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The mixed-type reverse order laws for generalized inverses
of the product of two matrices

Zhiping Xiong?

*School of Mathematics and Computational Science, Wuyi University, Jiangmen 529020, P.R.China

Abstract. The relationship between generalized inverses of AB and the product of generalized inverses of
A and B have been studied in this paper. The necessary and sufficient conditions for anumber of mixed-type
reverse order laws of generalized inverses of two matrix products are derived by using the maximal ranks
of the generalized Schur complements.

1. Introduction

Let C™" denote the set of m X n matrices with complex entries and C” denote the set of m-dimensional
vectors. [ denotes the identity matrix of order k and O, be the m X n matrix of all zero entries (if no
confusion occurs, we will drop the subscript). For a matrix A € C"™*", A" and r(A) denote the conjugate
transpose and the rank of the matrix A, respectively.

The concept of generalized inverses of a matrix A € C"™" has a long history. The most commonly used
definition of generalized inverses was introduced by Penrose in [11], now is known as the Moore-Penrose
conditions, which is a matrix X € C"™" satisfying some of the following four equations:

(1) AXA=A, 2)XAX =X, (3)(AX)' = AX, (4)(XA)" = XA. (1.1)

Forasubset {i, j,--- ,k} of the set {1, 2, 3,4}, the set of n X m matrices satisfying the equations (i), (j), - - -, (k)
from among equations (1) — (4) is denoted by A{i, j,--- ,k}. A matrixin A{i, j,--- ,k}is called an {i, j,--- , k}-
inverse of A and is denoted by A®/"* ). For example, a matrix X of the set A{1} is called a g-inverse of A and
is denoted by X = AM. One usually denotes any {1, 3}-inverse of the set A{1,3} as A1® which is also called
a least squares g-inverse of A. Any {1,4}-inverse of the set A{1,4} is denoted by A1* which is also called a
minimum norm g-inverse of A. Similarly, any {1, 3, 4}-inverse of the set A{1, 3,4} is denoted by A13H  The
unique {1,2, 3, 4}-inverse of A is denoted by A*, which is called the Moore-Penrose inverse of A. We refer
the reader to [1, 12, 20] for basic results on generalized inverses.

Let A;, i =1,2,---,n, be n matrices such that the product A1A; --- A, exists. If each of the n matrices
is nonsingular, then the product A;A; - - - A, is nonsingular too, and the inverse of A1A; - -- A, satisfies the
reverse order law (A1Az---A,)™" = A'AT1 .- AT'. However, this reverse order law does not hold for
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generalized inverses. Naturally, the reverse order laws for the generalized inverses of products of multiple
matrices yield a class of interesting problems that are fundamental in the theory of generalized inverses
of matrices see [1, 14, 20]. The reverse order law for the Moore-Penrose inverse seems first to have been
studied by Greville [7], in the 60’s, giving a necessary and sufficient condition for the reverse order law
(AB)t = B'A*, for matrices A and B. This was followed (see [6]) by further equivalent conditions for the
same thing. Sun and Wei [15] extended the reverse order law conditions to the weighted Moore-Penrose
inverse, and Hartwig [8] and Tian [16, 17] to the product of three and more matrices, respectively. The next
step was to consider the reverse order law for {i, j,- - - , k}-inverses, where {i, j,--- ,k} € {1,2,3,4}. Werner
[21] presented conditions for the reverse order law B{1}A{1} C (AB){1} to hold. Wei [4, 22], Wei and Guo
[23] studied reverse order laws for {1}-inverses, {1,2}-inverses, {1, 3}-inverses and {1,4}-inverses of matrix
products. In [3, 5, 24-26], the reverse order laws for {1,3}, {1,4}, {1,2,3}, {1,2,4}-inverses were considered.
For other interesting results on this subject see [2, 9, 10, 13, 18].

