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Limit formulas for ratios between derivatives of the gamma and
digamma functions at their singularities
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Abstract. In the note, the author presents alternative proofs for limit formulas of ratios between derivatives
of the gamma function and the digamma function at their singularities.

1. Introduction

It is common knowledge [1, p. 255, 6.1.2] that the classical gamma function Γ(z) may be defined by

Γ(z) = lim
n→∞

n!nz∏n
k=0(z + k)

(1.1)

for z ∈ C \ {0,−1,−2, . . . } and that the digamma function ψ(z) is defined by

ψ(z) =
Γ′(z)
Γ(z)

. (1.2)

In 2011, A. Prabhu and H. M. Srivastava considered the limits of ratios between two gamma functions
and two digamma functions at their singularities 0,−1,−2, . . . and, among other things, obtained, by
Euler’s reflection formulas for the gamma function Γ(z) and the digamma function ψ(z), the following limit
formulas.

Theorem 1.1 ([2, Theorems 1 and 2]). For any non-negative integer k and all positive integers n and q, the limit
formulas

lim
z→−k

Γ(nz)
Γ(qz)

= (−1)(n−q)k q
n
· (qk)!

(nk)!
(1.3)

and

lim
z→−k

ψ(nz)
ψ(qz)

=
q
n
. (1.4)

are valid.
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If we appeal appropriately to the L’Hôspital’s limit formula for indeterminate quotients, the following
limit formulas would follow as rather immediate consequences of the assertions (1.3) and (1.4).

Theorem 1.2. For n, q ∈N and i, k ∈ {0} ∪N, we have

lim
z→−k

Γ(i)(nz)
Γ(i)(qz)

= (−1)(n−q)k
( q

n

)i+1 (qk)!
(nk)!

(1.5)

and

lim
z→−k

ψ(i)(nz)
ψ(i)(qz)

=
( q

n

)i+1

. (1.6)

The object of this note is to provide alternative proofs for limit formulas in the above stated theorems.

2. An alternative proof of limit formulas (1.3) and (1.5)

It is well known [1, p. 255, 6.1.3] that the gamma function Γ(z) is single valued and analytic over the
entire complex plane, save for the points z = −n, with n ∈ {0} ∪N, where it possesses simple poles with
residue (−1)n

n! . Its reciprocal 1
Γ(z) is an entire function possessing simple zeros at the points z = −n, with

n ∈ {0} ∪N. This implies that

Γ(z) =
(−1)n

n!(z + n)
fn(z) (2.1)

is valid on the neighbourhood

D
(
−n,

1
4

)
=

{
z : |z + n| < 1

4

}
(2.2)

of the points z = −n with n ∈ {0} ∪N, where fn(z) is analytic on D
(
−n, 1

4

)
and satisfies limz→−n fn(z) = 1 for

all n ∈ {0} ∪N.
Differentiating i ≥ 0 times on both sides of (2.1) yields

Γ(i)(z) =
(−1)n

n!

i∑
ℓ=0

(
i
ℓ

)
(−1)ℓℓ!

(z + n)ℓ+1
f (i−ℓ)
n (z).

Therefore, we have

lim
z→−k

Γ(i)(nz)
Γ(i)(qz)

= lim
z→−k

{[
(−1)nk

(nk)!

i∑
ℓ=0

(
i
ℓ

)
(−1)ℓℓ!

(nz + nk)ℓ+1
f (i−ℓ)
nk (nz)

]/[
(−1)qk

(qk)!

i∑
ℓ=0

(
i
ℓ

)
(−1)ℓℓ!

(qz + qk)ℓ+1
f (i−ℓ)
qk (qz)

]}
= (−1)(n−q)k

( q
n

)i+1 (qk)!
(nk)!

.

The proof of limit formulas (1.3) and (1.5) is completed.

