point of
the operator A. So, to prove the lemma, we show that if Tu(t) = u(t), then Au(t) > 0 for ¢ € [0,1]. Suppose
on the contrary, that there is a ty € (0, 1) such that Au(ty) < 0 = u(0). Let (t1,t,) be the maximal interval
which contains ¢y and such that Au(t) <0, t € (1, tp). It follows [t;, 2] # [0, 1] by (H2).

If t, <1, wehave u(t) = 0 for t € [t1,f,], Au(t) < O for t € (t1,t2) and Au(t;) = 0. Thus (Au)’(t2) = 0. By (H2)
we have (Au)”’(t) = —q(t)f(0) < 0 for t € [t1,t2], so, (Au)'(t) > 0 fort € [t;,t,]. We obtain t; = 0. Therefore,
Au(0) < Au(ty) < 0, we arrive at a contradiction.

If t; >0, we have u(t) = 0 for t € [t1, 2], Au(t) < 0 for t € (t1,t2) and (Au)(t;) = 0. Thus (Au)'(t) < 0.
From (H2) we have (Au)”(t) = —q(t)f(0) < 0 for t € [t1,1;], so t, = 1. by the concavity of Au(t) on [t;,1] we
have

(Au)s) _ [(An)(D)
s—1 =~ 1-t °
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This implies that
s—1
1-t

[(Au)(s)| < I(Au)(D] < sl(Au)(1)].

From the above inequalities, we obtain

p p
f |Au(s)ldg(s) < f sl(Au)(Dldg(s) < [(Au)(1)l,

which contradicts

B
(Au)(1)| = < f Au(s)ldg(s).

B
[ auerg

Therefore u is a fixed point of operator A. [

3. Main results

In this section, we show the existence of two positive solutions for BVP (1)-(3) by applying a fixed-point
theorem in double cones.
By definition of G, the continuity of G, and the fact that 6 =1 - fa p rdg(r) > 0, it is clear that for s € [0, 1]:

1-5
G(t,s) = —.
et =7

Theorem 3.1. Suppose that conditions (H1),(H2), and (H3) hold. Assume that there exist positive numbers a, b,
and d such that

1- fj sdg(s)

0<(1+ l)max 1, 5
H [ - s)dg(s)

}d<a<yb<b,

and that f satisfies the following assumptions:

(H4) f(u) =20 for ueld,bl;
(H5) ]\% j(;l(l —5)q(s)ds < a, where

M, = sup |f(u)(.

llull=a
(H6) b(1 - ag(B)) < mpa f;(l — 5)q(s)ds, where
my =inf{f(u) : u € [ub,b]}.
Then, (1)-(3) has at least two positive solutions uy and u, such that
0 <llull <a <|uzll, O(uz) <b.

Proof. For all u € dK,, from (H5) we have

1 +
Tl = mac [ fo G, S)q(S)f(u(S))dS]

1
[|Tul| < g}gﬁ max {fo G(t,s)q(s)f(u(s))ds,O}
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1
Tu|| < M, G(t, d
ITull < g}%ﬁ (t,s)q(s)ds

1
< Aﬁf (1 —s)q(s)ds
0 Jo
<a

So, (C1) of Theorem 1.1 is satisfied. for u € dK/; i.e., ||lul| = a. from (H5) we have

1
1T ul|l = trglaxjo‘ G(t,8)g(s) f " (u(s))ds

[01]

1
<M, t, d
<M g}g\/ﬁfo G(t,s)q(s)ds

1
< A%jo‘ (1 —s)gq(s)ds
<a

Let u € JK'(ub); i.e., u € K’ and O(u) = ub. For t € [, 1], we have

ub=0(u) = trr[ﬁrlll u(t) > pllull (from Lemma 2.1),

€la,

hence
llull < b.

On the other hand

u(t) = min u(t) = O(u) = ub,

tefa,1]

SO

pb < u(t) < lull < b,
and therefore it holds
fu(s)) >my, forse|[p,1]. (8)
Observe that the unique solution of the BVP

{ () +qOf ) =0, 0<t<l,
x0) =0, x(1) = [” x(s)dg(s),

is the function x(t) given by

1
x() = Tu(t) = f Glt, )q(6)f* (u(s))ds
0
1 ﬁ r
=5 | a-omoraons =5 [ [ -a0r wonsdge

- [[e-smoraens
Let ; ;
E(x) := {é € [a,pl: fa x(s)dg(s) = x(c) j; dg(s) = X(é)g(ﬁ)}
be the set of all mean values of x, by the function g. Obviously E(x) is a compact set. Consider the point
&y = min E(x).

