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Limit formulas for ratios between derivatives of the gamma and
digamma functions at their singularities

Feng Qi?

#School of Mathematics and Informatics, Henan Polytechnic University, Jinozuo City, Henan Province, 454010, China

Abstract. In the note, the author presents alternative proofs for limit formulas of ratios between derivatives
of the gamma function and the digamma function at their singularities.

1. Introduction

It is common knowledge [1, p. 255, 6.1.2] that the classical gamma function I'(z) may be defined by

¥4

nln
I'(z) = lim ——— (1.1)
n—o0 Hk:O(Z + k)
forz e C\ {0,-1,-2,...} and that the digamma function ¢(z) is defined by
_I'd

In 2011, A. Prabhu and H. M. Srivastava considered the limits of ratios between two gamma functions
and two digamma functions at their singularities 0,-1,-2,... and, among other things, obtained, by
Euler’s reflection formulas for the gamma function I'(z) and the digamma function ¢(z), the following limit
formulas.

Theorem 1.1 ([2, Theorems 1 and 2]). For any non-negative integer k and all positive integers n and g, the limit
formulas

F(mz) g @
zifk I'(gz) = DT n  (nk)! (1.3)
and
. Ymz) ¢
le)rgk Ugz)  n (14
are valid.
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If we appeal appropriately to the L'Hospital’s limit formula for indeterminate quotients, the following
limit formulas would follow as rather immediate consequences of the assertions (1.3) and (1.4).

Theorem 1.2. Forn,q € N and i,k € {0} UIN, we have

re (”Z) (n-q)k o (qk)!
z—— k F(l)(qz) ( 1) ! (n) (le)' (15)
and
l,l)(i)(nz) (7 i+1
2000z (E) ' (1.6)

The object of this note is to provide alternative proofs for limit formulas in the above stated theorems.

2. An alternative proof of limit formulas (1.3) and (1.5)

It is well known [1, p. 255, 6.1.3] that the gamma function I'(z) is single valued and analytic over the
entire complex plane, save for the points z = —n, with n € {0} U N, where it possesses simple poles with

residue (%)n Its reciprocal - f(5 is an entire function possessing simple zeros at the points z = —n, with
€ {0} UIN. This implies that
r 2.1
@ = mrs i) Y
is valid on the neighbourhood
1 1
D(—n, 4_1) = {z Hz4+n| < Z} (2.2)

of the points z = —n with n € {0} U N, where f,(z) is analytic on D(—n, %) and satisfies lim,,_, f,(z) = 1 for
alln € {0} UN.
Differentiating i > 0 times on both sides of (2.1) yields

o Dy (1) (DI g
e = n! ;( )(z+n)f“rl @
Therefore, we have
. TOmz) 1) o (1) (=1 -0 %NS () DO
T (g2) zlirf‘k{[ (1k)! Z( )(nz+nk)“1f n Z)]/ [ (qk)! O( )(qz+qk)€+1f @ )]}

- i+1 (qk)'
= (1) q)k(n) (nk)'

The proof of limit formulas (1.3) and (1.5) is completed.

3. The first alternative proof of limit formulas (1.4) and (1.6)

In [3, Theorem 1.2], an explicit formula for the n-th derivative of the cotangent function cotx was
inductively established, which may be reformulated as

%[H—l— 1+(;1)" ]

., 1 (1 1+ (=1) o1+ (=)
cot™ x = - {Ebm”(zl)“ cos[—x] + Z bn,zi S cos[(Zz + —)x] , (3.1)

2 2
sin""" x P
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where

p=q-1

Loy & +1\(p—-g-1 P
by = (-1)" 22(-1)"(’”€ )(” Z —€+1)
=0

for 0 < g < p with p — q being a positive and odd number.
In [1, p. 260, 6.4.7], the reflection formula

YO - z) + (1) 1Y (z) = (=1)"mcot™(nz), n =0
is collected. Hence, we have

YO(nz) (=1)'meot?(mnz) — pO(1 - nz)
im - = Iim - - P 4
2=k PD(gz)  z>-k (=1)in cot?(ngz) — PO(1 - gz)

