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Abstract. In this paper, we initiate the study of generalized topological groups. A generalized topological
group has the algebraic structure of groups and the topological structure of a generalized topological space
defined by A. Csészér [2] and they are joined together by the requirement that multiplication and inversion
are G-continuous. Every topological group is a G-topological group whereas converse is not true in general.
Quotients of generalized topological groups are defined and studied.

1. Introduction

In his paper [2], Csaszar introduced the notions of generalized neighborhood systems and general-
ized topological spaces. He also introduced the notions of associated interior and closure operators and
continuous mappings on generalized neighborhood systems and generalized topological spaces. Csadszér
investigated characterizations of generalized continuous mappings in [2] and studied the separation ax-
ioms in the generalized topologies in [4]. Product of generalized topologies was investigated in [5]. Many
other topologists [6-8] continued to study and investigate different aspects of the generalized topological
structures.

In this paper, the notion of generalized topological groups is introduced. Generalized topological groups
are the groups with generalized topologies, multiplication and inversion being generalized continuous.
Some basic properties are investigated. Generalized connectedness in generalized topological groups and
quotients of generalized topological groups are studied. To start with, some notions required in the sequel
are recalled.

Definition 1.1. ([2]) Let X be any set and let G € P(X) be a subfamily of power set of X. Then G is a
generalized topology if, 0 € G and for any index set I, U;;O; € G whenever O; € G,i € I. A G-topological space
X is called strong if the set X itself is in G. Generalized topology will be denoted by G-topology.

The elements of G are called G-open sets. Similarly, a generalized closed set, or G-closed set, is defined
as complement of a G-open set.
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Let X and Y be two G-topological spaces. A mapping f : X — Y is called G-continuous on X if for any
G-openset Oin Y, f1(O) is G-open in X.

The bijective mapping f is called a G-homeomorphism from X to Y if both f and f~! are G-continuous. If
there is a G-homeomorphism between X and Y they are said to be G-homeomorphic denoted by X =g Y.

Definition 1.2. ([2]) Let i : X — exp(exp(X)) satisfy x € V for V € i(x). V is called generalized neighborhood
(G-neighborhood) of x € X and 1) is called a generalized neighborhood system (G-neighborhood system) on X.
The collection of all G-neighborhood systems on X will be denoted by W(X).

The following result gives the relation between G-open sets and G-neighborhood systems by combining
1.2 and 1.3 of [2] .

Lemma 1.3. Let V¥ be a G-neighborhood system on X, let G C P(X) . For O € G and x € O there exists a subset
Veyx),y e WxeV cOiff Gisa G-topology on X.

Definition 1.4. ([2]) Let X be any set and let ¥ and G be G-neighborhood system and G-topology on X
respectively. Let A C X. A point x € X is called G-interior point of A if there exists a subset V € y(x), V C A.

Collection of all G-interior points of A C X is called G-interior of A. It is denoted by Intg(A). By definition it
is obvious that Intg(A) C A. Actually G-interior of A, Intg(A) is equal to union of all G-open sets contained
in A. Similarly we can define G-closure of A as intersection of all G-closed sets containing A. It is deonted
by Clg(A).

By definition G-interior of a set is a G-open set while G-closure of a set is a G-closed set.

The following definition [2] gives the notion of point-wise G-continuity using the G-neighborhood
systems.

Definition 1.5. Let (X, Gx, ¥(X)) and (Y, Gy, ¥ (Y)) be two G-topological spaces with G-neighborhood sys-
tems. The mapping f : X — Y is point-wise G-continuous at x € X if for every Gy-neighborhood V € (f(x)),
there exists a Gx-neighborhood U € 1(x) such that f(U) c V.

fis (Wx, Wy)-continuous on X if f is point-wise G-continuous at every point x € X. This continuity is more
general than global continuity.

Definition 1.6. Let X be a G-topological space, and let A C X. x € X is a point in G-closure of A if any
G-open set U containing x intersects A.