In this paper, by applying the maximal ranks of generalized Schur complement [18, 19], we obtain
necessary and sufficient conditions for the following mixed-type reverse order laws:

B{1,3,4}A(1,3,4} C (AB){1}, 1.2)
B{1}A{1} C (AB){1,3,4}, (1.3)
B{1,3}A{1,3} C (AB)(1,3,4}, (1.4)
B{1,4}A{1,4} C (AB){1,3,4}, (1.5)
B{1,3,4}A{1,3,4} C (AB)(1,3}, (1.6)
B{1,3,4}A{1,3,4} C (AB)(1,4}, 17)
B{1,3,4}A{1,3,4} C (AB)(1,3,4}. (1.8)

The significance of our results lies in the fact that the conditions given in this paper are only related to the
ranks of the known matrices.

The main tools in the later discussion are the following three lemmas. The first lemma gives the formulas
of the maximal ranks of the generalized Schur complements related to the generalized inverses, and the
second shows the characterizations of some generalized inverses of a matrix.

Lemma 1.1 [18, 19] Let A € C"™" ,B € C", C € C" and D € C**. Then for any A% € Ali, j,--- k},

B A B
_ MB) = mji -
II/}(al)X r(D — CA'"B) = min {r (C D), r(D), r(C D) r(A)}, (1.9
A*A A'B B
— 3By = mi -
r:}}la/;)( r(D — CAYB) = mln{ r( C D ) r(A), r(D)}, (1.10)
AA A'B AA* B
_ 13HB) = mi _ —
%%ﬁ r(D-CA B) = min {r( C D ) r(A), r(C X D) r(A)} (1.11)

and

A*AA* A'B
r(D — CA'B) = r( cA D )— r(A). (1.12)
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Lemma 1.2 [17] Let A € C"™" and G € C"™™. Then

GeAll} & AGA=A, (1.13)
G e A{l,3} & A"AG = A", (1.14)
G e A{l,4} & GAA® = A", (1.15)
G e A{l,3,4} & A"AG = A" and GAA® = A". (1.16)

Lemma 1.3 [1] Let A € C"™", then the general expressions of the following types of g-inverses of A can
be written as:

A1) ={AD . AD = AY L F,V + WE,), (1.17)
A{1,3) = (AW . A3 = AT L Fu V), (1.18)
Af1,4) = {AOY . A0D = AT L WE,), (1.19)
A{1,3,4) = {AW3Y . AUSH — At L FLVE,), (1.20)

where Fy =1, — ATA,E4 = I,, — AAT and V € C"™" and W € C™™ are two arbitrary matrices.

2. The necessary and sufficient conditions for the mixed-type reverse order laws (1.2) and (1.3).

In this section we will present the necessary and sufficient conditions for the mixed-type reverse order
laws B({1,3,4}A{1,3,4} C (AB){1} and B{1}A{1} C (AB){1,3,4}. The relative results are included in the
following two theorems.

Theorem 2.1 Let A € C"™" and B € C"™". Then B(1, 3,4}A(1, 3,4} € (AB){1} if and only if

r(A* B)+r(AB) = 1(A) + r(B). (2.21)

Proof. From the formula (1.13) in Lemma 1.2, we know that the mixed-type reverse order law
B{1,3,4}A{1, 3,4} € (AB){1} holds if and only if the following equation

AB = ABBUAHAUSH AR, (2.22)
holds for any A13% € A{1,3,4} and B34 € B{1, 3,4}, which is equivalent to the following rank identity
max r(AB - ABB13H A1 AR = 0. (2.23)

B3, A(L34

Using the formula (1.11) in Lemma 1.1, we have

A*A A*AB AA” AB
_ (1,34) A(1,34) — ; _ —
%% r(AB — ABB A AB) min {r( \BB(L3 \B ) r(A), r( \BB(L3H 4% !B) r(A)}

. A AB AA*  AB
- mm{r(ABB(l'3'4> AB)_r(A)’ r(ABB(L“)A* AB)_r(A)}
AA*  AB
! (ABB(LM)A* AB) )
AA* 0
= "\ABBASYA* AB- ABBUAA+(avyB) T T
= 1(AB - ABBU*YAtAB). (2.24)
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Again by Lemma 1.1 (1.11), we have
max  r(AB - ABBUBHAUSYAB) = maxr(AB — ABB3YATAB)