3. The first alternative proof of limit formulas (1.4) and (1.6)

In [3, Theorem 1.2], an explicit formula for the n-th derivative of the cotangent function cot x was
inductively established, which may be reformulated as

cot(n) x =
1

sinn+1 x

{
1
2

bn, 1+(−1)n
2

cos
[1 + (−1)n

2
x
]
+

1
2

[
n−1− 1+(−1)n

2

]∑
i=1

bn,2i+ 1+(−1)n
2

cos
[(

2i +
1 + (−1)n

2

)
x
]}
, (3.1)
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where

bp,q = (−1)
1−(−1)p

2 2

p−q−1
2∑
ℓ=0

(−1)ℓ
(
p + 1
ℓ

)(p − q − 1
2

− ℓ + 1
)p

(3.2)

for 0 ≤ q < p with p − q being a positive and odd number.
In [1, p. 260, 6.4.7], the reflection formula

ψ(n)(1 − z) + (−1)n+1ψ(n)(z) = (−1)nπ cot(n)(πz), n ≥ 0 (3.3)

is collected. Hence, we have

lim
z→−k

ψ(i)(nz)
ψ(i)(qz)

= lim
z→−k

(−1)iπ cot(i)(πnz) − ψ(i)(1 − nz)

(−1)iπ cot(i)(πqz) − ψ(i)(1 − qz)
, i ≥ 0. (3.4)

When i = 0, we have

lim
z→−k

ψ(nz)
ψ(qz)

= lim
z→−k

π cot(πnz) − ψ(1 − nz)
π cot(πqz) − ψ(1 − qz)

= lim
z→−k

[π cos(πnz) − sin(πnz)ψ(1 − nz)
π cos(πqz) − sin(πqz)ψ(1 − qz)

· sin(πqz)
sin(πnz)

]
= lim

z→−k

π cos(πnz) − sin(πnz)ψ(1 − nz)
π cos(πqz) − sin(πqz)ψ(1 − qz)

lim
z→−k

sin(πqz)
sin(πnz)

=
q
n
.

The limit formulas (1.4) and (1.6) for i = 0 follow.
When i = 1, by (3.4) and (3.1) applied to n = 1, we have

lim
z→−k

ψ′(nz)
ψ′(qz)

= lim
z→−k

−π cot′(πnz) − ψ′(1 − nz)
−π cot′(πqz) − ψ′(1 − qz)

= lim
z→−k

− π
sin2(nπz)

+ ψ′(1 − nz)

− π
sin2(qπz)

+ ψ′(1 − qz)

= lim
z→−k

[−π + sin2(nπz)ψ′(1 − nz)

−π + sin2(qπz)ψ′(1 − qz)
· sin2(qπz)

sin2(nπz)

]
= lim

z→−k

sin2(qπz)

sin2(nπz)
=

( q
n

)2

.

When i = 2 j and j ∈N, by (3.4) and (3.1), we have

lim
z→−k

ψ(2 j)(nz)
ψ(2 j)(qz)

= lim
z→−k

(−1)2 jπ cot(2 j)(πnz) − ψ(2 j)(1 − nz)

(−1)2 jπ cot(2 j)(πqz) − ψ(2 j)(1 − qz)

= lim
z→−k

π
sin2 j+1(nzπ)

∑ j−1
i=0 b2 j,2i+1 cos[(2i + 1)nzπ] − ψ(2 j)(1 − nz)

π
sin2 j+1(qzπ)

∑ j−1
i=0 b2 j,2i+1 cos[(2i + 1)qzπ] − ψ(2 j)(1 − qz)

= lim
z→−k

[
π

∑ j−1
i=0 b2 j,2i+1 cos[(2i + 1)nzπ] − sin2 j+1(nzπ)ψ(2 j)(1 − nz)

π
∑ j−1

i=0 b2 j,2i+1 cos[(2i + 1)qzπ] − sin2 j+1(qzπ)ψ(2 j)(1 − qz)
· sin2 j+1(qzπ)

sin2 j+1(nzπ)

]

