Filomat 27:5 (2013), 777-787 Published by Faculty of Sciences and Mathematics,
DOI 10.2298/FIL1305777C University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

Small covers over a product of simplices
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Abstract. In this paper, we determine the number of equivariant homeomorphism classes of small covers
over a product of m simplices for m < 3 or for the dimension of each simplex being greater than 1 and m > 3.
Moreover, we calculate the number of equivariant homeomorphism classes of all orientable small covers
over a product of at most three simplices.

1. Introduction

The notion of small covers was introduced by Davis and Januszkiewicz [7], where a small cover is a
smooth closed manifold M" with a locally standard (Z;)"—action such that its orbit space is a simple convex
polytope. For instance, the real projective space RP" with a natural (Z,)"—action is a small cover over the
n-simplex A,. This establishes a direct connection between equivariant topology and combinatorics and
makes it possible to study the topology of small covers through the combinatorial structure of quotient
spaces.

In [9], Lt and Masuda showed that the equivariant homeomorphism class of a small cover over a simple
convex polytope P" agrees with the equivalence class of its corresponding (Z,)"—coloring under the action
of automorphism group of face poset of P". This also holds for orientable small covers by the orientability
condition in [11] (see Theorem 5.3). But there aren’t general formulas to calculate the number of equivariant
homeomorphism classes of (orientable) small covers over an arbitrary simple convex polytope.

In recent years, several studies have attempted to enumerate the number of Davis-Januszkiewicz equiv-
alence classes and equivariant homeomorphism classes of small covers over a specific polytope. Cai, Chen
and Lii calculated the number of equivariant homeomorphism classes of small covers over 3-dimensional
prisms [2]. In 2008, Choi determined the number of Davis-Januszkiewicz equivalence classes of small
covers over a product of simplices and the number of equivariant homeomorphism classes of small cov-
ers over cubes [4]. There are few results about orientable small covers. Choi calculated the number of
Davis-Januszkiewicz equivalence classes of orientable small covers over cubes [5]. Products of simplices
are an interesting class of polytopes and more complicated than one might think [13]. And small covers
over products of simplices have become an important search object [3, 4, 5, 6, 8, 10]. Motivated by these,
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we determine the number of equivariant homeomorphism classes of small covers over a product of m
simplices for m < 3 or for the dimension of each simplex being greater than 1 and m > 3 (see Theorem 2.7
and Theorems 4.1-4.2). Furthermore, we calculate the number of equivariant homeomorphism classes of
all orientable small covers over a product of at most three simplices (see Theorems 5.7-5.12).

The paper is organized as follows. In Section 2, we review the basic theory about small covers, calculate
the automorphism group of face poset of a product of m simplices and determine the number of small covers
over a product of m simplices with the dimension of each simplex being greater than 1 up to equivariant
homeomorphism. In Section 3 we determine the number of all colorings on Ay X A,, X Ay, (12 > 1 and
nz > 1) and Ay X A, (1 > 1), so that in Section 4 we give a formula to calculate the number of equivariant
homeomorphism classes of all small covers over A; X Ay, X Ay, (n2 > 1and n3 > 1) and A X A, (12 > 1).
In Section 5, similarly we determine the number of equivariant homeomorphism classes of all orientable
small covers over a product of at most three simplices.

2. Small covers over a product of simplices

A convex polytope P" of dimension  is said to be simple if every vertex of P" is the intersection of
exactly n facets (i.e. faces of dimension (1 —1)) [13]. An n-dimensional smooth closed manifold M" is said to
be a small cover if it admits a smooth (Z;)"—action such that the action is locally isomorphic to a standard
action of (Z,)" on R" and the orbit space M"/(Z,)" is a simple convex polytope of dimension #.

Let P" be a simple convex polytope of dimension n and ¥ (P") = {Fy,---,F¢} be the set of facets
of P". Suppose that m : M" — P" is a small cover over P". Then there are ¢ connected submanifolds
nY(Fy), -+, Y(F¢). Each submanifold ~}(F;) is fixed pointwise by a Z,—subgroup Z,(F;) of (Z,)", so that
each facet F; corresponds to the Z,—subgroup Z;(F;). Obviously, the Z,—subgroup Z,(F;) actually agrees
with an element v; in (Z;,)" as a vector space. For each face F of codimension u, since P" is simple, there are
u facets Fj,,--- , F;, such that F = F; N---NF;,. Then, the corresponding submanifolds wNF;,), -, N EF)
intersect transversally in the (n — u)-dimensional submanifold 7!(F), and the isotropy subgroup Z»(F) of
n"}(F) is a subtorus of rank u and is generated by Z,(F,), - ,Zy(F;,) (or is determined by v;,---,v;, in
(Z,)"). Thus, this actually gives a characteristic function [7]

AF(P) — (Z)"
defined by A(F;) = v; such that whenever the intersection F; N --- N F;, is non-empty, A(F;,),---, A(F;,)
are linearly independent in (Z,)". If we regard each nonzero vector of (Z,)" as being a color, then the
characteristic function A means that each facet is colored by a color. Here we also call A a (Z;)"-coloring on
P,