When i = 0, we have

, Y(nz) . meot(mnz) —P(1-nz)  [mcos(rnz) —sin(nnz)y(l —nz) sin(ngz)
bl U(gz) ST cot(ngz) — (1 —qz) = k[ n cos(ngz) — sin(ngz)P(1 — gz)  sin(mnz)
1 cos(mnz) — sin(mnz)iP(l —nz) . sin(ngz)

zirzlk 1t cos(ntqz) — sin(ngz)P(l — gz) zg?k sin(mtnz)

The limit formulas (1.4) and (1.6) for i = 0 follow.
Wheni =1, by (3.4) and (3.1) applied to n = 1, we have

1,[} (nz) . —mcot'(mnz) —¢’'(1 —nz) . e (,mz) +¢'(1 - nz)
za k V'(qz) erElk —mcot’(nqz) — P’ (1 — gz) - zinjk smz = +¢'(1-4qz)
_ lim [—n+sin2(nnz)1p’(1 — nz) sinz(qnz) o sin®(qmz) _
zo-kl —77 + smz(qnz)lp (1-gz) sinz(nnz) 2>k sin®(nmz)

Wheni =2jand j € N, by (3.4) and (3.1), we have

1.¢@m). (=1)*r cot®(mnz) — p)(1 - nz)
m
o W(Z” qz) ok (= 1)2Jncot<21> (ngz) — P@I(1 - gqz)
L ¥/ bajaist cos[(2i + Dnznr] — @)(1 — nz)

sin?*! (nzm)

= lim
zo—k 1 Z b2]21+1 cos[(2i + 1)gzn] — p@I(1 — gz)

sin?/*1 (qzn)
. [n Zl 0  b2jis1 cos[(2i + 1nzn] — sin®* (nzm)p®) (1 — nz) sin2j+1(qz7t)
T Zz =0 s bajaie1 cos[(2i + 1)gzn] - sin?* ! (qzm)y@)(1 - gz)  sin

sin*1(gzm)
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Wheni=2j+1and j €N, by (3.4) and (3.1) again, we have
o Y@z (1) cot®* D (nnz) — YR (1 - nz)
lim ———— = lim ; , ,
z——k P@HD(gz) 2ok (=1)2*1 7t cot®t(rgz) — Y@H(1 - gz)

u ):LO baji1,0i cos(2inzm) + PFH(1 — nz)

sin?*2(nzm)

2k B V] bojen 0 cos(2igzm) + YD (1 - g2)

sin?*2(gzm)
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2j+2(

sin”/"*(gzm)

2>k sin?*?(nzm)

_ (i)2j+2
0 .

In conclusion, the limit formulas (1.4) and (1.6) are proved.

Remark 3.1. It seems that explicit formula (3.1) and those in [3] for the n-th derivatives of the cotangent
function cotx and the tangent function tan x should exist somewhere. But, to the best of his knowledge, the
author can not find them anywhere.

4. The second alternative proof of limit formulas (1.4) and (1.6)

It is well known [1, p. 260, 6.4.1] that the polygamma function 1)”(z) for n € {0} U N is single valued
and analytic over the entire complex plane, save at the points z = —m, with m € {0} UIN, where it possesses
poles of order n + 1. From this or (2.1), it follows that the expression

(=D™int [f;%(Z)](")

(z+my=1 | fu(2)

for n € {0} U N is valid on D(—m, %L) which is defined by (2.2).
In virtue of (4.1), we have

) (=1)*i! £ (1)1 (=1)i*1it fa(q2)0 gy
Zlil’{lk ¢(i)(qz) - zlir?k({ (nz + nk)i+! " fnk(nz)] }/{ (qz + qk)H—l ’ [.ﬂik(qz)] }) - (E) .

The proof of limit formulas (1.4) and (1.6) is completed.

P(z) = (4.1)

Remark 4.1. This is a combined version of the preprints [4, 5].
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