Lemma 1.7. ([6]) Let (X, Gx) and (Y, Gy) be two G-topological spaces. A mapping f : X — Y is G-continuous <=
Clg,(f1(B)) c fX(Clg,(B)) forall BC Y &< f(Clg,(A)) C Clg,(f(A)) forall A C X.

Definition 1.8. ([7]) Let (X, Gx) be a G-topological space and Y # 0 be a set and @ : X — Y a surjective
mapping. Then Gy = {O c Y : n71(0) € Gx} is a G-topology on Y, known as G-quotient topology induced on
Y by 7 and (Y, Gr) is called the G-quotient space of X. 1t is the G-quotient map.

Note that the G-quotient topology G is the largest G-topology on Y making n G-continuous.

Proposition 1.9. ([7]) Let (X, Gx) and (Y, Gy) be two G-topological spaces and  : X — Y a surjective mapping.
If m is G-continuous and either G-open or G-closed, then the G-topology Gy on Y coincides with the G-quotient
topology Gr. Conversely, if Gy = Gr, then 1 is G-continuous.

Proposition 1.10. ([7]) If Y is endowed with the G-quotient topology induced by a mapping 7 of X onto Y, then
f: (Y, Gy) = (Z,Gz) is G-continuous iff fr is G-continuous.

Theorem 1.11. ([8]) Let (X, G) be the product of G-topological spaces (Xi, Gk), k € K. If every (X, Gk) is G-compact,
then so is (X, G).

Definition 1.12. ([4]) A G-topological space (X, G) is said to be T if for x,y € X, x # y, there exists O € G
such thatx € Oand y ¢ O.

The fundamental reference for topological groups and their properties is [1].
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2. G-topological groups

In this section, we will introduce G-topological groups and give basic properties of this structure. We
also discuss similarities with and differences from topological groups.

Definition 2.1. A G-topological group G is a group which is also a G-topological space such that the multi-
plication map of G X G into G sending x X y into x - y, and the inverse map of G into G sending x into x?,

are G-continuous maps.

Example 2.2. There is a G-topological group which is not a topological group.
(R, +) is a group and it forms a G-topological space under the G-topology G generated by the basis
B ={(—00,a),(b,),a,b € R}. Then ((R, +), G) is a G-topological group but not a topological group.

Proposition 2.3. Any subgroup H of a G-topological group G is a G-topological group again, called G-topological
subgroup of G.

We define morphisms of G-topological groups.

Definition 2.4. Let ¢ : G — G’ be a mapping. Then ¢ is called a morphism of G-topological groups (briefly,
G-morphism) if ¢ is both G-continuous and group homomorphism.

@ is a G-topological group isomorphism (briefly G-isomorphism) if it is G-homeomorphism and group
homomorphism.

If we have a G-isomorphism between two G-topological groups G and G’ then we say that they are
G-isomorphic and we denote them by G =g G'.

It is obvious that composition of two G-morphisms of G-topological groups is again a G-morphism. Also
the identity map is a G-isomorphism. So G-topological groups and G-morhisms form a category.

Definition 2.5. A G-topological space X is said to be G-homogeneous if for any x,y € X, there is a G-
homeomorphism ¢ : X — X such that p(x) = .

Theorem 2.6. Let G be a G-topological group and let g € G. Then left (right) translation map L, (R;) : G — G,
defined by Ly(x) = gx (Ry(x) = xg), is a G-topological homeomorphism.

Proof. Here we will prove that L, is a G-homeomorphism; similarly it can be shown that R, is a G-
homeomorphism. First we will show that L, : G — G, is G-continuous. Since L, : G — G is equal to the
composition

GhexGga,

where i,(x) = (g,x),x € G and m is the multiplicaion map in G then L, is G-continuous because i, and m are
G-continuous. Here we should verify that the map i, : G — G X G is G-continuous. For any G-open set
U x V, where U, V are G-open sets in G,

V, ifgel
- =1 7 4
UxV)=
g ) {@, if g¢ U,
We know that any G-open set in the product G-topology of G X G can be written as a union of G-open sets
of the form U X V. Then i, is G-continuous. Since (Lg)’1 = Ly is G-continuous, the left translation map
Ly : G — Gis a G-homeomorphism. []

Since for any two points g,g" € G there exists a G-homeomorphism L, ;1 : G — G such that L, 1(g9) = ¢/,
any G-topological group is a G-homogeneous space.