In fact, Davis and Januszkiewicz gave a reconstruction process of a small cover by using a (Z,)"-coloring
A F(P") — (Zy)'. Let Zy(F;) be the subgroup of (Z,)" generated by A(F;). Given a point p € P", by
F(p) we denote the minimal face containing p in its relative interior. Assume F(p) = 1-"1-1 N---NF; and
Z,(F(p)) = @?:1 Z5(F;;). Note that Z,(F(p)) is a subgroup of rank u in (Z,)". Let M(A) denote P" X (Z,)"/ ~,
where (p, ) ~ (q,h) if p = g and g~'h € Z»(F(p)). The free action of (Z»)" on P" X (Z,)" descends to an action
on M(A) with quotient P*. Thus M(A) is a small cover over P" [7].

Two small covers M; and M, over P" are said to be weakly equivariantly homeomorphic if there is an
automorphism ¢ : (Z,)" — (Z,)" and a homeomorphism f : My — M, such that f(t - x) = @(f) - f(x) for
every t € (Z,)" and x € M. If ¢ is an identity, then M; and M, are equivariantly homeomorphic. Following
[7], two small covers M; and M, over P" are said to be Davis-Januszkiewicz equivalent (or simply, D-J
equivalent) if there is a weakly equivariant homeomorphism f : M; — M, covering the identity on P".

By A(P") we denote the set of all (Z)"-colorings on P". Then we have

Theorem 2.1. (Davis-Januszkiewicz) All small covers over P" are given by {M(A)|A € A(P")}, i.e. for each small
cover M" over P", there is a (Z,)"-coloring A with an equivariant homeomorphism M(A) — M" covering the identity
on P".

Remark 1. Generally speaking, we can’t make sure that there always exist small covers over a simple
convex polytope P" when n > 4. For example, see [7, Nonexample 1.22]. From [7], we know that there
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exists a small cover (i.e. a real projective space) over every simplex. Thus, there exists a small cover over a
product of simplices.

There is a natural action of GL(n, Z;) on A(P") defined by the correspondence A — ¢ o A, and the action
on A(P") is free. Without loss of generality, we assume that Fy,--- , F, of #(P") meet at one vertex p of P".
Let ey, -+ ,e, be the standard basis of (Z,)". Write A(P") = {A € A(P")IA(F;) = ¢ fori =1,---,n}. In fact,
A(P") is the orbit space of A(P") under the action of GL(1, Z;). Then we have

Lemma 2.2. |A(P")| = |A(P")| X |GL(n, Z5)|.

n
Note that |GL(n, Z,)| = [] (2” - 2"‘1) [1]. Two small covers M(A;) and M(A,) over P" are D-J equivalent
k=1
if and only if there is 0 € GL(n, Z5) such that A1 = 0 0 A>. So the number of D-] equivalence classes of small
covers over P" is |A(P")|.

Let P" be a simple convex polytope of dimension n. All faces of P" form a poset (i.e. a partially ordered
set by inclusion). An automorphism of 7 (P") is a bijection from 7 (P") to itself which preserves the poset
structure of all faces of P", and by Aut(¥ (P")) we denote the group of automorphisms of #(P"). One can
define the right action of Aut(¥ (P")) on A(P") by A X h +— A o h, where A € A(P") and h € Aut(F (P")). The
following theorem is well known [9].

Theorem 2.3. Two small covers over an n-dimensional simple convex polytope P" are equivariantly homeomorphic
if and only if there is h € Aut(F (P")) such that Ay = A o h, where A1 and A, are their corresponding (Z,)"-colorings
on P".

So the number of orbits of A(P") under the action of Aut(# (P")) is just the number of equivariant
homeomorphism classes of small covers over P". Thus, we are going to count the orbits. Burnside Lemma
is very useful in the enumeration of the number of orbits.

Burnside Lemma. Let G be a finite group acting on a set X. Then the number of orbits of X under the action of G
equals ﬁ Ygec 1Xyl, where X, = {x € X|gx = ).

Burnside Lemma suggests that we need to understand the structure of Aut(# (P")) in order to determine
the number of the orbits of A(P") under the action of Aut(F (P")). We shall particularly be concerned with
the case in which P" is the product of m simplices.

In the following, let P = Alg) XX A;(ill) X Alg) XX A,(f;) XX Af{l_) XX A]((if), where A]((”) is a ks-simplex with
] ] s

j ) )
1<k <k2<-~-<kj,i1+---+ij=mand2isks=n. Suppose P; =AI(§)><--~><AI(:),P2=AI(;)><--~><A1({’22), .
s=1

) j
and P = AVx---xA". Thenwehave P = PyxP,x---xPjand F(P) = | PyX- - -X Py XF (P)XPrs1 X+ - -XP;.
j J k=1

Let S; be the symmetry group of rank i. Then we arrive at

Theorem 2.4. The automorphism group Aut(F (P)) is isomorphic to (Sk, +1)"" X Siy X (Sky+1)2 X Siy X+ - - X (Sk/+1)if XSi..

