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Abstract. In this paper, we introduce and investigate an interesting subclass N)]:l’p (A, ) of analytic and

bi-univalent functions in the open unit disk U. For functions belonging to the class N;’p (A, 1), we obtain
estimates on the first two Taylor-Maclaurin coefficients |a,| and |as|. The results presented in this paper
would generalize and improve some recent works of Caglar et al. [3], Xu et al. [10], and other authors.

1. Introduction
Let R = (—00, 00) be the set of real numbers, C be the set of complex numbers and
N:={1,2,3,...} = No\ {0}

be the set of positive integers.
Let A denote the class of all functions of the form:

f@)=z+ i a,z", 1)
n=2

which are analytic in the open unit disk
U={z:zeC and [z]<1}.
We also denote by S the class of all functions in the normalized analytic function class A which are univalent

inU.
It is well known that every function f € S has an inverse f~!, which is defined by

i f@)=z (zeU)
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and
f(f‘l(ZU))Zw (|w|<ro(f);r0(f)gjz).

In fact, the inverse function f~! is given by
f‘1 (w) = w — amw? + (Zag - a3) w® — (Sag — bayas + a4) w e

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let ¥ denote the
class of bi-univalent functions in U given by (1). For a brief history and interesting examples of functions
in the class X, see [8] (see also [1]). In fact, the aforecited work of Srivastava et al. [8] essentially revived
the investigation of various subclasses of the bi-univalent function class L in recent years; it was followed
by such works as those by Frasin and Aouf [4], Xu et al. [9, 10], Hayami and Owa [6], and others (see, for
example, [5], [7] and [11]).

Recently, Caglar et al. [3] introduced the following two subclasses of the bi-univalent function class X
and obtained non-sharp estimates on the first two Taylor-Maclaurin coefficients |a;| and |as| of functions
in each of these subclasses (see also [4] and [10]). It should be mentioned in passing that the functional
expression used in the inequalities in (2) and (7) of Definitions 1 and 2 is precisely the same as that used by
Zhu [12] for investigating various extensions, generalizations and improvements of the starlikeness criteria
which were proven by earlier authors (see, for details, Remark 1 below).

Definition 1. (see [3]) A function f (z) given by (1) is said to be in the class Ng (a, A) if the following
conditions are satisfied:

u u-1
feX and arg[(l —A)(@) +Af (z)(]@) ) < % 2)
O<ag2l, A2, uz20,zeU)
and
u u-1
arg(a—A)(—gg")) + g (w)(—gg")) ] < 3)
O<agL, Az uz0,wel),
where the function g is given by
g (w) = w — aw? + (Zaé - ﬂ3) w® — <5a; — 5aya3 + a4) Wt (4)

Theorem 1. (see [3]) Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the class

NE@ ) O<asL,A21;,p20).

Then
o < 2 )
JO+ P +a(u+21-22)
and
IR ®)

+ .
(A+p)? 24+
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Definition 2. (see [3]) A function f (z) given by (1) is said to be in the class Ng (B, A) if the following
conditions are satisfied:

-1
feX and ‘R((l - /\)(@)H +Af (2) (@)# ] > B (7)
0=B<L,A21L,u20z€U)

and

iz p-1
%((1—»(@) +Ag’ (w)(@) ]>[3 8)

O0=p<LAzL uz0,wel),
where the function g is defined by (4).

Remark 1. For functions f(z), which are analytic in U and normalized by

fz)=z+ i a2k (neN),

k=n+1
Zhu [12] determined the conditions on the parameters M, a, A and u such that the following inequality:

f&) f@yl_l

— — <M
z z

(1—A)( )H+/\f'(2)(

implies that the so-normalized function f(z) is in the corresponding class of starlike functions of order
a (0 £ a < 1). Interestingly, the functional expression used by Zhu [12] is precisely the same as that used
in the inequalities in (2) and (7) above. The work of Zhu [12] provided extensions, generalizations and
improvements of the various starlikeness criteria which were proven by a number of earlier authors (see,
for details, [12]).