Theorem 2.7. Let G be a G-topological group and let e € G be the identity element of G and B, be a local base at e.
For g € G, the local base at g is equal to
B, ={90 : O € B.}.
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Theorem 2.8. Let G be a G-topological group and B, be a base at the identity e of G. Then we have the following
properties.
i) For every O € B,, there is an element V € B, such that VZcoO.

ii) For every O € B,, there is an element V € B, such that V- c O.
iii) For every O € B,, and for every x € O, there is an element V € B, such that Vx C O.
iv) For every O € B,, and for every x € G, there is an element V € B, such that xVx1 cO.

Proof. If G is G-topological group, then i) and ii) follow from the G-continuity of the mappings (x, y) — xy
and x — x7! at the identity e. Property iii) follows from the G-continuity of the left translation in G. Since
Ly, R, are G-homeomorphisms, their composition conjugation map x — axa™! is also G-homeomorphism.
By this fact we have the property iv). [

Theorem 2.9. Let G be a G-topological group, U a G-open subset of G, and A any subset of G. Then the set AU
(respectively, UA) is G-open in G.

Theorem 2.10. Let G be a G-topological group. Then for every subset A of G and every G-open set U containing the
identity element e, Clg(A) C AU (Clg(A) c UA).

Proof. Since the inversion is G-continuous, we can find a G-open set V containing e such that V! c U. Take
x € Clg(A). Then xV is a G-open set containing x, therefore there is a € A N xV, that is, a = xb, for some
beV.Thenx =ab' € AV~! c AU, hence, Clg(A) c AU. [

Theorem 2.11. Let G be a G-topological group, and B, a base of the space G at the identity element e. Then for every
subset A of G,

Clg(A) = ﬂ{Au ‘UeB,).

Proof. In view of Theorem 2.10, we only have to verify that if x is not in Clg(A), then there exists U € B,
such that x ¢ AU. Since x ¢ Clg(A), there exists a G-open neighborhood W of e such that (xW) N A = (. Take
U in B,, satisfying the condition U™ ¢ W. Then (xU™) N A = 0, which obviously implies that AU does not
containx. [

Theorem 2.12. Let f : G — H bea G-morphism. If f is G-continuous at the identity e of G, then f is G-continuous
at every g € G.

Proof. Let g € G be any point. Suppose that O is a G-open neighborhood of i = f(g) in H. Since left
translation L, is a G-homeomorphism of H, there exists a G-open neighborhood V of the identity element
ey in H such that hV C O. By G-continuity of f at ec we have a G-open neighborhood U of ¢ in G such that
f(U) c V. Since L, is a G-homeomorphism of G onto itself, the set gU is a G-open neighborhood of g in G,
and we have that f(gU) = hf(U) c hV c O. Hence f is G-continuous at the point g. [

Theorem 2.13. Let G be a G-topological group and let H be a subgroup of G. If H contains a non-empty G-open set,
then H is G-open in G.

Proof. Let U be a non-empty G-open subset of G with U c H. For every h € H, L;,(U) = hlU is G-open in G.
Therefore, the subgroup H = |Jey hU is G-openin Gby Uh c H, Vhe H. [0

Definition 2.14. Let X be a set and let I' ¢ P(X). We say that I' is a covering of X if X = U},er y. f X
is a G-topological space and every element of I is G-open (or G-closed) then I' is called a G-open covering
(respectively a G-closed covering).

If a G-topological space has a G-open covering then it must be strong.

Theorem 2.15. Let G be a G-topological group and let H be a subgroup of G. If H is a G-open set, then it is also
G-closed in G.