Proof. LetFiy, = Al XX AU X F(AM) X AU - x AV for 1 < uy < iy. Then F(Py) = Fur U -+ U Fia-

Obviously, the automorphism group Aut(F (A,(:l'))) is isomorphic to Sk, 41 since there is exactly one automor-
a group (Skl+1)i1, each of which denotes an automorphism under which the facets in %11, 12, -+ , F1;, are
mapped into F11, F12,- -, F1i, respectively. Aut(F (P1)) also contains a group S;, because there is one au-
tomorphism for each permutation of #11, %12, -+, F15- Each automorphism of S, is different from any
one of (Sk,+1)". So the automorphism group Aut(¥(P1)) = (Sk,+1)" X S;. Similarly we have Aut(F (P,))
= (Sp41)? X Siy, -+, and Aut(F (P))) = (Sg+1)" X Si;.

phism for each permutation of k + 1 facets of A;’. Thus, the automorphism group Aut(¥ (P1)) contains
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Since ky < kp < --- < kj, under the automorphisms of Aut(# (P)) the facets of P; X - - - Px_y X F (Py) X Pyy1 X
-+ x Pj are mapped to Py X - -+ Px_y X F(Py) X Pxy1 X -+ X Pj for 1 < k < j. Thus we have that Aut(¥ (P)) is
isomorphic to (Sk,+1)" X Si; X (Skpr1)? X Siy X +++ X (Sk,+1)i" XSi. O

Let A,,, Ay, and A, be nj—simplex, n,—simplex and n3—simplex respectively. From Theorem 2.4, we
have
Corollary 2.5. The automorphism group Aut(F (An, X An, X Ay,)) is isomorphic to
Sp+1 X Syt X Spp1 for ny <ny <mns,
Sni+1 X Sppa1 X Spy1 X So for ng < np = mng,
Spya1 X Sppr1 X Sy X Sy formy = np < mz,
Spi41 X Sppa1 X Spye1 X Sz for ny = np = ng,

and the automorphism group Aut(F (A,, X Ay,)) is isomorphic to

Sni1 X Spye1 forny <mny,
Sn1+1 X Sn2+1 X Sy fOT ny = np.

Let us recall some basic definitions about acyclic digraphs [12]. A “digraph” means a graph with at
most one edge directed from any vertex v; to another vertex v;. An “acyclic” means there is no cycle of any
length. The outdegree of a vertex v, outdeg(v), is the number of edges of the digraph with initial vertex v.

Let P = A x - x A x AT 3 A - x AD x - x A, where AY s a k-simplex with
7

j
1<k <ky<---<kjiy+---+ij=mand } isks = n. From [4, Theorem 2.8], we know that the number of
s=1

i
D-]J equivalence classes of small covers over Pis |[A(P)| = Y, [[(2% — 1)0utdeq(®ysicyna)t-toutdeg@issid) ywhere
GeG,, s=1
Gn is the set of acyclic digraphs with labeled m nodes and V(G) = {vy, -+ , vy} is the labeled vertex set of G.
By using Lemma 2.2, we have

Lemma 2.6. Let P = A,(i) XX A,(:ll) X Ag) X oo X A,(:;) XX Al(cl) XX A](:_f). Then the number of all colorings
] 7
onPis

A(P)l — H(Zn ztfl) Z ﬁ(zks _ 1)outdeg(v,vl+...+[5_l+])+»~+0utdeg(v,vl+...+;5),
t=1 GeGg,, s=1

where Gy, and V(G) are as above.

Below we determine the number of equivariant homeomorphism classes of small covers over P if
2<k <ky<---<kj.

Theorem 2.7. Let P = A(l) - X A(”) X A(l) - X A<12) - X A<1) - X A(l’ ) By E(P) we denote the number of
/
equivariant homeomorphzsm classes of small covers over P If 2<k < ky <--- <kj, then

12[(2”_2[_1) Z h(zks _1)ozltdfg(vi1 +---+i5_1+1)+"'+"”M"U(vi1+---+15)
E(P) — t=1 Gegn, s=1

[ +1)1]1 xiy X[ (ko +1)!]72 ><i2!x---><[(k/+1)!]i7xi/!

where G, and V(G) are as above.

Proof. From Theorem 2.3, Burnside Lemma and Theorem 2.4, we have that

( ) _ L geaurF @) 1l v
[ +1)11 xiy X[ (ko +1)!]2 ><z'2!><~-><[(k,'+1)!]’/ xij!
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where A; = {A € A(P)IA = Aog}
By the linear independence condition of characteristic functions, we have that A, is empty if g isn’t unit
element of the automorphism group Aut(¥ (P)). Thus,

E(P) _ IAP)]

- [(k1+1)!]i1><i11><[(k2+1)!]f2><i2!><~<-><[(k,'+1)!]i/><i,-!