Theorem 2. (see [3]) Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the class
NEBA)  OSp<lAzlpz0).
Then

) 4(1-p) 2(1-p)
] émm{ \@rheirp) A+p } ®)

and
: 4(1_ﬁ) 4(1—‘8)2 2(1_ﬁ)
mm{(#+1)(27k+y)’ (/\+M)2 + 2/\_'_“} 0<su<1)
las| < "
2(1-p)
2A+p (12 1).

Remark 2. The following special cases of Definitions 1 and 2 are worthy of note:
(i) For u = 1, we obtain the bi-univalent function classes

Ni(a,A)=Bs(a,A) and  NL(BA)=Bx(BA)
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introduced by Frasin and Aouf [4].
(if) For u =1 and A = 1, we have the bi-univalent function classes
Ni(@1)=H and NL(B1)=Hz(B)
introduced by Srivastava et al. [8].

(iii) For u = 0 and A = 1, we get the well-known classes
N(a,1) = S; [@] and  N2(8,1) =S5 (B)

of strongly bi-starlike functions of order a and of bi-starlike functions of order 3, respectively.

This paper is essentially a sequel to some of the aforecited works (especially see [3] and [10]). Here we

introduce and investigate the general subclass Ng’p (A, u) (A z1; uz0) of the analytic function class A,
which is given by Definition 3 below.

Definition 3. Let the functions /,p : U — C be so constrained that
min{R(1(z)), R(p@)}>0 (zeU) and h(0)=p(0)=1.

Also let the function f, defined by (1), be in the analytic function class A. We say that
FENT (M)  (Az1pz0)

if the following conditions are satisfied:

u u=1
fexr and (1—)\)(%‘2)) +Af (z)(@) eh(U) (zeU) 11)
and
u u-1
1-2) (#) + Ag" (w) (@) ep(U) (wel), (12)

where the function g is defined by (4).

We note that the class N;’p (A, u) reduces to the function classes Bl;’p (A) and ‘H;’p given by
¥y h,
By () = NP (4,1),

B = Ny (1,0)

and
ﬂh,p _ hp
- =N (L),

respectively, each of which was introduced and studied recently by Xu et al. [10], Bulut [2] and Xu et al. [9],
respectively.

Remark 3. There are many choices of the functions (z) and p(z) which would provide interesting subclasses
of the analytic function class A. For example, if we let

h(z):p(z):(%)a O0<as<1zel) (13)
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or

1+(1-2p)z

h@)=pE) = ——— 0<p<Lzel), (14)

it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses of Definition 3. If f € Ng’p (A ),

then
fer and arg[(l /\)(f(z)) +)\f()(f(z)) )<% (15)
O<asl,A21Lpu20,ze)
and
u-1
arg((l A)(g( )) + A (w )( (w)) ]<% (16)
O<asL,A2L uz20,wel)
or
fer and ((1—)\)(f(z)) Af()(f(z) ]>/3 (17)
O0=2B<L, A2, u20z€)
and
u-1
((1 /\)(g( )) + g’ (w )(g(w)) ]>[3 (18)

O=2B<L,Az2L, uz20,wel),

where the function g is defined by (4). This means that
feNE (@A) O<a<L;A21;u20)

or

feNEBA)  (02B<1;A2L,u20).

Our paper is motivated and stimulated especially by the works of Caglar et al. [3] and Xu et al. [10]. Here
we propose to investigate the bi-univalent function class Ng’p (A, u) introduced in Definition 3 and derive
coefficient estimates on the first two Taylor-Maclaurin coefficients |a,| and |a3| for a function f € N;'p (A, )

given by (1). Our results for the bi-univalent function class N;’p (A, u) would generalize and improve the
related works of Caglar et al. [3] and Xu et al. [10] (see also [4] and [8]).