M. Hussain et al. / Filomat 27:4 (2013), 567-575 571

Proof. LetT = {gH : g € G} be the family of all left cosets of H in G. This family is a disjoint G-open covering
of G by left translations. Therefore, every element of I, being the complement of the union of all other
elements, is G-closed in G. In particular, H = eH is G-closed in G. [J

Definition 2.16. Let G be a G-topological group. Then a subset U of G is called G-symmetric if U = U™}
Theorem 2.17. Let G bea G-topological group. Then G-closure of a G-symmetric subset A of G is again G-symmetric.
We define G-regular space.

Definition 2.18. A G-topological space X is said to be G-regular if for any x € X and any G-closed set F such
that x ¢ F, there are two G-open sets U and V such thatxce U, FC Vand UNV =0.

Theorem 2.19. If a G-topological group G has a base at identity e consisting of G-symmetric neighborhood, then it
is a G-regular space.

Proof. Let U be a G-open set containing the identity e. We prove Clg(V) C U. By Theorem 2.8, there is a
G-open set V containing e such that V™! = V and V2 c U, yet x € Clg(V). Then Vx NV # 0, hence a1x = ap
for some ay, a; in V. Thus x = a;7'a, € V7'V = V2 c U. It means Clg(V) C U. Since G is a G-homogeneous
space, we get G-regularity of G. [

Proposition 2.20. Let X be a T, G-topological space. Then for every x € X the singleton set {x} is a G-closed set in
X.

By the last result, the identity {e} of a G-topological group G is G-closed and hence we have the following
corollary.

Corollary 2.21. Let ¢ : G — G’ be a G-morphism, let e’ be the identity element of G'. Then
ker(p) = {g € Glp(g) = ¢}

is a G-closed invariant G-topological subgroup in G.

We are ready to prove the following results.

Theorem 2.22. Let G be a G-topological group. Then G-closure of any subgroup of G is a G-topological subgroup
again.

Proof. Let H be a subgroup of G. First we prove that Clg(H) is closed under multiplication m in G. Given
x,y € Clg(H) and for any G-open set U containing xy, by the Definition 1.6, we need to show that UNH # 0.
Since m : G X G — G is G-continuous, there exist G-open sets V and W containing x and y, respectively,
such that m(V x W) c U. Since x, y € Clg(H) then we have

VNH#0 and WNH#0.

Hence 0 # m(V x W) N H C U N H which implies that xy € Clg(H).
Now Clg(H) is closed under the inverse operation because (Clg(H))™! c Clg(H™) = Clg(H) by Lemma 1.7.
|

Theorem 2.23. Let G be a G-topological group. Then G-closure of any invariant subgroup of G is a G-topological
invariant subgroup again.

Proof. Suppose H is an invariant subgroup in G. By Theorem 2.22, Clg(H) is a subgroup of G. Now we prove
that Clg(H) is invariant. Given g € G, let k, : G — G be conjugation by g, i.e. x,(h) = ghg™" = L, o R (h).
Then x, is a G-homeomorphism from G to itself. By Lemma 1.7, we have

¥y (Clg(H)) € Clg(icy(H)) = Clg(H), Vg €G.
It implies

14(Clg(H)) = gClg(H)g " c Clg(H), Vg€ G.
Hence Clg(H) is an invariant subgroup of G. [
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3. G-connectedness for G-topological groups

In this section, we will discuss basic topological properties of G-connectedness in G- topological groups.
For connectedness in G-topological spaces, see [3].

Definition 3.1. ([3]) Let X be a G-topological space and let U,V C X. Then we say that the pair U,V is
G-separated if Clg(U) NV = Clg(V) N U = 0.

Let X be a G-topological space. A set S C X is G-connected if there are no two non-empty G-separated
sets U and V such that U U V = S. The space X is G-connected if it is a G-connected subset of itself.

From Theorem 1.2 of [3], we have.
Corollary 3.2. A G-topological group G, having a G-open subgroup, is not G-connected.

The G-connectedness for G-topological subspaces can be defined by induced subspace G-topology. From
[3], we have the relation between G-continuity and G-connectedness.