The theorem is proved with Lemma 2.6. O

Corollary 2.8. Let 2 < ny < ny < nz. The number of equivariant homeomorphism classes of small covers over
Ay X Ay X Ay, 08 E(Ayy X Ay X Ayy) =

nl+n2+n
(2n1+n2+r13 72{—1)
(1) =1 (22111 . 2n1+2n2 + 22711 13 4 oM +2n3 + 22n2+n3 + 2n2+2n3 _ 22n1 _ 22n2 _ 22713 —Dmtny _pmitng _
(n1+1)!(n2+1)!(n3+1)!

2ms 4 1) for ny < ny < ng,

ny+2n;

H (an +2ny _2,‘71 )

(2) 2?;‘1*_1)‘[(”2*—1)']2 (22n1+n2+1 + 2n1+2n2+1 4 23n2+1 _ 22111 -3. 22n2 41 —2m +n2+1)f07’ n < np =ns,
2ny+n
21:[ 3(22n2+n3 _2,‘71)
(3) 2{;(1”2+1)']2(n3+1)' (22n2+n3+1 + 2n2+2n3+1 4 23n2+1 _ 22113 -3. 22n2 +1- 2"2+n3+1)f07’ nm =np < ns,

T2
(4) Sy (627 = 622 1) for my =y = .

Corollary 2.9. Let 2 < ny < ny. The number of equivariant homeomorphism classes of small covers over Ay, X Ay,

is E(An, X An,) =

ny+n

(2" 422 -1) H (2n1+n2_2f—1)
t=1

(m+D)(m+1)! for 2 <y <mny,

2nq
(2n1 +1 _1) H (22n1 _Zt—l)
t=1

A (I for 2 <ny =mny.

In the following, we consider the case n; = 1 and m < 3.

3. Coloringson A, X A, X A, and A1 X A,

In order to determine the number of equivariant homeomorphism classes of small covers over Ay X A, X
Ay, and A1 X A,,,, we calculate the number of colorings on A1 X A,, X Ay, and A1 X Ay,.

Let F},F, be two vertices of 1-simplex A;. By F,--- ,F;Z .3 we denote all facets of A,,, and by

’ - ,F wedenoteall facets of Ay, Set 7" = {F; = FIXAy, XAy, |1 <1 <2}, F” = {F; = A;XF/XAp,|3 <

’
ny+47 ny+nz+4

i<my+3tand F" = {F; = Ay X Ay, X Fllny +4 <i < my +nz3 +4}). Then F (A1 X Ay, x Apy)) =F UF"UF".
We have

Theorem 3.1. The number of (Z,)"*"* -colorings on Ay X Ay, X Ay, is
ny+nz+1

|A(A1 X Anz X AVI3)| — (22n2+n3 + 2n2+2n3 + 22112 + 22n3 + 2n2+1 + 2n3+1 _ 2n2+n3 _ 3) H (2n2+n3+1 _ 2t—1).
t=1

Proof. Letey, e, -+, €ny4n,+1 be the standard basis of (Zy)"*+1. We choose Fy from ¥/, choose F3, -+, Fp 42
from ¥ and choose Fy, 44, -+ , Fyyny+3 from ¥ such that they meet at one vertex of A; X A, X A,,,. Then
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A(A1 X Ap, X Ayy) = {A € A(A1 X Ay, X A)IAFL) = e, A(F;) = eiq for 3 < i < ny + 2, MF;) = e for
npy+4<i<n,+nz+3}.

By Lemma 2.2, we have that
[A(AL X Ayy X Al = [A(AL X Ay X Apy)l X |IGL(12 + 13 + 1, Z5)|

np+nz+1
= T @274 = 2DJA(A X Ay X Ayy)l.
t=1

Write
Ao(Al X Anz X An3) = {A S A(Al X Anz X Ana)l/\(FZ) = 61},

A1(Ar X Ay, X Ayy) = (A € A(A1 X Ay, X Ay)l J kg, -+, ki such that A(Fp)
2<ki<---<ki<m+land1<i<ny},

Ax(Ar X Ay X Apy) = {A € A(A1 X Ay, X Ayy)l I t1,--+,tj such that A(Fy)
m+2<t <---<ti<m+nz+land1<j<ng),

A3(A1 X Ay, X Apy) = {A € A(A1 X Ay X Apy)l Aky, -+ ki t1, -+, tjsuch that A(F2) =eq +ep, +--- + e, +ey
+--+e, where2 <k < - <ki<m+1,m+2<t <---<tji<m+n+1,1<i<mand1<j<nsh

e1 + ey +-- + e, where

er + ey +-- + e, where

3
By the definition of (Zz)”2+”3+1—colorings, we have |A(A1 X Ay, X Ap)|l = Y [Ai(A1 X Ay, X Apy)l. Then, our
i=0

argument is divided into the following cases.