= lim
z→−k

sin2 j+1(qzπ)

sin2 j+1(nzπ)

=
( q

n

)2 j+1

.
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When i = 2 j + 1 and j ∈N, by (3.4) and (3.1) again, we have

lim
z→−k

ψ(2 j+1)(nz)
ψ(2 j+1)(qz)

= lim
z→−k

(−1)2 j+1π cot(2 j+1)(πnz) − ψ(2 j+1)(1 − nz)

(−1)2 j+1π cot(2 j+1)(πqz) − ψ(2 j+1)(1 − qz)

= lim
z→−k

π
sin2 j+2(nzπ)

∑ j
i=0 b2 j+1,2i cos(2inzπ) + ψ(2 j+1)(1 − nz)

π
sin2 j+2(qzπ)

∑ j
i=0 b2 j+1,2i cos(2iqzπ) + ψ(2 j+1)(1 − qz)

= lim
z→−k

[
π

∑ j
i=0 b2 j+1,2i cos(2inzπ) − sin2 j+2(nzπ)ψ(2 j+1)(1 − nz)

π
∑ j

i=0 b2 j+1,2i cos(2iqzπ) − sin2 j+2(qzπ)ψ(2 j+1)(1 − qz)
· sin2 j+2(qzπ)

sin2 j+2(nzπ)

]

= lim
z→−k

sin2 j+2(qzπ)

sin2 j+2(nzπ)

=
( q

n

)2 j+2

.

In conclusion, the limit formulas (1.4) and (1.6) are proved.
Remark 3.1. It seems that explicit formula (3.1) and those in [3] for the n-th derivatives of the cotangent
function cot x and the tangent function tan x should exist somewhere. But, to the best of his knowledge, the
author can not find them anywhere.

4. The second alternative proof of limit formulas (1.4) and (1.6)

It is well known [1, p. 260, 6.4.1] that the polygamma function ψ(n)(z) for n ∈ {0} ∪N is single valued
and analytic over the entire complex plane, save at the points z = −m, with m ∈ {0} ∪N, where it possesses
poles of order n + 1. From this or (2.1), it follows that the expression

ψ(n)(z) =
(−1)n+1n!
(z +m)n+1 +

[ f ′m(z)
fm(z)

](n)

(4.1)

for n ∈ {0} ∪N is valid on D
(
−m, 1

4

)
which is defined by (2.2).

In virtue of (4.1), we have

lim
z→−k

ψ(i)(nz)
ψ(i)(qz)

= lim
z→−k

({
(−1)i+1i!

(nz + nk)i+1
+

[ f ′nk(nz)

fnk(nz)

](i)}/{ (−1)i+1i!
(qz + qk)i+1

+
[ f ′qk(qz)

fqk(qz)

](i)})
=

( q
n

)i+1

.

The proof of limit formulas (1.4) and (1.6) is completed.
Remark 4.1. This is a combined version of the preprints [4, 5].

Acknowledgements
The authors would like to thank Professor H. M. Srivastava and the anonymous referee for their valuable

and helpful comments on the original version of this manuscript.

References

[1] M. Abramowitz, I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables,
National Bureau of Standards, Applied Mathematics Series 55, 9th printing, Washington, 1970.

[2] A. Prabhu, H. M. Srivastava, Some limit formulas for the Gamma and Psi (or Digamma) functions at their singularities, Integral
Transforms Spec. Funct. 22 (2011), no. 8, 587–592; Available online at http://dx.doi.org/10.1080/10652469.2010.535970.

[3] F. Qi, Explicit formulas for the n-th derivatives of the tangent and cotangent functions, Available online at http://arxiv.org/
abs/1202.1205.

[4] F. Qi, Limit formulas for ratios of derivatives of the gamma and digamma functions at their singularities, Available online at
http://arxiv.org/abs/1202.4240.

[5] F. Qi, Limit formulas for ratios of polygamma functions at their singularities, Available online at http://arxiv.org/abs/1202.
2606.