It is clear that x solves the BVP
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{ v+ f ) =0, 0<t<l,
y(0) =0, y(1) = y(&)g(B),

and so, x is the function given by the closed formula

1 Ex
X =+ fo (1= O (s — 909 fo (0 - 5)q6)f* (u(E))ds

- fo (t = q(6)f (u(s)ds,

for t € [0,1], where
Ty :=1-&g(p) > 0.

Notice that o < &, < f and, in view of (H1), &, > 0. Then we have

(Tu)(&) = x(&) = 2% f 1 - 5)q(s)f* (u(S))ds——g(ﬁ) f (& — 9)q(s)f* (u(s))dsdg(r)
- fo (& — () F (),
1 Ex
= fo (1= 00 ue)ds - = fo (& — 906 f* w()ds,

1 1
- & fo q(S)f*(u(S))ds—% fo S0(9)F (u()ds

Ex
—f—;‘ i (s)f* (u(s))ds+—xfO sq(s) fF (u(s))ds,
5

r (1—s)q<s>f+<u<s)>ds+—<1 &) f S96)f (u(s))ds.

Taking into account (H6), and (8), we flnally obtain that

a 1
FE) > & fﬁ (1 = $)g(s)f (u(e)ds

1
il f (1 - s)g(s)ds
x Jp

> Tlxu — ag(@)b

(T'u)(&x) 2

1
2 T_x(l = &xg(B)D
> b,

hence
T ul| > b.

On the other hand, from Lemma2.1, we have

OT"u) = min T'u(t) 2 plT"ul,
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thus
O(T"u) > ub.

So, (C2) of Theorem 1.1 is satisfied. Finally, we show that (C3) of Theorem 1.1 is also satisfied.
Let u € K)(ub) N {u : T*'u = u}, then

lue]] >a > (1 + %)max {1,

1—ffsdg(s) p
[fa-sdge |

From (ii) of Lemma 2.1 we have

B
1— [ sdg(s
”W)anﬂwﬂ2uWM>ulnmx1~7—L—iﬁl d,
tela,1] ‘u L (1 ~ s)dg(s)

hence,

©)

B
1- d
u(a) > max {1, f“ 49(5) }d.

7@ - s)dg(s)

If u(1) > d, then, by the concavity of u and the fact that #(0) = 0, we have u(t) > d, t € [0,1]. Assume that
u(1) < d. Since u is a concave function, thus for s € [@, 1] we have
1 > 1-a S u(a)—u(l)‘
1—-s  1-s — u(s)—u(l)

This implies that
u(a)(1 —s) < u(s) —su(l).

So
B B B
mwfa—mwm]Umwwifmmwa

By u(1) = ff u(s)dg(s) we get

1- (Psd 1- (Psd 1- (Psd
NN f“ 49(5) u(l) < T f“ 49(5) d <max{1, NN f“ 49(5) d,
[ (1 = s)dg(s) [, =s)dgs) [ =s)dgs)

which contradicts to (9). So, u(1) > d. Therefore, for u € K/ (ub) N {u : T'u = u} we have

u(a) <

d <u(t) < |jull < ub <b.

From (H4) we know that
fr(u(s)) = fu(s)).

This implies that
Tu="Tu.

So, the conditions of Theorem (1.1) are satisfied. Then T has two fixed points u; and u, satisfying
0 < lmll <a <lluzll, O(uz) <.

The proof is complete. [
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4. Conclusion

The condition of the positivity of f is not essential for the application of the generalisation of Krasnosel-
skii’s theorem. Indeed, we have established the existence and multiplicity of positive solutions in the case
where the nonlinear term f is allowed to change sign.

We obtain the same result in the case where the nonlinearity is not autonomous, and without separated
variables. So, we can consider f(t, 1) instead of g(f) f (1), we obtain an existence and multiplicity results, if
we replace the hypothesis (H2) and (H3) by:

(H2)' f: [0,1] x [0, o[- R such that:
(i) f is continuous on [0, 1].
(ii) f(t,0)> ( 0) forall ¢ in [0, 1].
(iii) f(.,u) % 0on [B,1], for every u €]0, oo].

Acknowledgement. The authors would like to thank Professors Eberhard Malkowsky and Assia
Guezane-Lakoud for their helpful suggestions to the improvement of this paper.
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