Case 1. Calculation of |[Ag(A1 X Ay, X Ay,

By the linear independence condition of characteristic functions, we have A(F,,+3) = €2 + -+ + €py41, 62 +
cetelp,y1ter, et ey 1ty oty Or e+ ey, 1 e eyt -+egh,wheren2+2 Sg1<---<gp < np+nz+1
and 1 <h < n3. When A(F,,43) = ex+ - +€p,41 Or €2 + - - - + 4,41 + €1, by the linear independence condition of
characteristic functions, A(Fy,+n,+4) = €ny2 +*** + Cry4ns+1 + 6o + -+ €5, Where1 <a; <--- <a; <npy+1land
0 <s<np+1. When A(Fy,43) = ex+- - -+ep,q1+eg ++ - -+ey, Orex+- - -+ey,11+e1+eg +- - -+ey, whereny +2 < g1 <
<o < gy < np+nz+land 1 <k < n3, similarly we have A(Fj,4n,44) = €nya2++ + - +€nytns+1 OF €y 2+ FEy i1 1.

Thus, we have |Ag(A1 X Ay, X Ay,)| = 2272 42142 — 4,

Case 2. Calculation of |[A1(A1 X Ay, X Ay

By the linear independence condition of characteristic functions, no matter which value of A(F;) is chosen,
we have A(F,13) =ex+ - +eyp10rea+ - +ey1 +eg +---+e,, whereny +2< gy <---<gy<m+ny+1
and 1 < h < n3. When A(Fp,+3) = €2 + -++ + e4,41, by the linear independence condition of characteristic
functions, A(Fy,+n44) = €42+ + Cpyinsel + €y + -+, Wherel <ay <+ <as;<m+land0<s<np+1.
When A(Fp,43) = €2+ -+ +eyq1 +e5 +--+e,, whereny +2< gy <~ <gy<m+ny+land1<h<ns,
similarly we have A(Fj,+n,44) = €np42 + *** + €pynz+1-

Thus, we have |A1(A1 X Ay, X Ay,)l = (272 = 1)(2"2F1 4+ 2 — 1),

Case 3. Calculation of |[A2(A1 X Ay, X Ay

By thelinear independence condition of characteristic functions, no matter which value of A(F3) is chosen,
wehave A(Fy,13) = e+ +epy41, €2+ - +eyp1+er,ea+ - +ep,p1+ey +--+eg, orex+--+ep,1tep+eg +- - +ey,,
where ny +2 < gy <+ < gy <m+ng+land 1 <h < nz. When A(F,,43) = €2 + -+ + €n,11, we have
AFrying+a) = €mpe2 + - - + €pyingr1 + 4 + -+ 65, Where2 < gy <--- <a, <nmp+1and 0 <s < ny. When
A(Fupt3) = €2+ -+ +epyq1 + 1,80 + o+ pq1 + €y + o+ €y, OF €2 + -+ €pq1 + €1 + ey + -+ + ey, Where
m+2<g1<---<gy<ny+mng+land1<h <nz, wehave A(Fp,1ns44) = €nps2 +** + Crynz1-

Thus, we have |A(A1 X Ay, X Ay,)l = (27 = 1)(2"2 + 2+ — 1),

Case 4. Calculation of |A3(A1 X Ap, X Ay,)l.

By the linear independence condition of characteristic functions, no matter which value of A(F;) is chosen,
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we have A(F,13) = €2+ +epq10rex + -+ ey +ey +-o-+ey, whereny +2< g1 <--- <gp <my+nz +1
and 1 < h < n3. When A(Fy,43) = e2 + -+ + €y,11, we have A(Fj,4n344) = €2 + *+* + €yl + €0y + - + €0,
where2 < gy <---<as<m+1land 0 <s < np. When A(F,43) = e2 + -+ +ep,41 + €5 + -+ + ¢4, where
ny+2<g1<---<gy<m+nz+land 1 <h<n3, wehave A(F,4ns+4) = €ny2 +*+ + Criptnz+1-

Thus, we have [A3(A1 X Ay, X Ay,)l = (2 = 1)(2™ - 1)(2™ + 2™ - 1).

The proof is completed. O

In the similar way, we can prove the following

Theorem 3.2. The number of (Z)"*-colorings over A1 X Ay, is

ny+1
IA(A1 X Apy)l = (22 + 1) TT (271 = 2'71),
t=1

In fact, Choi obtained the above two theorems in [4, Example 2.9].

4. The number of small covers up to equivariant homeomorphism

In this section, we determine the number of equivariant homeomorphism classes of small covers over
A1 X Apy X Ay, and A X Ay,

Theorem 4.1. The number of equivariant homeomorphism classes of small covers over Ay X Ay, X Ay, is E(A1 X
Ap, X Ayy) =
np+nz+1
H (2;12+n3+1_2t71)
(1) W(Zz”ﬁ’“ 4212t 4 D202 4 D25 4 3. gkl 4 3L pmatl _ DMty _7) for 1 < 1y < 13,
ny+nz+1
H (2nz+n3+172z71)
(2) — iy (2224 4+ 20420 4 02 4 920 4 3. 2t 4 3. QL 2t - 7) for 1 < mp = g,

”ﬁ2(2n3+2_2f—1)
(3) [:18(n3—+1)'(3 .25 4 3. pnat2 17)f01’ 1=mn, <ns,

(4) 259 for 1 = ny = n.