Lemma 3.3. Let f : X — Y be a G-continuous mapping between G-topological spaces. If X is G-connected, so is
fX.
Definition 3.4. ([3]) A mapping f : X — Y between G-topological spaces is called G-open if for every
G-openset U C X, f(U) is G-openin Y.
Theorem 3.5. ([3]) Let f : X — Y be a G-open and injective mapping between G-topological spaces and let S C X.
If £(S) is G-connected, so is S.

Now we will give definition of G-component in G-topological spaces.
Definition 3.6. ([3]) Let X be a G-topological space, let A C X. For x € A, the set

A= s
XESCA

where S is G-connected in A, is called the G-component of A belonging to x.
From [3] we have the following theorem.
Theorem 3.7. The G-component of a G-closed set A in G-topological space X is again G-closed.
Hence the G-component of G-topological space X is again G-closed. Then we have the following result.

Theorem 3.8. Let G be a G-topological group and let e be the identity element of G. Then the G-connected component
containing e is a G-closed invariant subgroup of G.

Proof. Let F be the G-component of the identity e. By Theorem 3.7, F is G-closed. Let a € F. Since the
multiplication and inversion mappings in G are G-continuous, by Lemma 3.3, the set aF~! is also G-
connected, and since e € aF ! we have aF~! C F. Hence, for every b € F we have ab™! € F, i.e. F is a subgroup
of G.

If g is an arbitrary element of G, then L, o R,(F) = g~'Fg is a G-connected subset containing e. Since F
is a G-component, g~'Fg C F for every g € G, i.e. F is an invariant subgroup of G. [

Theorem 3.9. Let G be a G-connected G-topological group, and let U be a G-open set containing identity element e
such that U contains a G-symmetric G-open set V containing e. Then G = |, U".

Proof. By induction on n and Theorem 2.9, for every positive integer 1, V" is G-open. Hence J,_, V" is
G-open. Let H = | J;_; V". Since V is G-symmetric, for every positive integer n, V" is G-symmetric. Hence
H = H™'. Also we have V¥V! = V&) Hence HH = H. So, H is a subgroup of G. Since H is a G-open
subgroup of G, by Theorem 2.15, H is also G-closed. Since G is G-connected, and H is non-empty and both
G-closed and G-open, G = H. As V c U, it follows that G = |, U". O
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4. Quotients of generalized topological groups

Suppose that (G, G) is a G-topological group with identity ¢, and H is a G-closed subgroup of G. Denote
by G/H the set of all left cosets aH of H in G, and endow it with the G-quotient topology with respect to
the canonical mapping © : G — G/H defined by 7(a) = aH, for each a € G. We start with the following
statement:

Theorem 4.1. Let H be a G-closed subgroup of a G-topological group (G, G) with identity e. The family {r(xU) :
U € G,e € U} is a local base of the space G/H at the point xH € G/H, the mapping m is G-open, and G/H is a
G-homogeneous Ty space.

Proof. We can write the set xXUH(= n(xU)) as the union of left cosets yH where y € xU. Therefore,
nln(xUH) = xUH. Since the set xUH is G-open in G and the maping 7 is G-quotient, it follows that
n(xUH) is G-open in G/H. Now put O = 7-}(W), where W is any G-open neighborhood of xH in G/H.
G-continuity of 7 implies that the set O is G-open. Clearly, x € O. There is a G-open neighborhood U of e
in G such that xU € O. Then n(xU) € W and hence, n~'rt(xU) c O. Since xUH = ' rt(xU), it follows that
n(xUH) C W. Thus, the first two statements of the theorem are proved.

For G-homogeneity, for any a € G, define a mapping h, of G/H to itself by h,(xH) = axH. Since
axH € G/H, this definition is well defined. Since G is a group, the mapping h, is evidently a bijection of
G/H onto G/H. In fact, h, is a G-homeomorphism as is evident from the following argument.