2. A Set of General Coefficient Estimates

In this section, we state and prove our general results involving the bi-univalent function class N. ;’p (A, w)
given by Definition 3.
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Theorem 3. Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the function class
N)}é’p (A, u). Then

| lwor+pof [ mron+pr o)
ozl < min J 20+pr  N2@rD@i+p) (19)
and
s] < min {m’ O)F + Lo+ )|
3= 2(A+ )’ 12V +p)
G+l O+ [1- g [p” ©)
HEr DA } 20)

Proof. First of all, we write the argument inequalities in (11) and (12) in their equivalent forms as follows:

-1
a-»(L2) eara(f2) cie cew,

and

u-1
(1- A)(g( )) + g (w >(g( )) —pw) (wel),

respectively, where hi(z) and p(w) satisfy the conditions of Definition 3. Furthermore, the functions / (z) and
p (w) have the following Taylor-Maclaurin series expensions:

Wz)=1+Mmz+hz*+---
and
p(w):1+p1w+p2w2+m,

respectively. Now, upon equating the coefficients of
u=1
a-n (L2 ) o a(22)
with those of h(z) and the coefficients of

(1- A)(g( )) A (@ )(g(w))

with those of p (w) , we get
(/\ + y) ap = I’l1, (21)
(2)\+y)a3+(y—1)(A+g)a§ = hy, (22)

—(A+pa=m (23)
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and

—(za+;oa3+(y-+3)(1+-%)a§:;h. (24)
From (21) and (23), we obtain

h=-p (25)
and

2(A+ p) a; =h+pl. (26)

Also, from (22) and (24), we find that
(u+1)2A + p)a3 = hy + pa. (27)
Therefore, we find from the equations (26) and (27) that

P O

W (0)f +
< - ' -
2(A + )

laaf*

and

, I OI+|p” 0)
|El2| é ’
2(u+1) (A +p)

respectively. So we get the desired estimate on the coefficient |a,| as asserted in (19).
Next, in order to find the bound on the coefficient |a3|, we subtract (24) from (22). We thus get

2020+ p)as —2(2A + p)az = hy — pa. (28)
Upon substituting the value of a% from (26) into (28), it follows that

asz = h%-#p% + hz—Pz .
2(A+u)? 2QA+up)

We thus find that
2
W OF + [ O I ©)+[p” )
las| < > ‘ | (29)
2(A+ ) 424 +p)
On the other hand, upon substituting the value of a% from (27) into (28), it follows that
o B+ A-wp,
T2+ A+
Consequently, we have
G+ ) +|1 - u| |p” (0)
las| < | | | . (30)

4(u+1) 24+ p)

This evidently completes the proof of Theorem 3. [
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3. Corollaries and Consequences

By setting p1 = 1 in Theorem 3, we get Corollary 1 below.

Corollary 1.  Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class B};’p (A) (A= 1). Then

| fwor+pof )+ o)
|az] £ min J 2(1+ ) ’ 4(1+2A) e
and
Jwor+prof  wror+pr o]  wo)
" mm{ 2(1+ M) TR 2@e2n | )

Remark 4. Corollary 1 is an improvement of the following estimates obtained by Xu et al. [10].

Corollary 2. (see [10]) Suppose that f (z) given by its Taylor-Maclaurin series expansion (1) is in the function class
B (A) (A 21). Then

I (0)] + |p (0)|
|az| £ w (33)
and
[h"” (0)|
las| = 2052 (34)

By setting 1 = 1 and A = 1 in Theorem 3, we get the following consequence.

Corollary 3. Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the function class 7{2”” .
Then

wOF +|p Of [l ©)+|p” ©
mganu»;pw,| w;pw o
and
I OF + | OfF )+ | ©)] p
|| émin{ 2 P O) + 12]0 |, L 6(0)|}' (36)

Remark 5. Corollary 3 is an improvement of the following estimates obtained by Xu et al. [9].

Corollary 4. (see [9]) Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the function
class H". Then

h// 0 (0
iz |0 0] -
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and

I )1

s3] <
las| < G

(38)

Remark 6. By setting u = 0 and A = 1 in Theorem 3, we get [2, Theorem 2.1].

If we set

1+Z) 0O<acs1,zel)

e =p@ = (1

in Theorem 3, we can readily deduce Corollary 5.

Corollary 5.  Let the function f(z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class

NE(@, ) O<as, A2 u20).