Proof. First we consider the case 1 < 1, < n3. From Theorem 2.3, Burnside Lemma and Corollary 2.5, we
have that when 1 < n, < n3,

E(A1 X Ay X D) = 50 LegeAu(F (axi xiny)) gl
where Ay = {A € A(A; X Ay, X Ap)IA = Ao gl

From Corollary 2.5, when 1 < n, < n3, the automorphism group Aut(F (A1 XA, XAy,)) = S2XSp,41XSpz41-
If g is the generator of Sy-subgroup of Aut(F (A1 XAy, XAy,)) and A € Ay, then A(F1) = A(Fz). By the argument
np+nz+1
of Case 1 in Theorem 3.1, we have |Ay| = (2"2*% + 25%2 — 4) ’ ]_f (2mtnstl — 211y 1f g isn’t the generator of
t=1
the S;-subgroup and isn’t unit element of Aut(F (A1 X Ay, X Ay,)), then by the linear independence condition
of characteristic functions we know that A, is empty. From Theorem 3.1 we have that when 1 < ny < n3,
nziﬁf+l(2uz+n3+l_2t—l)
E(A1 X Ay X Any) =~y (27217 + 272420 4 222 4 220 4 3. 212H 3. st — 2t 7).
When 1 < ny = n3, similarly we determine the number E(A; X Ay, X Ay,).

Next we consider the case 1 = 1, < n3. From Theorem 2.3, Burnside Lemma and Corollary 2.5, we have
that when 1 = n, < n3,
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E(A1 X A1 X Ayy) = m deAut(T(Alele,,s)) [Agl,
where A; = {A € A(A; X Ap X Ay,)IA = Ao g}
From Corollary 2.5, when 1 = n, < n3, the automorphism group Aut(F (A1 XA1XAy,)) = SoXS23XS2XSy,41.
If g is the generator a of the first Sy-subgroup of Aut(F (A1 X A X An3)) and A € Ay, then A(F1) = A(F2). By

the argument of Case 1 in Theorem 3.1, we have [A/| = (2"3*2 + 4) H (2m+2 — 2t=1) 1f g is the generator b
of the second S;-subgroup of Aut(F(A; X A1 X Am)) and A € Ay, then A(F3) = A(F4). By the argument of

Theorem 3.1, we also have |A/| = (242 + 4) H (2'13+2 —2t71) If g is the automorphism ab and A € Ay, then

A(F1) = A(F2) and A(F3) = A(Fy). Similarly we have |A/| = 4 H (2"%2 — 271) 1f g is other automorphism and

isn’t unit element of Aut(F (A1 X A1 X Ay,)), by the linear 1ndependence condition of characteristic functions,
we have that A, is empty. From Theorem 3.1, we have that when 1 = n, < n3,

n3+2
H (2n3+2 2= 1)

E(A1 X Ay X Ay) = Elpme— (3220 + 3272 117),

When 1 = ny = n3, A} X Ay, X Ay, is a 3-cube I? and the automorphism group Aut(F (%)) = Sg X S3. From
[4], we know that there are 259 equivariant homeomorphism classes of small covers over I°.
The proof is completed. O

Remark 2. When 2 < 1y < np < n3, by calculating the number of colorings we can also determine the
number of equivariant homeomorphism classes of small covers over A,, X A,, X A,, and the result is the
same as Corollary 2.8.

Similarly, we have

Theorem 4.2. The number of equivariant homeomorphism classes of small covers over Ay X Ay, is

ny+1

(2)12 +3) H (2)12+1 2t= 1)
E(A1 X Ay,) = 26T for ma>1,

6 for ny =1.

5. Orientable small covers on the product of simplices
Nakayama and Nishimura found an orientability condition for a small cover [11].

Theorem 5.1. For a basis {e1,--- ,e,} of (Zy)", a homomorphism ¢ : (Zy)" — Z, = {0,1} is defined by &(e;) =
10 =1,---,n). Asmall cover M(A) over a simple convex polytope P" is orientable if and only if there exists a basis
{e1, -+, en} of (Z2)" such that the image of A is {1}.

We call a (Z,)"-coloring which satisfies the orientability condition in Theorem 5.1 an orientable coloring
of P". We know that there exists an orientable small cover over every simple convex 3-polytope [11].
Similarly we can know the existence of orientable small covers over the product of at most three simplices
by existence of orientable colorings and determine the number of equivariant homeomorphism classes.