Take any xH € G/H and any G-open neighborhood U of e. Then n(xUH) is a basic G-neighborhood
of xH in G/H. Similarly, the set n(axUH) is a basic G-neighborhood of axH in G/H. Since, obviously,
ha(n(xUH)) = m(axUH), it easily follows that h, is a G-homeomorphism. It is also clear that h,(xH) = axH.
Now for any given xH and yH in G/H, we can take a = yx~'. Then h,(xH) = yH. Hence the G-quotient
space G/H is G-homogeneous. It is a T; space, since all right cosets xH are G-closed in G and the mapping
1 is G-quotient. [J

The space G/H defined above is called the left coset G-space of G with respect to H. Similarly, one can define
the right coset G-space H\G.

Proposition 4.2. Suppose that G is a G-topological group, H is a G-closed subgroup of G, m is the natural G-quotient
mapping of G onto the left (right) G-quotient space G/H (H\G), a € G, L, (R,) is the left (right) translation of G
by a, and g, (h,) is the left (vight) translation of G/H (H\G) by a, that is, g,(xH) = axH, for each xH € G/H
ha(Hx) = Hxa, for each Hx € H\G. Then L,(R,) and g, (h,) are G-homeomorphisms of G and G/H (H\G),
respectively, and mo L, = g, o (m o R, = h, o m).

If Gis a G-topological group and H is a G-closed invariant subgroup of G, then each left coset of H in G is
also a right coset of H in G, and a natural multiplication of cosets in G/H is defined by the rule xHyH = xyH,
for all x, y € G. It is well known that this operation turns G/H into a group called the quotient group of G
with respect to H. So, we have the following:

Theorem 4.3. Suppose that G is a G-topological group, and that H is a G-closed invariant subgroup of G. Then G/H
with the G-quotient topology and multiplication is a G-topological group, and the canonical mapping 7 : G — G/H
is a G-open G-continuous homomorphism.

Proposition 4.4. Let G be a G-topological group and H be a G-closed invariant subgroup of G. Then G/H with the
G-quotient topology is G-discrete if and only if H is G-open in G.

Lemma 4.5. Let G be a G-topological group, H be a G-closed subgroup of G, 1t be the natural G-quotient mapping of
G onto the G-quotient space G/H, and let U and V be G-open neighborhoods of the neutral element e in G such that
V=V c U. Then Clg(n(V)) c m(U).

Proof. Take any x € G such that 7t(x) € Clg(n(V)). Since Vx is a G-open neighborhood of x and the mapping
1t is G-open, (V) is a G-open neighborhood of 7t(x). Therefore, m(Vx) N (V) # 0. It follows that, for some
a € Vandb €V, we have n(ax) = n(b), that is, ax = bh, for some h € H. Hence, x = (a"'b)h € UH, since
a~'b € V-1V c U. Therefore, n(x) € n(UH) = m(U). O
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Theorem 4.6. For any G-topological group G and any G-closed subgroup H of G, the G-quotient space G/H is
G-regular.

Definition 4.7. A G-closed G-continuous mapping with G-compact preimages of points is called G-perfect.

Proposition 4.8. Let G, H and K be groups and ¢ : G — H and ¢ : G — K be homomorphisms such that (G) = K
and ker(y) C ker(¢p). Then there exists a homomorphism f : K — H such that ¢ = f o . Further, if G,H,K are
G-topological groups, ¢ and ¢ are G-continuous, and for each G-neighborhood U of the identity ey in H there exists
a G-neighborhood V of the identity ex in K such that y~1(V) c ¢~ (U), then f is G-continuous.

Proof. Algebraic part is well known. For the G-continuity of f, assume that U is a G-neighborhood of ey
in H. By assumption, there exists a G-neighborhood V of ex in K such that W = ¢"}(V) c ¢~(U). So
¢(W) = f(V) c U, that is, f is G-continuous at the identity of K. By Theorem 2.8, f is G-continuous. [

Corollary 4.9. Let ¢ : G — Hand 1 : G — K be G-continuous homomorphisms of G-topological groups G, H, and
K such that P(G) = K and ker(y) C ker(¢p). If the homomorphism 1 is G-open, then there exists a G-continuous
homomorphism f : K — H such that ¢ = f o .