Then
Achy ()\ >1+ 1+ y)
laz| < ” (39)
18A<1+ 41 .
NrEsyerEn I )
and
402 202 402
min + , 0su<i1
{a+yf 2A+u<u+naA+m} Op<D
las| < (40)
2a2
20+ Wz

Remark 7. It is easy to see, for the coefficient |a|, that
2u 2u
A o v a(ur21-22)

LAZ1+ T+ uz20)

IIA

(O<a

IA

and
2o 20

<
VD@0 o4 P +a(u+21-12)

(0O<ash1gA<l+ T+ pz0).
On the other hand, for the coefficient |a3|, we make the following observations:

HIf0fu<land

min 402 N 202 407 402 N 242
A+p? 2 +u" (+)@A+p) [ A +p? 20+
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then

402 N 2a2 < 402 N 2a
A+w? 24+~ A+p? 2A+p

O<as1,A21);

(ii)If0fu<land

in 402 N 202 402 _ 402
A+p? 20+p" (u+ DA+ [ (u+D@A+p)

then
407 < 402 N 202
(H+D@A+p) ~ A +p)? 24+yp
< 402 N 2a
T (A+p? 2A+p

O<asL,Az1);

(iif) If u 2 1, then

207 L 2
20+ T 240+
407 2a

O<azgl; A21).

< +
(A+up? 2A+p
Thus, clearly, Corollary 5 is an improvement of Theorem 1.

By setting ¢ = 1 in Corollary 5, we obtain the following consequence.

Corollary 6.  Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class

Bs(a,A) 0O<azs1;,A21).

Then
2a (/\21+ \/5)
A+1 -
laz| < (41)
2
<
1 ® (1sA<1+v2).
and
202
<
las| < R (42)

Remark 8. Corollary 6 provides an improvement of the following estimates obtained by Frasin and Aouf
[4].

Corollary 7. (see [4]) Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class

By (a,A) O<az1,A21).
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Then
e 2 (43)
A+1)2+a(l+21-12)
and
TP (44)

(/\+1)2+2/\+1'

By setting 1 = 1and A = 1 in Corollary 5, we get the following consequence.

Corollary 8.  Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class HY (0 < a £1). Then

a2 < \/g a (45)

2
mag%}. (46)

and

Remark 9. Corollary 8 is an improvement of the following estimates which were given by Srivastava et al.
[8].

Corollary 9. (see [8]) Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class HY (0 < a £1). Then

<
e 47)
and
o) < 222D, (48)

By setting ¢t = 0 and A = 1 in Corollary 5, we get the following consequence.

Corollary 10.  Let the function f (z) given by the Taylor-Maclaurin series expansion (1) be in the bi-univalent
function class S [a] (0 <a £1). Then

o] £ V2 a (49)
and

las| < 20°. (50)

Remark 10. If we set
1+(1-28)z
1-2z

in Theorem 3, we can readily deduce Theorem 2.

h(z)=p(z) = 0=B<L,A21;z€el) (51)

Remark 11. The aforecited work by Caglar et al. [3] contains several interesting further special cases and
consequences of Theorem 2, which we have generalized here by means of Theorem 3 (see Remark 3). The
reader will find each of these further special cases and consequences of Theorem 2, too, to be motivatingly
interesting.
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4. Concluding Remarks and Observations

In our present investigation, we have considered an interesting subclass Ng’p (A, p) of analytic and bi-
univalent functions in the open unit disk U. We have derived estimates on the first two Taylor-Maclaurin

coefficients |a;| and |as| for functions belonging to the class N;’p (A, u). By means of corollaries and conse-
quences which we discussed in the preceding section by suitably specializing the functions k(z) and p(z)
(and also the parameters A and p), we have also shown already that the results presented in this paper
would generalize and improve some recent works of Caglar et al. [3], Xu et al. [10], and other authors.

Finally, our motivation for introducing the subclass Ng’p (A, u) of analytic and bi-univalent functions in
the open unit disk U in Definition 3 is motivated at least partially by the work of Zhu [12] who provided
extensions, generalizations and improvements of the various starlikeness criteria which were proven by a
number of earlier authors (see, for details, Remark 1).
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