B34 AL34 B(134)

. [ (BB B'A*AB BB A'AB

= mm{r(AB AB )_T(B)' Y(ABB* AB )_r(B)}
. [ (BB B'A*AB B A'AB

= mm{r(AB AB )—r(B), r(AB AR )—r(B)}
B'B B'AtAB

- ’(AB AB )_V(B)

= #(B'B—B'A'AB) + r(AB) — r(B). (2.25)
By the formula (1.12) in Lemma 1.1, we have
A*AA* A*AB A
D _ praAt _ _ _ * _ _ * _
#B'B - B'ATAB) = r( A BB ) 7A) = r((B*) (A" B)—rA) =r(A" B)-rA). (2.26)
Combining (2.24), (2.25) with (2.26), we have
 max  r(AB - ABBUAH A4 AB) = r(A* B) +1(AB) — r(A) — r(B). (2.27)
B 134 , A 134

Let the right hand side of (2.27) be zero, then we obtain the result in Theorem 2.1.
Example 1. Let

1 0 0 1 00
A=|0 1 1landB=|1 1 0.
011 1 10

Then, it is easy to obtain that 7(A) =2, #(B) =2, r (A* B) =2,7(AB) =2and

r(A* B)+1(AB) = r(A) + r(B).
From Theorem 2.1, we can conclude that the following mixed-type reverse order law holds
B{1,3,4}A{1,3,4} C (AB){1}.
Now we verify this statement. By the definition of {1, 3,4}-inverse in Lemma 1.3, we have

1 0 0

AlL,3,4)={{0 1-a a |laeC}
0 a 1i1-a

and
1 0 0
B{1,3,4}={-1 1 1 |lbecCh.
0 b -b

Hence the matrix set B{1, 3,4}A{1, 3,4} can be expressed as

SNI= O

1 0 0 \(1
B{1,3,44A{1,3, 4} ={M: M=|0 1-a a [[-1

0
Llla beq)
0 a 1-aJl0 -b

It is easy to verify that the identities (AB)M(AB) = AB hold for any matrix M € B{1, 3,4}A{1, 3,4}, that is
B{1,3,4}A{1,3,4} C (AB){1}.
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Theorem 2.2 Let A € C™" and B € C™". Then B{1}A{1} € (AB){1,3,4} if and only if AB = O or
m+n =r(A) + r(B).

Proof. From the formula (1.16) in Lemma 1.2, we know that the mixed-type reverse order law B{1}A{1} C
(AB){1, 3,4} holds if and only if the following two equations:

B'A* = B'A"ABB A

and
B*A* = BDAD ABB*A*

hold for any AV € A{1} and BV € B{1}, which are respectively equivalent to the following two rank
identities:

max r(B°'A* — B'A"ABBYAM) = 0 (2.28)
BM, AD)
and
max r(B'A* — BVADABB*A*) = 0. (2.29)
AM, )

Using the formula (1.9) in Lemma 1.1, we have

I A I
EAE  PE AR 1) A(1) . A% (1) * A% m m _
maxr(B'A" ~ B'A'ABBVAY) = mm{r(BAABB BAY), r(B*A*), r(B*A*ABB(l) ) r(A)}

BA*
= min{r(AB), r(B'A’ABBY - B'A"A) + m - r(A)}. (2.30)
Again by Lemma 1.1 (1.9), we have
maxr(B'A"ABB") - B'A’A) = min{r(B'A"AB B'A'A), r L, o B L - r(B)
b » "\prarA) "\B'A*AB B'A*A
= min{r(AB), n—-r(B)}. (2.31)

Combining (2.30) with (2.31), we have

max r(B'A" ~ B'A"ABBUAY) = min{r(AB), max r(B'A"ABB — B'A"A) + 1 - r(A)}
B, A B

min {r(AB), m+n—r(A)—r(B)}. (2.32)