Proposition 4.10. Let G and H be G-topological groups and p be a G-isomorphism of G onto H. If Gy is a G-closed
invariant subgroup of G and Hy = p(Gy), then the G-quotient groups G/Go and H/Hy are G-isomorphic. The
corresponding G-isomorphism @ : G/Gy — H/Hy is given by ®(xGo) = yHo, where x € G and y = p(x).

Proof. Let ¢ : G — G/Gp and ¢ : H — H/H, be the G-quotient homomorphisms. Obviously @ is a
homomorphism of G/Gg onto H/Hj. It follows that yop = ®o¢. Since p, ¢, and 1P are G-open G-continuous
homomorphisms, so is ®@. Let xGy € G/Gp and set y = p(x). If P(xGg) = Hyp then y(y) = Hy, so that y € Hyp
and x € Gg. This shows that the kernel of @ is trivial. Thus @ is an isomorphim, hence a G-isomorphism, [J

Theorem 4.11. (First Isomorphism)

Let G and H be G-topological groups with the identity elements ec and ey respectively. Let p be a G-open
G-continuous homomorphism of G onto H. Then the kernel N = p~(en) of p is a G-closed invariant subgroup of G,
and the fibers p~(y) with y € H coincide with the cosets of N in G. The mapping ® : G/N — H which assigns to a
coset xN the element p(x) € H is a G-isomorphism.

Proof. Assertion about the kernel and fibers are well known. The definition of multiplication in G/N gives
that @ is a homomorphism. Let 7 be the G-quotient homomorphism of G onto G/N. From the definition
of @, it follows that p = @ o 7 and since 7 is G-open, the homomorphism @ is G-continuous. Also, if x € G
and ®(xN) = ey, then p(x) = O(n(x)) = ey. Sox € N and xN = N. Thus @ is an isomorphism. Now if
U is a G-open set in G/N, the image ®(U) = p(n~'(U)) is G-open in H. So @ is a G-open G-continuous
isomorphism, hence a G-homeomorphism. [J

Theorem 4.12. (Second Isomorphism)

Let G and H be G-topological groups with the identity elements ec and ey respectively. Letp : G — H be a
G-open G-continuous homomorphism of G onto H. Let Hy be a G-closed invariant subgroup of H, Go = p~'(Hp), and
N = p’l(eH). Then the G-topological groups G/Gy, H/Hy and (G/N)/(Go/N) are G-isomorphic.

Proof. Let ¢ be the G-quotient homomorphism of H onto H/Hy. By Theorem 2.9, ¢ is G-open, so the
composition ¢ o p is a G-open G-continuous homomorphism of G onto H/Hy with kernel Gy = p~!(Hy).
Hence the G-quoteint group G/Gy is G-isomorphic to H/Hy, by Theorem 4.11. Itis clear that G is a G-closed
invariant subgroup of G. Note that the mapping ® : G/N — H defined by ®(xN) = p(x). is a G-isomorphism
by Theorem 4.11, and ®(Gy/N) = Hy. Therefore applying Proposition 4.10, we conclude that the group
(G/N)/(Go/N) is G-isomorphic to H/Hy. O

Theorem 4.13. (Third Isomorphism)

Let G be a G-topological group and H be a G-closed invariant subgroup of G, and M be any G-topological subgroup
of G. Then the G-quotient group MH/H is G-isomorphic to the subgroup m(M) of the G-topological group G/H,
where m : G — G/H is the natural G-quotient homomorphism.
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Proof. Clearly, MH = m~}(r(M)). Since the mapping 7 is G-open and G-continuous, the restriction ¢
of m to MH is a G-open G-continuous mapping of MH onto n(M). Since M is a subgroup of G and
7t is a homomorphism of G onto G/H, it follows that (M) and MH are subgroups of the groups G/H
and G, respectively, and 1 is a homomorphism of MH onto 7(M). Let e be the indentity of G. Clearly
U (W(e)) = mH(m(e)) = H, that is, the kernel of the homomorphism ¢ is H. Now it follows from Theorem
4.11 that the G-topological groups MH/H and 1(M) are G-isomorphic. [
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