By O(P") we denote the set of all orientable colorings on P". There is a natural action of GL(n, Z;) on O(P")
defined by the correspondence A — ¢ o A, and the action on O(P") is free. Assume that Fy,--- ,F, of ¥ (P")
meet at one vertex p of P". Letey,--- e, be the standard basis of (Z,)". Write B(P") = {A € O(P")IA(F;) = ¢;
fori=1,---,n}. Itis easy to check that B(P") is the orbit space of O(P") under the action of GL(n, Z,).

Remark 3. In fact, we have B(P") = {A € O(P")|A(F;) = e¢jfori=1,--- ,n, and forn+1 < j < {, A(F)) = ej, +ej, +
~-+ej2,1]+1,where1 < j1 < ja <+ < jauy+1 < n}. Below weshow that A(F;) = ej, +ej, +-- Hejy forn+l <j<¢.
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If A € O(P"), there exists a basis {¢], -, ,} of (Z2)" such that for 1 <i < ¢, A(F;) = el’.1 + 4 engi Y where
1<i <---<iypy1 < m.Since A(F;) = e fori=1,--- ,n, we have ¢; = ez’.1 +ee+ elfw. So we obtain that for
n+1<j<{ therearen't ji,---,jx such that A(F;) =¢j, +---+ej,, where1 < j; <--- < jxy <n

Since B(P") is the orbit space of O(P"), we have

Lemma 5.2. [O(P")| = |B(P")| X |GL(1, Z>)|.

Two orientable small covers M(A;) and M(A;) over P" are D-] equivalent if and only if there is ¢ €
GL(n, Z;) such that A1 = 0 0 A,. Thus, the number of D-J equivalence classes of orientable small covers over
P" is |B(P")).

One can define the right action of Aut(#(P")) on O(P") by A X h > A o h, where A € O(P") and
h € Aut(F (P")). By improving the classifying result on small covers in [9], we have

Theorem 5.3. Two orientable small covers over an n-dimensional simple convex polytope P" are equivariantly
homeomorphic if and only if there is h € Aut(F (P")) such that Ay = A, o h, where Ay and A, are their corresponding
orientable colorings on P".

Proof. We know Theorem 5.3 is true by combining Lemma 5.4 in [9] with Theorem 5.1. [

By Theorem 5.3, the number of orbits of O(P") under the action of Aut(¥ (P")) is just the number of
equivariant homeomorphism classes of orientable small covers over P". So we also are going to count the
orbits.

In the similar way, we calculate the number of all orientable colorings on the product of m simplices for
m < 3 by Theorem 5.1, Remark 3 and Lemma 5.2.

Theorem 5.4. By |O(A,, X Ay, X Ap,)| we denote the number of all orientable colorings on A, X Ap, X Ap,. Then
we have

(1) |O(An1 XAnz XAns)l — (24u1+2u2—5 +22u1+4u2—5 +24u1+2u3—5 +22M1+4l{3—5 +24u2+2u3—5 +22uz+4u3—5 _24u1—4_24uz—4_
D4uz—4 _ 92u1+2ur=3 _ 92ur+2u3=3 _ p2up+2u3=3 | 1) thili+2112+2b13—3(22ul+2u2+2113—3 _ 2t—1) fOi" np=2u; — 1,15 = 2uy — 1
and nz = 2uz — 1,

(2) |O(An1 X Anz X An3)| — (24ul+2u2—5 + 22u1+4uz—5 + 24u1+2u3—4 + 24u2+2u3—4 _ 24111—4 _ 24142—4 _ 22111+2u2—3)

Hfz:i+2uz+2ug—2(22u1+2uz+2u372 _ ztfl) fOV m = 2u1 _ 1, 1y = 21/!2 —1and ns = 2”3/

(3) |O(An1 % Anz % An3)| — (24u1+2u2—4 + hur+2uz—4 _ 24u1—4) Hf:i+21¢z+2u3—1(22u1+2u2+2u3—1 _ zt—l) fOT’ m =
2ui — 1,1y = 2uy and n3 = 2us,

(4) There exist no orientable colorings over Ay, X Ap, X Ay, for ny = 2uq,ny = 2uy and nz = 2us.

Theorem 5.5. The number of all orientable colorings on A,, X Ay, s |O(Ap, X Ap,)| =

2uq+2up—2

(2272 42272 1) ] (22a*2e2 20N formy =2uy —land nyp =2up -1,
t=1
2uq+2up—1
2Zm=2 ] (¥at2m-l _pt-l) for ny = 2uy — 1 and ny = 2uy,
t=1
0 for ny = 2uq and ny = 2u,.

Theorem 5.6. The number of all orientable colorings on A, is
2'ﬁ1 211 _ ot-1
(25—t =274 forng =2u; -1,
O(A) =] =

0 for ny = 2u;.
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Similarly, we determine the number of equivariant homeomorphism classes of all orientable small
covers over the product of at most three simplices by Corollary 2.5, Burnside Lemma and Theorems 5.3-5.6.