On the other hand, using the formula (1.9) in Lemma 1.1, we have

. ‘A AVABB*A* B AWABB'A*
mm{r(lm BA), r( B'A* ), r(lm B*A* )—T’(B)}
min {r(AB), r(BB'A" - AVABB'A) + m - r(B)}. (2.33)

max r(B'A" - BYAVABB A"
B

Again by Lemma 1.1 (1.9), we have

max r(BB'A" — ADABB*A*)

min{r(ln BB'AY), r(ABBA), r(A ABBA)—r(A)}
A

BB'A'A)” "\, BBA*
min {r(AB), n—r(A)}. (2.34)

Combining (2.33) with (2.34), we have

max r(B*A* — BOAVABB A"
AM, )

min {r(AB), maxr(BB'A" ~ ADABBA") + 1 - r(B)}
A

min {r(AB), m+n—r(A)—r(B)}. (2.35)
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Finally, from the formulas (2.28), (2.29), (2.32) and (2.35), we obtain that the mixed-type reverse order
law B{1}A{1} € (AB){1, 3,4} holds if and only if

min {r(AB), m+n—r(A)—-r(B)} =0.
Similar to Example 1, we can easily verify the following three matrices
100 1 01
1 1 1ljandB=|1 1 0],

0 01 1 11

A=

satisfy the mixed-type reverse order law

B{1}A{1} € (AB){1, 3,4}.

3. The necessary and sufficient conditions for the mixed-type reverse order laws (1.4) and (1.5).

In this section, by applying the maximal ranks of some generalized Schur complement, we will present
the necessary and sufficient conditions for the mixed-type reverse order laws B{1,3}A{1,3} C (AB){1, 3,4}
and B{1,4}A{1,4} C (AB){1, 3,4}.

Theorem 3.1 Let A € C"™" and B € C"™". Then B{1, 3}A{1, 3} € (AB){1, 3,4} if and only if

T (B*i*A) =r(B) and min {r (;) +m —r(A) —r(B), r(AB)} =0.
Proof. From the formula (1.16) in Lemma 1.2, we know that the mixed-type reverse order law
B{1,3}A{1,3} C (AB){1, 3,4} holds if and only if the following two equations:
B'A* = B'A"ABB"Y AU

and
B*A* = B1I A3 ABB* A*

hold for any A1 € A{1,3} and B1¥ € B{1,3}, which are respectively equivalent to the following two rank
identities:

max r(B°A* — B'A"ABBIA1) = o (3.36)
B13), A(L3)
and
max r(B*A* - B ALIABB*A") = 0. (3.37)
A(3), B(1L3)

Using the formula (1.10) in Lemma 1.1, we have

A*A A* I
*A* — B*A* (1,3) A(L,3) — : _ m
m(la;)( r(B*A* — B*A*"ABBYA'"”) = min {r (B* *ABB1A B 1*) r(A), r(B* *)}

min {m, r(B'A"ABB"Y - B'A*A)]
r(B*A*ABB?) — B*'A*A). (3.38)

Again by Lemma 1.1 (1.10), we have
B'B B I
* A 13 _ g*A* = i - "
1}3}935( r(B*A*ABB B*'A*A) = min {r (B*A*AB B*A*A) r(B), r(B*A*A)}

= min {n, r(B*f;*A) - r(B)}

- r(B*ii A) —¥B). (3.39)
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Combining (3.38) with (3.39), we have

max r(B'A* — B'A*"ABBYY A1) = max r(B*"A*ABB1® —B*A*A) = r *B w1 |—7(B). (3.40)
B13), A1) B3 B*A*A

On the other hand, using the formula (1.10) in Lemma 1.1, we have

. B*'B B*AUSABB*A* A0S ABB*A*
min<r -1(B), r

A% _ (1,3) o(1,3) % A%
maxr(B'A’ - BV AN ABB'A') I BA* BA"
= min{r(B'BB'A" - BPA"YABB'A") + m - r(B), r(AB)}. (3.41)

Again by Lemma 1.1 (1.10), we have

max r(B'BB'A” - B'AMYABB*A")
A,

[ (AA AABBAY o (ABB AT
min (g peppegr | A, T peppear

= min {r (A];f‘) —HA), r(AB)}
= min {r (]134*) - r(A), r(AB)} . (3.42)

Combining (3.41) with (3.42), we have

max r(B°A* — B9 A3 ABB*AY)

min {r(AB), maxr(B'BB*A* — B AYIABB'A*) + m — r(B)}
A(3), B3 A13)

min {r(AB), r (;) +m—r(A) — r(B)} . (3.43)

Finally, from the formulas (3.36), (3.37), (3.40) and (3.43), we obtain that the mixed-type reverse order
law B(1, 3}A{1, 3} € (AB){1, 3,4} holds if and only if

r (B*iiA) =r(B) and min {1’ (1?,,) +m —r(A) —r(B), T(AB)} =0.

1 1
1 00
(1 1 0) and B = [1 0

Example 2. Let

A

00

B>{-

B A" A) = 2. Then, we have

It is easy to obtain that r(A) =2, 7(B) =2, r (]I;) =2,7(AB) =2, r(

r(B*i**A) =r(B) and min {r (;) +m —r(A) —r(B), r(AB)} =0.

From Theorem 3.1, we can conclude that the following mixed-type reverse order law holds
B{1,3}A{1,3} C (AB){1,3,4}.
Now we verify this statement. By the definition of {1, 3}-inverse in Lemma 1.3, we have
1 0

AlL3)={AT+ (L -ATAW: WeC™?) = {[—1 1] la, beC)
a b
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and

B{1,3} = {B" + (I, - B'B)V : V € C*°) :(0 1 0)‘

1 -1 0
Hence the matrix set B{1,3}A{1, 3} can be expressed as

1 0
0 1 0 -1 1
B{1,3}A{1,3}=(1 1 0) -1 1 =(2 _1).
a b
It is easy to verify that
B{1,3}A{1,3} € (AB){1,3,4}.

In the remainder of this section, we will present the necessary and sufficient conditions for the mixed-
type reverse order law (1.5). Notice that GAA* = A" is equivalent to the equation AA*G" = A. This implies
that, by the formulas (1.14) and (1.15) in Lemma 1.2, G € A{1,4} if and only if G* € A*{1,3}. So from the
results obtained in Theorem 3.1, we can immediately get the necessary and sufficient conditions for the
mixed-type reverse order law (1.5), which are stated below without proofs.

Theorem 3.2 Let A € C"™" and B € C™". Then B{1,4}A(1,4} C (AB){1, 3,4} if and only if

A : .
r(ABB*) =r(A) and min {r (B A ) +m —r(A) — r(B), r(AB)} =0.
4. The necessary and sufficient conditions for the mixed-type reverse order laws (1.6), (1.7) and (1.8).

In this section we will present the necessary and sufficient condition for the the reverse order laws
B{1,3,4}A{1,3,4} C (AB){1,3} and B({1,3,4}A{1,3,4} C (AB){1,4} and B{1,3,4}A{1,3,4} C (AB){1,3,4}. The
relative results are included in the following two lemmas.

Lemma 4.1 Let A € C"™" and B € C"™". Then B{1, 3,4}A{1, 3,4} € (AB){1, 3} if and only if the following
condition holds:

. B* B*B B*A* B
min {r (B"‘A*A) - V(B)/ r(B*A*AB B*A*AA*) +m— r(A) — r(B)} — O
Proof. From Lemma 1.2 (1.14), we know that the mixed-type reverse order law

B{1,3,4}A{1,3,4} € (AB){1, 3}

holds if and only if the equation

B'A* = B'A"ABBUA4 AU34 (4.44)
holds for any A134) € A{1,3,4} and B4 € B{1, 3,4}, which is equivalent to the following rank identity:
max r(B'A* — B'A*ABB13HA13Y) = 0, (4.45)
A3, B13Y

Then using the formula (1.11) in Lemma 1.1, we have

B'B BA13Y BB A1
*A* _ R*A* (1,3,4) (1,3,4) — ] — -
g}% r(B*A* — B'A*ABB A ) = min {r (B*A*AB BA* r(B), r BA'ABB BA* r(B)