Theorem 5.7. By E,(An, X Ap, X Ay,) we denote the number of equivariant homeomorphism classes of orientable
small covers over Ay, X Apy X Ay,. If 11 =2uy — 1,1 = 2uy — 1 and nz = 2uz — 1, then Eg(Ap, X Ay, X Apy) =

IO(Athl -1 XAlez—l XA2113 -1 )l

(1) TR for uy # up, uy # us, up # uz and uy, 1, uz > 1,

|O(A2u —lXAZM —1><A2u —1)'
(2) 2.(12141)!(2”22),(2143)!3 foruy = up,uy # uz and uy,uz > 1,

[O(Aguy -1 XA2u, -1 X Aoz 1)| _ _
(3) —5 GGG Joruy =uy =uz > 1,

2up+2uz -1
H (221124-2113—172!—1)

(4) (24uz+2u3—5 +22u2+4u3—5 +24l12—4+24l43—4+221/12—1 +22u3—1 _22u2+2u3—3_1) =1 TV fO?’ U = 1[ Uy # Us

and up, uz > 1,

2up+2uz-1
2 3 (22”24'2“3’1 _21—1)

Qi +2u3=5 | N2ur+duz—5 | nhup—4 | ndus—4 | ~2ur—1 | 52uz—1 _ n2up+2u3—3 -1 _
(5) (2%*2ts=o 4 DAF A=Y DAL= 4 DTS 4 D=l 4 pals—l _ pabtas=S 1)t o) forug =1
and uy = uz > 1,

2uz+1
2214 +172t—1
(6) (3 - 2434 4 2215 | 5) 0e” :
8- (2u3)!

(7)70 forui =up =uz =1.

forup =uy =1landuz > 1,

Theorem 5.8. If 1y =2uy —1,np = 2uy — 1 and nz = 2us, then Eg(Ap, X Ay, X Ayy) =
[O(A2uy ~1XAuy—1XA2u5 )|
(1) (21411)!(2112)!(22113+1)!3

2) [O(Aguy -1 XAgu, -1 X Aouy )|
2 un) (2 Qs + 1)

foruy # uy and ug, up > 1,

for uy =up; >1,

2up+2u3
H (22u2 +2u3 _2t71 )

(3) (24u2+2u3—4 + 24142—4 + 22u2—1 + 22u3+1
2uz+2
H (22u3+2_2t71>

(4) (222 + 4) [:18'(2u3+1)!

- 2)—‘:2‘_(2u2),(2M3+1)! for up =landuy > 1,

forup =up, = 1.

Theorem 5.9. If ny = 2uy — 1,1y = 2uy and nz = 2us, then Eg(Ap, X Ay, X Ayy) =
(1) [O(A2uy -1 X A2y XAguy )|
Qun) 2+ 1)z +1)!

2) |O(Azuy -1 X A2y XAgu )|
2:(2u1)!uz+1)!2uz+1)!

foruy > 1and uy # us,

foruy > 1and uy = us,

2up+2uz+1
H (22112+2u3+172t71)

(3) (22112+1 + 2u3+l _ 2) t;(2u2+1)l(2u3+1)! fOT uy = 1and uy # us,

2uy+2u3+1
(22u2 +2uz+1 _2#1 )

(4) (22u2+1 4 2us+l _ 2) fOI" up =1 and Uy = U3.

IZ-1(2u2+1)!(2ug+1)!
Theorem 5.10. If ny = 2uy, ny = 2uy and nz = 2ug, there exist no orientable small covers over Ay, X Ay, X Ap,.

Theorem 5.11. By E,(A,, X A,,) we denote the number of equivariant homeomorphism classes of orientable small
covers over Ny, X Ay,. Then Eo(Ay, X Ay,) =
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|O(A2ul -1 XAZIAZ -1 )l
(2u1)!(2u2)!
|O(A2ul -1 XAZIAZ -1 )l
2'(2141 )!(2”2)!

2uyp
H (22u2 _2t71)

(27272 +1)= 2!

forng =2u; —1>1,ny=2uy — 1> 1and ny # ny,

forng =2u; —1>1,ny=2uy —1>1and ny = ny,

forny=landny, =2u; —1>1,

3 forny=mny =1,

|O(A2u] -1 XAZIAZ )l
(2u1)!Qua+1)!
2up+1
H (22112+1_2t—1)
t=1
(Qup+1)!
0 for ny = 2uq and ny = 2u,.

forny =2uy — 1> 1and ny = 2u,,

forny =1and ny =2uy,

Theorem 5.12. By E,(A,,) we denote the number of equivariant homeomorphism classes of orientable small covers
over Ay,. Then E,(Ay,) =

2up-1

11—[ (2211171_2#1)

= G forny =2u; —1>1,
1 forn =1,
0 for ny = 2uy.

Remark 4. Actually all small covers over Ay, _; are orientable, and the number of equivariant homeo-
morphism classes of orientable small covers over Ay,,_; is just the number of equivariant homeomorphism
classes of small covers over Ay, _1.
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