. BB BAG34) ® B AWAH &)
M\ paag BAr | TP T\paaB BrAr T

( BB BAI3Y
= r

B'A'AB  B'A* )"(B)
r(B°A* — B*'A*ABBT A1), (4.46)
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Again using the formula (1.11) in Lemma 1.1, we have

max r(B'A"A — B'AABBT A1)

A1,34)
. AA A AA* L
- mm{r(B*A*ABB* B*A*)_Y(A)’ r(B*A*ABB*A* B*A*)_T(A)}
= min{r(B'A"ABB' - B'A"A), 1(B'A"ABB'A" — B'A"AA") + m - r(A)}. (4.47)

By the formula (1.12) in Lemma 1.1, we have

‘o . B*BB* B B
r(B'A"ABB' — B'A’A) = r(B* AABB* BA” A) —7(B) = r(B* " A) —7(B) (4.48)

and

r(B°A"ABB'A" — B'A’AA") = r( oo BA )— r(B) = r( 5B BaA

B'A"ABB® B'AAA* B'AAB B*A*AA*)_r(B)' (4.49)
Combining (4.46), (4.47), (4.48) with (4.49), we have

max r(B'A* — B'A"ABB1AY A1)

A3 B34
= maxr(B'A’A — B'A*ABBTA(134)
A3
. B B*B B*A*
= min {r (B*A*A) —1(B), r(B*A*AB B*A*AA*) +m—r(A) - r(B)} . (4.50)

It follows from (4.44), (4.45) and (4.50) that the mixed-type reverse order law B{1, 3, 4}A{1, 3,4} C (AB){1, 3}
holds if and only if

. B B*B B*A*
min {r (B"A*A) —1(B), r(B*A*AB B*A*AA*) +m—r(A) - r(B)} =0. (4.51)

By Lemma 1.2 (1.14) and (1.15), G € A{1,4} if and only if G* € A*{1,3}. So from the results obtained in
Lemma 4.1, we can get the necessary and sufficient conditions for the mixed-type reverse order law (1.7),
which are stated below without proofs.

Lemma 4.2 Let A € C"™" and B € C"™". Then B{1,3,4}A{1, 3,4} C (AB){1,4} if and only if the following
condition holds:

min{r{ | =) (550 )+ 4 =B o

Itis obvious that the reverse order law B{1, 3,4}A{1, 3,4} € (AB){1, 3,4} holds if and only if the mixed-type
reverse order laws (1.6) and (1.7) hold. Then from Lemma 4.1 and Lemma 4.2, we immediately obtain the
following theorem.

Theorem 4.1 Let A € C"™" and B € C"™". Then B{1, 3,4}A{1, 3,4} C (AB){1, 3,4} if and only if

. B* B*B B*A*
mln{r(B*A*A)_r(B)r r(B*A*AB B*A*AA*)+m_r(A)_r(B)} - 0’
and

. A AA* ABB*A*
min {r (ABB*) -1r(A), r (B*A* B*BB*A*) +m—r(A) — r(B)} =0.
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Example 3. Let

1 00 1 00
A=10 1 1| and B=|1 1 0].
011 110

It is easy to know that

. B* B*B B*A* .
min {r (B*A*A) —r(B), r(B*A*AB B*A*AA*) +m—r(A) — r(B)} =min{0, 1} =0,
and

. A AA* ABB*A* .
min {r (ABB*) - r(A), T(B*A* B*BB*A*) +m—r(A) — r(B)} =min{0, 1} =0.

By the definition of {1, 3, 4}-inverse in Lemma 1.3, we have

1 0 0 1 0 0
Al,3,4)={0 3-a a |laeC}, B{L,3,4=(-1 & L|lbeC
0 a 1-a 0 b -b
and
1 0 0
(AB){1,3, 4 ={|-1 1 1 |leeC}.
0 e —e
we easily know
1 0 0

B{1,3,4}A{1,3,4} = {|-1 1/4 1/4 |la, beC}C(AB){1,3,4}.
0 %-2ab 2ab-1%
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